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preface 


Most publishers supply author's manuals to their writers. One of the 
most important recommendations found in such manuals is that an author 
should constantly keep in mind the specific audience to whom his book is 
addressed. We have tried to observe this precautionary rule—the reader 
must judge whether or not we have succeeded. Since the preface is a suit- 
able place to discuss such matters, we will indicate here some of the 
characteristics of the audience we have envisioned while writing this book. 
Our conception of the audience may help prospective rgaders to decide 
whether or not the book is directed to them. 

Our subject is the control of inventories. In this field there is no need 
to apologize for adding another book to bookshelves already creaking in 
despair at the weight of volumes on the same subject. There are only a small 
handful of books devoted to our subject. This is in striking disproportion, 
to the large periodical literature devoted to inventory theory and to the 
enormous number of successful applications of the theory to practical 
inventory problems. Further, there is no book on an intermediate level, 
and this is the level which we have aspired to achieve here. 

What do we mean by an intermediate level? We can begin to answer this 
question by stating what we do not mean by "intermediate." This book is 
not a simple account of the marvels and magic of inventory theory, nor 
does it include accounts of the bonanzas which will result once the theory 
is applied. We assume that anyone having a passing acquaintance with the 
contemporary business scene already knows that there is good reason to 
utilize inventory theory. If he doesn't, this book is not intended for him. 
Good popularizations of inventory theory are already available and we 
have neither the desire nor the ability to produce a book competitive to 
them. At the other extreme, this book is not intended to be an illustration 
of the power of mathematics when it is applied to inventory theory. It so 
happens that inventory theory is mathematically interesting. By this we 
mean that mathematicians can find in our subject problems which exercise 
their ingenuity. However, there is no necessary connection between prob- 
lems which are of interest to mathematicians and problems whose solutions 
have meaningful consequences in the practical applications of the theory. 
Our intention has been to confine consideration to the latter kind of prob- 
lem, not the former. 


vii 
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The question of mathematics needs some separate comment. The authors 
of this book are not professional mathematicians. Accordingly, we have 
had to labor diligently to understand some of the more elegant mathematical 
papers which have appeared in the literature. Further, we too have noticed 
that there is no necessary correspondence between the promises made in 
prefaces with regard to mathematical level and the actual complexity of the 
book itself..It seems clear that it is not the level of mathematics which is 
used but the sophistication with which that level is used that causes com- 
munication difficulties. Since we are mathematically unsophisticated we 
hope that we have automatically avoided this particular problem. As to the 
mathematical level, we believe that a reasonable familiarity with calculus 
should enable one to comprehend this book. We will qualify our statement 
a little bit. An individual may be quite conversant with calculus and yet may 
never have had the occasion to take the derivative of a definite integral. 
Nonetheless, if the rule for so doing is known it is no more difficult than 
taking any other derivative. Since we use such derivatives frequently in 
inventory theoryewe have simply given the rule at an appropriate place in 
the text. Similarly, the use of Lagrangian multipliers may not have been 
covered in someone's calculus course, yet the procedure for using them is 
straightforward. We have therefore stated the basic procedure in the text 
and then have used the method as needed. These exem 
to our statement that calculus is sufficient, and we ho: 
to prove the rule. 


The preceding paragraph has suggested that we have had frequent 
occasion to use mathematical methods in the resolution of the inventory 
problems discussed in the text. This is, of course, required by the fact 
that, for most inventory problems, mathematical analysis is the only way 
to find the optimal inventory policy. Our intention has been to illustrate 


the major kinds of inventory problems and the kinds of analysis required 
to resolve them. We must emphasize the word "illustrate." There are such 
an enormous number of special cases in the general area of inventory prob- 
lems that it would require an encyclopedia to discuss all of them. There- 
fore we have been forced to accept the more modest goal of ‘ 
the major kinds and types of inventory problems. This means that a specific 
example must be analyzed with enough completeness and generality to 
enable similar kinds of problems to be handled, even if they differ in details 
from the chosen example. Therefore, we have not hesitated to incorporate 
relatively lengthy discussions in the text. On the other hand, when some 
related topic seemed of lesser importance we have relegated it to our 
appendix. If the choice of what goes in the appendix sometimes seems arbi- 
trary it is because it is arbitrary. It is mainly a question of taste—which, 
after all, is indisputable. 


plify the exceptions 
pe they will ge serve 


"illustrating" 


preface ix 


To return to the question of audience, this book is addressed to those 
who want an understanding of how different types of inventory problems 
can be solved. This interest may result from a need to actually solve an 
inventory problem. It might equally well result from the need to make 
decisions concerning the utilization of inventory theory in specific kinds of 
situations. We want to emphasize this second kind of motivation. The in- 
creasing utilization of computers for inventory control and the great im- 
portance of the systemic implications of any inventory control system 
demand that some attention be paid to the control aspects of the applica- 
tions of inventory theory. The second part of the book is devoted to this 
subject. While the first six chapters of the book examine in detail the 
theory required for the solution of inventory problems, we have not 
followed the familiar pattern of devoting the rest of the book to practice. 
Instead, the subjects of the remaining chapters are closer to the theory of 
practice. They include methods for the analysis of the control aspects of 
different kinds of inventory systems and a variety of methods for estimating 
the advantages and disadvantages of various Systems in given specific 
circumstances. 

Finally, a word about the development of inventory theory. This wide- 
ranging theory has resulted from the labors of scores of persons: opera- 
tions researchers, economists, mathematicians, engineers, and many others. 
Sometimes the specific contributions of particular individuals are treated in 
our presentation. When this is the case we have made appropriate refer- 
ences. More often the analyses are the result of many contributions and 
have, with time, gained a general anonymity. Obviously, our efforts to pro- 
vide a comprehensive structure would have been impossible without the 
earlier contributions of these many others to whom the rich development 
of inventory theory should be credited. 
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part one 


inventory theory 


|. ON DEFINITIONS 


Our subject is the body of mathematical and quantitative methods known as 
inventory theory. On first consideration the words, “inventory theory,” 

“seem to be virtually self-explanatory and a definition would appear to be 
obvious. “Theory” hardly requires elucidation and “inventory” immedi- 
ately brings to mind a stock of some kind of physical commodity. The 
problem of the retailer, or the manufacturer, can be taken as a paradigm. 
In order to sell an item, he must maintain a stock of that item to meet the 
demand. As his stock is depleted he will order, or produce, some quantity 
of the item so that he can continue to meet-the demand for it. Such being 
the nature of an inventory, it follows that inventory theory must deal with 
the logic which does, or should, underlie this procedure. A definition, then, 
might be: inventory theory deals with the determination of optimal pro- 
cedures for procuring stocks of commodities to meet future demand. Re- 
collection of the enormous variety of commodities for which someone must 
maintain stocks suggests that there would be a considerable number of special 
cases within inventory theory, so defined, but the definition appears to be 
broad enough to encompass all of them. 

A little reflection suffices to indicate that perhaps we have not been 
sufficiently imaginative in our definition. As an example, let us consider 
currency-which is not a commodity. Supermarkets are requested to cash 
pay checks for their customers. At the start of any business day these 
requests represent a future demand for currency and the store manager must 
procure a stock of currency to meet the day's withdrawals. Extending the 
same idea a little further, it appears that companies have a similar problem 
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with regard to working capital. These problems seem to naxe ‘the au 
fundamental characteristics as the more usual inventory prob um on vw mi 
we based our definition. It might be expected that inventory theory wou 
have something to say concerning these problems as well. M ria 
It is certainly easy to modify our definition to include problems involving 
stocks of currency. All we need do is to relax our specification that MY 
theory deals with stocks of commodities. Currency, while not a commo m 
is certainly tangible and we can change our definition corresponding y. 
However, working capital is not quite as tangible as currency and we might 
well wish to include this kind of problem under our theory. Itis easy to find 
analogous problems which deal with quite intangible things. In building a 
new plant it is necessary to choose a level of plant capacity to meet the future 
demand for the product. In signing a long-term lease one is selecting an 
amount of space to meet future demand for the space-whether it be a home 
or a business office. Department stores must provide an inventory of 
salesgirls’ time to meet the future demand of customers. A railroad must 
determine the number of seats to provide for, say, the New York to Chicago 
run. The seats represent the supply available to meet the future demand-a 
typical inventory problem. Such examples could be multiplied indefinitely. 
All of them have in common that which we shall take to be the defining 
characteristic of the subject of inventory theory: the stocking of anything, 
whether tangible or not, to meet future demand. 

This definition is sufficiently general, and su 
the needs of this book; however, one additional 
time. So far, nothing has been said about co 
economic characteristics at all. 
these aspects below. Nonethel 


fficiently descriptive, to meet 
point should be made at this 
sts or values or, indeed, any 
We will, of course, have occasion to discuss 


ess, it is clear that virtually all inventories, 
whether of tangible or intangible things, do have economic value. The 


recognition of this fact permits an alternative, but equivalent, definition which 
puts the problem of inventories in a different perspective. This definition 
was suggested by Fred Hanssman*: “An inventory is an idle resource of any 
kind, provided that such resource has economic value." Inventory theory, 
then, deals with the determination of the optimal level of such an idle re- 
Source. The element of futurity is still implied since an idle resource 
resulting from a past decision represents a sunk cost for future decisions. 
The planning in advance of the level of the idle resource is the subject of 
inventory theory in this definition. 


2. THE STRUCTURE OF INVENTORY PROBLEMS 


The bare bones of the typical inventory problem are already disclosed by our 
definition, but we can gain a better u 


nderstanding if we add some flesh in the 
form of a further elaboration. This will serve to define better the inventory 


* Fred Hanssman, “A Survey of Inventory Theory From the Operations Research 
View point,” in Progress in Operations Research, ed. by Russell L. Ackoff (New York: 
Jobn Wilev & Sons, Inc., 1961), p. 65. 
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problem itself and also will point out the natural divisions within the overall 
field of inventory theory. The multitude of special cases within inventory 
theory are a direct result of the differences among practical inventory prob- 
lems. These differences, in turn, stem from variations in the major struc- 
tural components of the general inventory problem. This section will be 
devoted to a consideration of this structure. 

Our definition calls attention to two aspects of the inventory problem: 
procurement of the commodity or thing in question and the future demand. 
Each of these introduces some important differentiations among inventory 
problems. Let us consider demand first. Obviously, some specific level of 
demand will eventuate at any given point in time. But at the time the in- 
ventory decision must be reached the important question is what do we know 
about the level of future demand. Following traditional practice in decision 
theory, we can conveniently summarize the possibilities with regard to our 
knowledge of future demand in three categories. First, we may know exactly 
what the future demand will be. This is not a very frequent case but it may be 
illustrated by the construction of a skyscraper with regard to the inventory of 
steel girders. In such a case we might well know exactly how many girders 
we would need during each week of the construction. Such a case is called 
an inventory problem under certainty. Second, we may know the probability 
distribution of future demand. Such information is likely to be available if 
the item in question is one for which records of past demand are available. 
An example might be the inventory of tires for a taxicab fleet or the inventory 
of bread in a supermarket. This case will be called an inventory problem 
under risk. Third, we may be entirely ignorant of the likelihood of various 
levels of future demand. Utter ignorance is probably just as rare as com- 
plete certainty and we shall consider ways in which partial information can be 
used, but for present purposes it is useful to introduce this extreme case as 
one possibility. An example might be the inventory problem of plant 
capacity for a new product for which there are no existing market analogies. 
This case will be called an inventory problem under uncertainty. These, 
then, are the three essentially different kinds of cases of inventory problems 
with regard to our knowledge of future demand. 

The procurement process introduces two kinds of differentiations. 
Generally, there is some time lag between the time when an order is placed 
and the time when the commodity or thing in question is actually received in 
inventory. The first difference arises in this regard. For some kinds of 
inventory problems this time lag is constant or essentially constant. For 
other inventory problems there is a probability distribution of possible time 
lags. This distinction has important consequences in the analysis of the 
inventory problem. The second difference results from the fact that some 
companies order the commodity in question from an outside supplier while 
other companies produce the commodity themselves. In the latter case, in 
effect, one part of the company orders the commodity from another part of 
the company. This difference has a major effect on the analysis of the 
inventory problem because the self-supplying company must consider the 
effect of its ordering policies nof only on the inventory situation but also on 
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the production process. In other words, the inventory problem. of the self- 
supplying company is likely to be considerably more complex than that of 
the company which is supplied from the outside. : 

A third important difference between various inventory problems is not 
directly suggested by our definition, This difference arises because some 
inventory decisions are essentially made only once whereas other inventory 
decisions are simply steps in a continuing process of such decisions. Exam- 
ples of both kinds are easy to find. A decision concerning plant capacity 
must be made when the plant is first planned, While plant expansions can 
be subsequently undertaken, or further plants can be built, still any such 
decision is likely to be sufficiently distant in time to justify considering each 


- For some kinds of fashion goods it is 
during the given season. Therefore, 
tained on the first order. These are 


portant primarily be- 
cal complexities of the 


These, then, are the most important di i 

lems. Let us summarize them: R BPS RR entóry am 
(1) Knowledge of demand: c 
(2) Method of obtaini 
(3) The decision pr 

== dynamic, 

These are the most important differentiations. We have also noted: 

_ (4) Analytical convenience in the dynamic case: fixed demand distribu. 

tion over time or varying demand distribution. 


ertainty, risk, uncertainty, 


ng commodity: outside supplier or self-supplying. 
ocess: one-shot decision — Static, or Tepetitive 


sec. 3 | the structure of the analysis 7 


(5) Time lag in receiving order: constant time lag or probability dis- 
tribution. : 

There are numerous other distinctions which lead to a host of special 
cases. Some of them might have been included in our list. However, we 
think the other distinctions are of lesser importance, with a major exception 
to be noted in the next paragraph. Such differences result from, for example, 
multiple warehouses with and without central ordering, cascades of inventories 
from raw materials through in-process inventories to finished goods in- 
ventories, multiple-item orders from one supplier, and so forth. In our 
subsequent discussion and analysis we will have occasion to consider some 
of these special cases but at this point it suffices merely to note their existence. 

One most important difference among various inventory problems has not 
even been mentioned yet. Thisis the question of the relevant costs which will 
enter into our analysis of any specific inventory problem. However, the 
discussion of costs is of such crucial importance to the whole subject that it 
deserves separate treatment and we will return to it shortly. 


3. THE STRUCTURE OF THE ANALYSIS 
\ 


The analysis of inventory problems is fundamentally based on a very simple, 
common-sensical observation. This is that in any genuine inventory prob- 
lem whatsoever there must be opposing costs. By this we mean simply that 
there must be a cost associated with doing “too much” and there must be a 
cost associated with doing “too little.’ Sometimes there are several such 
costs but there must always be at least one in each direction. These state- 
ments are quite vague and the immediate question is: "too much" or “too 
little” of what? 

This question can be answered most directly by a slight anticipation of 
some subsequent discussion. The resolution of any specific inventory 
problem requires the answers to two questions. First. when or how often 
should the commodity be ordered? Second, how much of the commodity 
should be ordered on any particular order? Not every inventory problem 
demands an answer to both questions. For example. in a one-shot inventory 
decision we know, by definition, that there will only be one order. However, 
the general case will require the answers to both questions. Furthermore, 
when these questions are answered, the inventory problem is solved. The 
inventory decision problem consists, precisely, of determining these two 
answers. This granted, let us consider the two questions separately in terms 
of what we have called opposing costs. 

How often should the commodity be ordered? The precise answer 
requires analysis of the specific problem but we know two things about the 
frequency of order. First, there must be a cost associated with ordering too 
frequently. If this were not the case then the commodity would be ordered 
with the maximum possible frequency, perhaps a separate order for each item 
demanded. Now, as a matter of fact, this may well be the optimal ordering 
policy for some commodities but this is not the point at issue. If there were 
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no cost associated with ordering too frequently then there would simply be no 
problem and no analysis would be required. It is precisely the existence of 
such a cost which creates the problem. Second, there must be a cost associ- 
ated with not ordering frequently enough. If there were not such a cost. the 
commodity would never be ordered at all or, alternatively, one order might 
be placed for a gigantic amount of the commodity in question. If either one 
of these opposing costs were non-existent there would be no inventory 
problem with regard to ordering frequency and the optimal policy would be 
to go to one of the two indicated extreme solutions. 

How much of the commodity should be ord 
sure that our two opposing costs must exist. 
with ordering too much then some enormou 
be ordered. Correspondingly, if there were 
too little then no stock would be kept in inventory. If these costs did not 
exist there would simply be no inventory problem in terms of the amount of 
the commodity to be ordered. So here, also, we find the opposing costs we 
referred to in the first paragraph of this section. In every inventory problem 
there are such opposing costs and the first step of the analysis must be to 
determine what the costs are and then, if possible, to measure them. We will 


discuss these questions at some length in the next section. 


Granted the existence of such Opposing costs, how does the analysis 


ered? Once again we can be 
If there were no cost associated 
s quantity would automatically 
no cost associated with ordering 


of an inventory problem is to determine the absolutely best course of action. 
This, of course, is the best of all possible a; i 


be accomplished it will be. However, wi 


may not be able to Obtain all the 


information necessary. In either of these Cases we may well be satisfied with 
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the lesser goal of improving the existing situation without concerning our- 
selves with the more difficult problem of determining the optimal course of 
action. This situation often arises in practice and it frequently happens that 
very large savings can be accomplished without any necessity of having to 
determine the true optimal course of action. 


4. THE RELEVANT COSTS 


Our preceding discussion has centered attention on the crucial importance of 
the. determination and measurement of the relevant costs in the analytical 
resolution of inventory problems. We must now consider these costs in more 
detail. What is the nature of them? How can we measure them? We will 
try to discuss the major classes of inventory costs. Each specific cost arises 
in some kinds of inventory problems but generally not all of the various costs 
will be simultaneously relevant to any single inventory problem. 

The first major class of costs is the procurement costs. It is customary to 
distinguish between procurement costs when outside suppliers are involved, 
the ordering cost, and the same kind of cost when the commodity is self- 
supplied. the set-up cost. These costs, in both cases, play the same role in 
the analytical formulation of the inventory problem. The ordering cost 
includes all those cost components which result from the processing of an 
order. In order to send out an order it is necessary to review the given item 
and determine how much must be ordered. Then the order must be clerically 
processed, which typically requires contributions of time from several in- 
dividuals. Finally, it will usually be true that each order will require a 
separate check for payment and this requires further clerical processing. It 
is often possible to determine ine variable costs per order directly from cost 
accounting data. However, it must be remembered that costs in the account- 
ing sense are not always the costs we need for the analysis of a decision 
problem. This same question arises for all the costs which we will need to 
consider so we may as well take a paragraph to indicate the nature of the 
difficulty involved. 

The difficulty can be formulated in two essentially equivalent ways. The 
first way is based on the common distinction between fixed and variable costs. 
The economic que.tions revolving around this distinction are amply illus- 
traied by John Maurice ClarK's classic work, Studies in the Economics of 
Overhead Costs.* Similar problems arise in the analysis of decisions. We 
can offer a completely satisfactory definition of fixed costs in terms of any 
decision problem: those, and only those, costs which do not vary for any avail- 
able course of action in any specific decision proolem are fixed costs for that 
decision problem. Such fixed costs are sunk costs for the decision problem 
in question and can be ignored. The difficulty arises, then, because iccount- 
ing procedures are constructed with the intention, so to speak, of providing 
a kind of nE fixed costs for the whole array of managerial decisions. 


7 ip Maurice Clark, Studies in the Ecos of Overhead Costs (Chicago: The 
UAE of Chicago Press, 1923). 
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For any specific decision the accounting fixed costs may not be at all correct. 
For example, suppose a company has an order department with five clerks 
and a separate office. Suppose, further, that the inventory policies can be 
changed so that ordering can be accomplished by only two clerks in a smaller 
office. From the standpoint of accounting data the wages of the clerks would 
be variable costs and the ordering department overhead burden, the fixed 
costs, would be determined in accordance with the space utilized. From the 
point of view of the inventory decision this may or may not be correct. If, 
for example, the clerks, because of union regulations or any other reason, 
could not be fired and could not be utilized elsewhere in the company then 
the cost of their wages is fixed, and sunk, for the inventory decision problem. 
Similarly, if some other utilization of the space were available then the 
"fixed" overhead cost is a variable cost for the decision problem. The 
second way of formulating the difficulty is in terms of the distinction between 
costs and opportunity costs. This distinction, however, is so important that 
we will reserve discussion of it until we are able to offer some numerical 
illustrations. - 
The self-supplier's procurement costs are called set-up costs. This name 

is, strictly speaking, only correct when we are considering the case of a 
company with a production line which makes a number of items on a job- 
order basis. Set-up cost then refers to the cost of changing over the produc- 
tion process to produce the ordered item. This always entails time lost for 

the production process and, thus, involves an associated Cost which can usually 

be determined directly from cost accounting records. In inventory problems 

we add to this set-up cost of the production process any clerical costs involved 

in sending an order to the production department. Thus, set-up cost 

includes all of the cost components associated with 


item. The case of the company with a continuous production line is some- 
what different. Such a com 


the stockage costs: the costs of carry- 
he first such cost is the carrying cost 
mponent costs, not all of which will 
inventory problem. Let us describe 


entory. The amount of money 
Isewhere to earn some kind of 
is not available and this fact 
earning power. The cost that 
ch the money would be put if it 
earning a return of 10% on its 
nventory could also earn 10% 


then this is the cost of the money tied up in inventcry. Alternatively, many 
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companies maintain short-term loans from banks. Money released from 
inventory could be used to retire some of these loans. In this case, the cost 
of the money in inventory might be measured by the interest rate paid for the 
short-term loans. Also, the money might be used to retire company bonds 
in which case the interest rate paid on the bonds would be used. If none of 
these apply, at the very least the company could invest the money in govern- 
ment securities and earn the going rate on them. This rate, then, could be 
used as the cost of the money tied up in inventory. 

(2) Storage costs. The space.required to store the inventory of the given 
item usually has a cost associated with it. We say "usually" because this, 
too, depends on whether there is an alternative use for the space in question. 
If there is not-for example, if a warehouse can not be sold or rented and there 
is no alternative profitable use for the space within the company-then the 
space is a fixed cost for the decision concerning inventory. 

(3) Deterioration costs. Many kinds of commodities and items deteriorate 
in value during storage. This can result from actual deterioration, obsoles- 
cence, or even pilferage. This loss in value, then, represents a cost which 
must be assigned to carrying inventory. 

(4) Insurance costs. Since many inventories require insurance it is 
necessary to include this cost in the cost of carrying inventory. Note that 
this is equally true whether outside insurance is carried or the inventories are 
self-insured. 

A second kind of cost associated with carrying inventory results when 
there is stock left on hand after the demand for the item has terminated. 
This cost is called the overstock cost. The interpretation of this cost differs 
in accordance with whether the inventory problem is static r dynamic. 
Consider a simple, and well-known, example of a static inventory problem: 
that of a merchant who wishes to sell Christmas trees. His sales season is very 
sharply limited and any trees left on hand at the end of the season will have 
very little, if any, salvage value. Thus, if he has too much stock he will have 
a cost due to the loss he will suffer for each tree he overstocks. This cost 
would be the overstock cost for this inventory problem. For dynamic 
inventory problems there are two kinds of cases. Consider, as one example, 
the inventory problem of a department store with regard to some standard 
household item such as towels. There is always a demand for towels so any 
towels left over after one time period can be sold in the subsequent periods 
and this remains true for an indefinite period in the future. Therefore, there 
will never be an overstock in the sense above and, hence, no overstock cost. 
Note that the carrying costs for this problem will already have been taken 
into account. For the second example consider the problem of inventories of 
high-fashion items. In women’s clothes there are two selling seasons, Fall 
and Spring. If only one order can be placed we have the static inventory 
problem already mentioned. If several orders can be placed during a season 
then we have a dynamic problem. There will be no overstock cost involved. 
until the last order period of the season. At that time, however, any over- 
stock will typically undergo a drastic devaluation and this must be measured 
by the overstock cost. 
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The cost of not carrying inventory is called the out-of-stock cost. There 
are two variants of this cost, depending on the reaction of the prospective 
customer to the out-of-stock situation. One kind of case occurs, for ex- 
ample, in mail-order sales. If the company is out of stock when an order is 
received it will typically institute an emergency expediting procedure to get 
some stock. This situation is called a back-order. The sale to the customer 
will not be lost, only a delay of a few days in shipment. However, as a result 
of the out-of-stock situation there will be additional costs: the cost of ex- 
pediting, special handling costs, and often special shipping and packaging 
costs. All of these, then, must be included in the out-of-stock cost. The 
other kind of case occurs when the sale is lost. For example, it is often the 
case that a prospective customer in a phonograph record store refuses to 
place an order for an out-of-stock item. Instead, he simply „goes to a 
competitive store which has the item in stock. Ordinarily, this must be 
considered to result in a cost; the loss of goodwill is the usual rubric which 
describes it. It is tempting to think that this cost might be measured by the 
profit lost due to not making a sale but this is incorrect for two reasons. 
First, it is an out-and-out error to measure the cost in this way because it 
amounts to a confusion of ordinary costs with opportunity costs. We will 
illustrate this below. Second, when we refer to the cost due to the loss of 
goodwill we are thinking of the introspectively plausible, and behavioristically 
verifiable, fact that a prospective customer who has found one 
out-of-stocks in a given outlet will become less likely to return to that outlet 
for other purchases. Therefore, the store suffers a loss of future sales which 
might otherwise have been made. It is this cost which we wish to include in 
our formulation. Let us hasten to add that it is extremely difficult and often 
virtually impossible to measure this cost. When this is the case it is usually 
necessary to rely on executive estimates of the cost. Another kind of out- 
of-stock cost results when a self-supplier inventory problem is under con- 
sideration. Typically, the effect of an out-of-stock situation under these 
circumstances will Tange from the necessity of substituting an inferior, or 
more expensive,* item for the out-of-stock item to the interruption of some 
production process because of the lack of a crucial item. For example, if a 
company runs out of stock of some bolt it uses in its production process it 
may well be able to use a similar bolt of some other material or a more 
expensive kind of bolt. The additional cost undergone because of this 
substitution is the out-of-stock cost for the bolt in question. Alternatively, 
if a company runs out of some crucial raw material the whole production 
process may have to shut down, with all the large costs attendant on such a 
happening. This would be the out-of-stock cost for the given raw material 
in this case. It can be seen from these examples that the out-of-stock cost 
is sometimes a cost per unit out-of-stock, as in the case of the bolts, and 
sometimes is a fixed amount (which may be a function of time), as in the 
case of the raw material. 
The third, and last, class of costs we shall call the systemic costs. These 


or more 


* This policy may also be followed by the mail-order house in our preceding example. 
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costs have not been emphasized in the literature on inventory theory but they 
are of considerable importance in practical applications of the theory. 
Systemic costs generally enter into the formulation of the inventory problem 
when it is of the sort we have called dynamic. We can not adequately discuss 
these costs until we begin our analysis of dynamic inventory problems. 
Here we are satisfied to call attention to the existence of this class of costs and 
to give a very rough idea of their origin and nature. As we shall see subse- 
quently, there are several alternative inventory control systems which might 
be used in the case of dynamic inventory problems. These systems differ in 
the amount of inspection of existing inventory levels which is required and 
the amount of data-processing necessary. They also differ with regard to 
the flexibility of the systems in terms of achieving potential savings which 
might result from the amalgamation of orders for several items into one order 
from the supplier. There are other potential savings which might result from 
amalgamation of orders from various warehouses, for example, into one 
central order. Further, there may be large differences in installation and 
implementation costs. Systemic costs are intended to cover these kinds ‘of 
costs. We shall discuss them more extensively in our section on dynamic 
inventory problems, and in Part 2, which is primarily concerned with systemic 
factors. 

These, then, are the major costs which enter into the formulation of an 
inventory decision problem. Not all of them are likely to be involved in any 
one inventory problem but the total cost expression for any specific inventory 
problem will be composed of the sum of some of these costs. The ability to 
measure the costs is of crucial importance and we must devote some further 
attention to the problems of measurement. 


5. THE MEASUREMENT OF COSTS 


In the preceding section there are a few scattered remarks concerning the 
possibilities of measuring specific costs. For several reasons we do not 
propose to enter upon an exhaustive discussion of the procedures which 
might be followed in attempting to measure the costs. First, such a discussion 
-would have to be virtually book length by itself. It would, for example, 
have to include a lengthy section on cost accounting techniques. Second, 
there is no general approach to the problem such that when we apply it we 
can be assured that we will be achieving correct measurements of costs. On 
the contrary, in practice we are forced to utilize whatever ad hoc methods can 
be discovered which seem applicable. Third, the resolution of the cost 
measurement problem depends very much on the kinds of company records 
which are available and virtually no two companies are alike in this regard. 
Instead of attempting such a discussion we want only to make some general 
comments which are relevant to the problem. 

In practice, some of the costs may be adequately determined directly from 
cost accounting records, at least in the case of the orthodox commodity 
applications of inventory theory. This requires due attention to the fact, 
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noted above, that the accountant’s classification into fixed and variable costs 
will often not correspond to the one we need. In some cases-an example is 
the determination of the cost of varying production level-*we can use the 
methods of regression analysis in conjunction with historical cost records. 
In other cases we may have to rely on executive opinion. We cited the cost 
of loss of goodwill as an example of this. How might it be done? One 
approach would be to simply ask the relevant executive what he would pay to 
have avoided one out-of-stock, called a back-order, for the item in question. 
His estimate may not be “correct” but, if nothing better is available, it at 
least has the merit that the resulting inventory decisions would be in accord 
with the opinions of the executive. Generally it is possible to measure all 
the costs involved in the usual kind of inventory situation with sufficient 
accuracy to achieve a resolution of the inventory decision problem. We say 
“sufficient accuracy” because, as we shall see below, the optimal course of 
action is not likely to be very much changed by even relatively large errors in 
the measurement of costs. In other words, the typical inventory analysis is 
not overly sensitive to reasonable errors in the measurement of costs. This 
fact helps to reassure us that our conclusions will be essentially correct even 
if we are unable to obtain precise cost measurements. 

In our discussion of the definition of inventory theory we pointed out that 
the theory should be applicable to various problems which involved the 
“storage” of intangibles. We must now chasten the ho; 
arouse by pointing out that the more ** 


number of junior executives to 
of senior executives, How c: 
Tesearch program might be 


* See Holt, Modigtiani, Muth, and Simon,. Planning Production, Inventories, and 
Work Force (Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1961). 
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If the preceding paragraph is correct, why did we insist on the relevance 
of inventory theory to some of these problems? For a very good, and most 
important, reason. The basic structure of the analysis would remain the 
same for these more intangible kinds of inventory problems if we knew the 
costs. The usual procedure is to reason from the costs to determine the 
optimal course of action. However, italso works in reverse. Any course of 
action which is selected implies some assumptions about the costs. Specific- 
ally, any selected course of action imputes a value to the ratio of the opposing 
costs in question. We shall illustrate this fact subsequently. For the mo- 
ment we want only to emphasize the implications thereof. 

In effect, this means that the estimation of the costs involved cannot be 
avoided. It is very easy to reason like this: “Well, if it is so difficult to get 
correct measurements of the costs I am simply going to ignore the problem-I 
will use my experience and good common sense to choose a reasonable 
inventory policy; I'll skip the theoretical analysis!" Unfortunately, this 
reasoning won’t work. Whatever course of action our friend selects on the 
basis of his experience and common sense will inevitably impute a value to 
the ratio of the opposing costs. The only question is: does he want to make 
his estimate explicit or is he satisfied to leave it implicit and unknown to him? 
When the question is put this way it seems cléar that, whatever the difficulties 
attendant on the cost measurement process, we are better advised to use 
whatever explicit information we can get than simply to ignore it. 

This argument provides a very useful tool to assist the executive even in 
cases where the costs cannot be determined. Suppose, for example, that we 
are analyzing the inventory problem for a specific item. Assume that we 
have determined that the carrying charges are $5 per month per item in stock. 
Assume, further, that the opposing cost in question is the loss of customer 
goodwill due to out-of-stocks and that we cannot obtain an estimate of this 
cost. We can take the existing policy and determine what cost it imputes to 
the loss of customer goodwill. We may find that the imputed cost under the 
existing policy is $25,000-this order of magnitude is quite commonly found- 
and we can report this fact to the executive. One can imagine the dismayed 
expostulations which might result and which would precede his order to 
change the policy. The point is that we can use this idea of the imputation 
of the cost ratio to provide a valuable aid to the executive in using his ex- 
perience. This same approach is available in the case of the intangible 
inventory problems and this is why we have emphasized the applicability of 
inventory theory to these kinds of problems even though it is quite unlikely 
that we can successfully measure the relevant costs. 


6. THE OBJECTIVES OF CARRYING INVENTORY 


All of our discussion until now has tacitly assumed that costs and/or profits 
were a completely satisfactory measure of payoff for the analysis of inventory 
problems. In other words, we have assumed that the company objectives 
could be satisfactorily measured, at least as far as inventory decisions are 
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concerned, in terms of dollars. Now, many executive decision problems 
other than ones dealing with inventory can be formulated in quantitative 
form and it is notoriously the case that dollars are often not suitable measures 
of the degree of achievement of the objectives involved.* Might this not also 
be true in the case of inventory decision problems? 

It seems clear that the answer to this question is in the affirmative. For 
some inventory problems dollars of cost or profit might not be a satisfactory 
measure of payoff. However, it also seems quite true that the overwhelming 
majority of practical inventory problems are of a kind for which dollars are a 
perfectly realistic measure of payoff. There is far less likelihood that a 
different measure would be needed for inventory problems than for other 
classes of decision problems. We are going to use these statements to justify 
a concentration of our attention on inventory problems for which dollars 
represent an adequate measure of payoff. Therefore, it will be desirable to 
offer a little more discussion of them. 

First, in any decision problem-inventory or not-when would dollars not 
be a satisfactory measure of payoff? There are two major ways in which 
this can happen. The first major reason is that the objective of the decision- 
maker may simply not be expressible in dollars. Such is the case, for 
example, when a company objective is to achieve a maximum possible share 
of the market or when a decision-maker's personal objective is to minimize 
the number of decisions he has to make. This kind of situation is unlikely 
to arise in inventory decision problems for the reason that inventories are 
not ends, or objectives, in themselves. The typical case is one in which we 
wish to meet some level of demand or of self-use and we want to do so as 
economically as possible. In other words, the utilization of dollars as a 
measure of payoff is built into most inventory problems. The second major 
reason for dollars being an unsuitable measure of payoff in the general decision 
problem is that the decision-maker's utility for dollars may not be measured 
by the dollar amounts. This will typically be the case when a considerable 
proportion of the decision-maker's resources are at risk in the given decision 
problem. Pierre Masséf has suggested that there are three classes of cases: 

(1) The amount at risk represents only a small percentage of total re- 
sources. In this case dollars are a suitable measure of payoff. 

(2) The amount at risk represents a sufficiently large percentage (perhaps 
5%) to constitute a serious depletion of resources in the event of bad luck, 
In this case some measure of utility is needed, perhaps the logarithm of the 
amount in dollars. 

(3) The amount at risk is so large that its loss would be equivalent to 
bankruptcy. In this case Massé suggests that the only suitable measure of 
utility is the probability of bankruptcy itself. 


These three cases are not to be understood in terms of expected values. 


* For examples see Miller and Starr, Executive Decisions and Operations Research 
(Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1960). 


t Pierre Massé, Les Reserves a la Regulation de l'Avenir dans la vie Economique, 
2 vols (Paris: Hermann, 1946). 
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The question is whether any specific course of action has any consequences 
which might entail losses of the indicated orders of magnitude. Since one 
can always find some remote possibility of large losses for any course of 
action it is important to add to Massé's classification a qualification suggested 
by Borel.* This is that in human affairs there are certain levels of probabilities 
which are small enough that they can be ignored-we simply assume that the 
corresponding events are impossible. Borel reasons from the probabilities 
of events which we ignore in our planning-such as being struck with lightning 
-to deduce that probabilities of less than one in a million (.000001) can be 
ignored. Now, in terms of inventory decision problems we can certainly 
think of cases of types 2 and 3 of Massé's classification. However, it is 
certainly true that the vast majority of practical inventory problems involve 
only marginal percentages of resources at risk. It is for this reason that we 
will not concern ourselves very much with inventory problems other than 
those for which we can satisfactorily measure the payoffs in dollars of cost or 
rofit. 

i We noted that inventories are typically not ends in themselves. What, 
then, are the major purposes which they serve? Kenneth Arrowy classifies 
the purposes into three kinds, suggested by Keynes as the motives for holding 
stocks of cash: transaction, precautionary, and speculative motives, The 
transaction motive results from the fact that it is not generally possible even 
in the case of certainty to synchronize perfectly the inflow and outflow of the 
commodity in question. Inventories are therefore held in order to compen- 
sate for the lack of synchronization. The precautionary motive results from 
the usual inability to predict demand exactly-most inventory problems are 
under risk-and the consequent need to maintain some kind of a safety 
allowance. We may note that this motive will only operate as a result of the 
inability to obtain instantaneous delivery of commodities, at least without 
extra costs. The speculative motive results when prices are rising or when 
there are expected changes in costs. Under these circumstances profits may 
be made by holding inventories at the lower price until the higher price 
obtains. 

In our analysis we will be utilizing essentially this three-fold breakdown. 
The transaction and precautionary motives are basic to our analytical frame- 
work and we will introduce the speculative motive when it seems appropriate. 
It should be noted that for the usual inventory problem the speculative motive 
is of lesser importance than the other two. Many companies, as a matter of 
fact, establish policies specifically to prevent the operation of this motive. 
For example, consider a company which utilizes soybeans asa raw material. 
The typically fluctuating prices of soybeans, or most other agricultural 
commodities, affords ample opportunity for maintaining speculative 


* Emile Borel, “ Valeur Pratique et Philosophie des Probabilites," Traite du Calcul des 
Probabilites et de ses Applications, Tome IV, Fascicule 3, ed. by Emile Borel (Gautier- 


Villars, Paris, 1950). 
t Arrow, Karlin, and Scarf, Studies in the Mathematical Theory of Inventory and 


Production (Stanford, Calif.: Stanford University Press, 1958). 
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inventories. However, many companies automatically hedge their purchases 
in such fashion that they cannot achieve any speculative profit and, of course, 
cannot sustain any speculative loss. Under these circumstances the specula- 
tive motive is not existent and can be ignored in the analytical formulation of 
the inventory problem. 


7. THE PLAN OF THE BOOK 


i e differentiations among inventory problems summarized at 
Mende Sect 2, it is easy to calculate that there are 36 different classes, 
using only the five differentiations explicitly noted. Actually, there are 
other distinctions which are also of considerable consequence-a good example 
is the lengthy list of possible costs which may be involved-so the total number 
of subclasses of inventory problems is truly enormous. It is obvious that no 
one book could hope to deal with all of them. Nor would such a cataloging 
handbook of inventory models be particularly desirable. Even if a great 
number of models were included it would still frequently be the case that a 
specific, actual inventory problem would be Somewhat different from any of 
the models in such a book. One of the fascinating features of inventory 
problems is their amazing diversity. Therefore, à more modest goal Seems 
appropriate. We will attempt to present typical kinds of analyses of in- 
ventory problems so that the structure of the analytical formulation is made 
clear. We may then hope that the reader, faced with a different kind of 
problem, will be able to make the necessary modifications in the analysis 
himself. 

Some-kind of organization of a 


pproach is needed in order to lay bare the 
basic underlying unity of the diffe 


rent inventory models. Various alterna- 
here may be no “best” one. We have 
be of considerable merit but we certainly 
- Essentially, we propose to make our 
first classification that of static and dynamic problems, Within this classifi- 
n into certainty, risk, and uncertainty. 
uced when they seem desirable within 

we will begin with a presentation of 
risk, and, then, uncertainty. Paren- 
problem in the first case. After this, 


dynamic inventory analyses with the 
same secondary breakdown. 


s book. Part 2 is devoted to 
resolution of inve 
ions. 


8. GENERAL CHARACTERISTICS 


The distinguishing characteristic of static inventory problems is that only 
one order is possible. This is certainly not the usual case in inventory 
problems but it is by no means rare. A dealer in Christmas trees, for 
example, may well have to place one initial order for all the trees he wants for 
the season. A newstand dealer may have to order as many racing forms as 
he wants for the day, with no opportunity for a second order. A retailer 
selling some seasonal item made, for example, in Japan may not be able to 
get a second order during the season because of the length of time involved 
in shipping. A retailer selling some kinds of high-fashion items may not be 
able to get a second order because of manufacturing problems. Some 
problems which are not, in strict fact, one-order cases are, nonetheless, effec- 
tively so because of the very large ordering cost. Such are, for example, 
inventory problems of plant capacity or schoolroom capacity, in the case of 
planning the size of a new school building. Such may also be the case in 
some kinds of lot-size problems. If, for example, a special kind of part has `o 
be produced for a specific customer and to specified quality control standards 
and if the set-up cost is very large this may be the case. Because of the 
presence of defective items it is necessary to produce more items than the 
amountordered. This, then, can be an inventory problem of the stated type. 

Granting this defining characteristic, our chapter title would indicate that 
we have skipped our first class of problems: static inventory problems under 
certainty. The reason for this is that there is generally no analytical problem 
for this class of inventory situations. The amount needed is known and only 
one order is available. If it is profitable, or necessary, to have the given item 
then the known amount of it must be ordered. This statement needs some 
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slight qualification when due account is taken of the lag between order ane 
delivery. There are two Possibilities. A known total amount may in 
required, regardless of when it is delivered. This would be true, for example, 
for an inventory problem regarding some component needed for the oan 
tion of a building. If delivery were delayed then the construction yon s 
delayed but the total amount would still be required. Alternatively, the 
known amount of demand might be'on a per unit of time basis. In this case, 
it could happen that a time lag would require the ordering of a smaller 
amount because the demand during the time lag could not be met. If the 
amount of time lag is known with certainty all that is required is the sub- 
traction of the indicated amount from the total order. If there is a prob- 
ability distribution for the time lag we are really dealing with an example of 
the static inventory problem under risk. In short, there Is no need for any 
treatment of the static inventory problem under certainty. In the case of 
the ordering of many items there may be, particularly in the case of the self- 
supplier, sequencing and scheduling problems of consi 
However, these kinds of problems are Not inventor: 
more properly to the subject of production sche 
treated here. ; ] l | 

Most of the costs which we discussed previously can enter into the static 
inventory problem. However, there are two differences between static and 
dynamic ‘problems with regard to costs which may be noted here. First, 
since there is only one order the cost of ordering is fixed for all courses of 
action except that of not ordering at all. In other words, the order cost is a 
fixed cost for all courses of action in such problems and, hence, can be 


case of the static problems that the 
cost-arises. If any units of the 


derable intricacy. 
y problems, they belong 
duling and will not be 


his kind of cost can enter into dy- 
those with a limited time horizon, like 


y must always be considered in the static inventory 
situation. 


By definition, in this chapter we will be consider! 
where we know the probability distribution of deman 
Simple matter to determine such a probability distribution but we will not 
consider here any of the methods which might be used to accomplish this, 
Fundamentally, this is the forecasting problem and there is a huge literature 
dealing with the multitude of methods which have been developed in order to 

- achieve successful forecasts. In Part 2 of this book we will have Occasion to 
discuss some of the simpler methods which seem particularly apt for inventory 
problems. In the next chapter we will discuss more extensively some of the 
difficulties involved and Suggest a possible compromise solution which will 
not require the detailed information about the probability distribution of 
demand which we are assuming here. For the purposes of this chapter we 


will be satisfied to discover the analysis which should be followed if we do 
have the necessary information about demand. 


ing inventory problems 
d. Generally, it is not a 


sec. 9 | the Christmas tree problem 21 


9. THE CHRISTMAS TREE PROBLEM 


We will begin by considering a particularly straightforward kind of inventory 
problem which will permit us to make quite clear the analytical approach. 
We will try to do this by constructing what is called the payoff matrix for this 
inventory decision problem. We will consider the case of a merchant in a 
small town who wishes to stock some Christmas trees for sale during the 
Christmas season. We assume that he knows the probability distribution of 
demand for his Christmas trees during the season. Specifically, it is: 


DEMAND PROBABILITY 
.05 


Ausbwone 
E 
© 


The sum of the probabilities is, of course, unity since one of the indicated 
demands must occur. The meaning of the probabilities is as usual; e.g., the 
probability is .05 that the demand will be for one tree means that if the same 
Situation were repeated for a great many seasons we could expect that in 5% 
of the seasons there would have been a demand for only one tree. 

In addition, this merchant has some relevant cost and price information. 
He pays $2 for each tree and he sells each tree for $6. He delivers any tree 
which is sold and he pays $.50 per tree to do this. Finally, if he has any trees 
left over at the end of the season he can sell them for firewood at $.50 each. 
We will ignore any ordering cost. As we noted above, the ordering cost is 
fixed for all courses of action except for not ordering at all. Therefore, to 
ignore the ordering cost is equivalent to the procedure which would be fol- 
lowed if the merchant informed us that he had decided that he was definitely 
going to stock some Christmas trees and merely wanted us to determine how 
many he should order. We will also ignore carrying costs for the present. 
Finally, we will not consider loss of good will. Given, then, the demand 
probability distribution and the information concerning prices and costs, we 
want to determine the optimal number of Christmas trees for the merchant 
to order. 

We may start by noting that the merchant has six reasonable courses of 
action, or strategies. He can order any number of trees from one to six. 
There is no possible reason for ordering more than’ six since he can never sell 
more than six and there is no possible reason for ordering less than one, 
ignoring the order cost, since he can always sell at least one. Furthermore, 
regardless of the number he orders there are six possible levels of demand: 
any number from one to six. In other words, if he orders only one tree there 
may still be a demand for any number from one to six. Of course, if he has 


only one tree he will only be able to meet the demand of one customer and 
BL.C.E.R Y, West tence PD 
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any other customers will have to buy their trees elsewhere. Since there are 
six alternative courses of action and six possible levels of demand it follows 
that there are a total of 6 x 6 — 36 possible combinations of one strategy 
and one level of demand. We want to begin by determining the merchant's 
payoff, the profit he makes, for each of these 36 possibilities. It is convenient 
to present these payoffs in the form of a payoff matrix: a rectangular array in 
which the strategies are represented by the rows, the possible levels of demand 
are the columns, and the payoffs are given in the cell at the intersection of the 
corresponding row and column. Such a payoff matrix will look like this: 


DEMAND 
( 1 2 3 4 5 6 
ORDER 

1 Fil F12 F13 F14 F15 F16 
2 F21 F22 F23 F24 F25 F26 

STRATEGY 3 F31 F32 F33 F34 F35 F36 
4 F41 F42 F43 F44 F45 F46 
5 F51 FS2 F53 FS4 F55 F56 
6 


F61 F62 F63 F64 F65 F66 


The F's stand for the payoffs: F32, for example, represents the payoff which 
would result from the third strategy and from a demand of two. We want, 
of course, to determine the numerical values of these payoffs for our merchant's 
problem. 

It is easy to calculate the payoff for any specific cell. 
which will result if the merchant orders one tree and there 
one tree asa firstexample. He pays $2 for the tree 
delivery cost of $.50. This leaves him with 
tribution to profit and overhead) of $3.50, Thus, F11 = $3.50. Suppose 
he orders four trees and there is a demand for only two. He pays $8 for the 
four trees, he sells the two trees for $12, he pays delivery charges of $1, and 
he sells the two trees left over for $1. This gives him a profit of $4, which is 
F42. We could continue calculating the individual payoffs in this manner 
but He much quicker to systematize the Procedure. Let us introduce two 
symbols: 


Take the payoff 
is a demand for 
, Sells it for $6, and pays a 
a profit (more strictly, a con- 


amount ordered 
z = demand level. 


Using these symbols, let us make our calc 


less than, equal to, or greater than. 
less than th 


» he sells z of them for 6z 
dollars, and he sells the leftovers for 
get a payoff of (— 1.5x + 5z) dollars. 
his case as that where x > z, Where the 
-meaning that x, amount ordered, is greater than 
2 we have a simple calculation: he buys the trees for 


dollars, he pays deliv 
Sx — z) dollars. Adding these up we 
Using our symbols we would represent t 
Sign is read “is greater than” 
z, demand. When x = 


ery charges of .5z 
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2x, sells them for 6z = 6x, and pays delivery charges of .5z. Adding this up 
gives a payoff of 3.5z or 3.5x, as we prefer, since x and z are equal. The last 
case, where x « z, entails the following contributions to payoff: he pays 2x 
for the trees, he sells al! of them for 6x, and he has delivery charges of .5x. 
Thus, the total payoff will be 3.5x. These calculations can be conveniently 
handled in a tabular form. We ascribe a positive sign to any inflow of cash 
and a negative sign to any outflow. Then the sum of all the relevant com- 
ponents will represent profit: profit in the usual sense if the sum is positive 
and a loss if the sum is negative. Finally, we note that we need consider only 
two different cases instead of three. This is so since the case where the 
amount ordered equals the demand (x — z) can equally well be incorporated 
into either of the other two cases: either becoming x > z or x < z. So 
doing, we can summarize our calculations thus: 


x2z XLF 
xd lic 
Cost of trees —2x —2x 
Sale of trees T 6z +6x 
Delivery of trees — Sz — .5x 
Salvage of trees + .5(x — z) 0 
TOTAL —1.5x + 5z +3.5x 


We can check these general expressions with the two payoffs we previously 
calculated. Thus, for F11 we have x = z = 1 and the first case applies so 
the payoff should be —1.5(1) + 5(1) = $3.50, as before. For F42 we also 
have the first case, since x = 4 is greater than z = 2. Thus, the payoff 
should be —1.5(4) + 5(2) = $4, also as before. 

Using these general expressions it is easy to fill out the payoff matrix. 
We get: 


DEMAND 
1 2 3 4 5 6 
ORDER 
1 $3.50 $3.50 $3.50 $3.50 $3.50 $3.50 
2 2.00 7.00 7.00 7.00 7.00 7.00 
3 50 5.50 10.50 10.50 10.50 10.50 
4 — 1.00 4.00 9.00 14.00 14.00 14.00 
3 —2.50 2.50 7.50 12.50 17.50 17.50 
6 —4.00 1.00 6.00 11.00 16.00 21.00 


This table, then, shows the payoff which would result from any combination 
of a selection of a strategy and the occurrence of a specific level of demand. 
We will reserve for further comment the question of whether or not this table 
“looks right." For the moment we will merely note that our calculations of 
the payoffs are straightforward enough and that they have a clear economic 
meaning. In each case the payoff given is the amount of profit, or loss, which 
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will result if the merchant chooses that specific strategy and that specific 

urs. : 
Bic Wd the whole essence of this kind of inventory problem is 
that we do not know what level of demand will, in fact, occur. _ We do, 
however, know the probability distribution of demand-the probability with 
which each level of demand can be expected to occur. We propose, then, 
to calculate, for each strategy, the expected value of the payoff for that 
strategy on the basis of the known probability distribution of demand. The 
expected value, it will be remembered, is simply the old-fashioned arithmetic 
mean of a set of values. The procedure for calculating the expected values 
is simple: for any given strategy we must multiply each possible payoff for 
that strategy by the corresponding probability of the given level of demand and 
add all of these products up. This is the expected value for the strategy. 
Thus, for our merchant’s example we have for the first strategy: 


.05(3.50) + .15(3.50) + .20(3.50) + .40(3.50) + -10(3.50) + .10(3.50) = 3.50 
For the sixth strategy we would have: 
.05(— 4.00) + .15(1.00) + .20(6.00) + -40(11.00) 

+ .10(16.00) + .10(21.00) = 9.25 


Proceeding similarly we calculate all of the expected values: 


ORDER EXPECTED VALUE 


1 $3.50 
2 6.75 
3 9.25 
4 10.75 
5 10.25 
6 9.25 


We propose to advise the merchant to select that Strategy which has the 
largest expected value of pa: 


yotf, or just expected payoff for short. Why? 
We can present the justification for this ap| i 


` 
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strategy with the largest expected payoff. The second argument is really a 
variant of the first. It rebuts our answer to the first argument by insisting 
that we shouldn't reason in terms of a series of inventory decision problems 
at all-each one of them is a unique and separate special case, to be coped with 
only on its own terms. This argument gets its venom from a continuation of 
it: suppose the merchant goes bankrupt on one specific inventory decision 
problem. What good, then, will be the hypothetical series of future decisions 
since he now has no more capital and is out of business? We hope the reader 
will already have recognized that we eliminated this argument by fiat in our 
discussion in the first chapter. The argument hinges around the fact that 
for some decision problems amounts of money are. not suitable measures of 
payoff-some measure of utility is needed instead. We have maintained that 
this is rarely the case in the frequently occurring kinds of inventory problems. 
Therefore, the argument will not be valid against the use of expected payoffs 
in inventory decision problems. So we conclude that we are justified in 
recommending the choice of that strategy which has the largest expected 
payoff. In our example this is the strategy of ordering four trees, with an 
expected payoff of $10.75. This, then, is the strategy the merchant should 
select. Obviously, he may not make as much as this or he may make more 
in the specific case. The outcome depends strictly on what level of demand 
eventuates. However, if the inventory problem were repeated many times 
the merchant could expect to average $10.75 profit each season if he always 
ordered four trees. 

Now that we have formulated, and resolved, this inventory decision 
problem, let us compare what we have done with our general comments con- 
cerning the approach to inventory problems. We talked previously of 
opposing costs, of the necessity of considering the total costs which are equal 
to the sum of the various opposing costs, and of the minimization of the total 
costs. When we review our present example it appears that the only cor- 
respondence there is with this suggested scheme is that we did, in fact, 
minimize something. However, there is no immediate indication that we 
minimized anything called total costs and, further, there is no sign of any pair 
of opposing costs. This seems passing strange if there is any merit in our 
previous generalizations. 

Finally, if we look at the payoff matrix itself-with an eye not too jaundiced 
by knowledge of economic principles-we may observe that it appears to be a 
questionable representation of this inventory decision problem. While we 
have explicitly disclaimed any cost due to the loss of customer goodwill there 
still seems to be something wrong with the matrix. We are referring to the 
fact that we have never ascribed a cost to reflect sales which we might have 
had if we had ordered more stock. Thus, according to our payoff matrix 
there is a payoff of $3.50 for the first strategy no matter what the demand 
level. Yet if the demand were for six trees we could have made a payoff of 
$21.00, if we had had six trees in stock. Surely there should be some cost 
associated with such a loss of possible profit. We must consider these 
comments on our resolution of this inventory problem in some greater detail 
in the next section. 
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10. THE OPPORTUNITY COST MATRIX 


The answers to the objections in both the two preceding paragraphs stem 
from the same fundamental conception-opportunity costs. In pa 
the answer is that we are, in fact, ascribing a cost to the loss of possible profit 
and that when this cost is taken into account we are, in fact, balancing 
opposing costs or, what is equivalent, minimizing total costs. We must 
now try to demonstrate that this is the case. Á 

Let us consider the question of a cost due to a profit that might have been 
made if there had been more stock ordered. What this amounts to is that 
after the actual demand has occurred it may well turn out that we could have 
made more profit if we had originally selected some strategy other than the 
one we did select. In short, we lost an opportunity-hence the name, 
opportunity costs. Suppose, for example; that we ordered six trees and the 
demand was only for one tree. Our payoff matrix shows that the payoff in 
this case is — $4, a loss of $4. However, we could have made a profit of 
$3.50 if we had only ordered one tree and the demand had been for one tree. 
Therefore, we can reason that the true cost of our decision to stock six trees- 
in the event of a demand of one tree-would be $7.50, equal to a $4 loss 
actually sustained plus the $3.50 profit we mi 


ght have made. Suppose we 
ordered one tree and the demand was for six trees. 


By a similar argument 
we should credit our decision with a cost of $17.50, equal to the $21.00 we 
would have made if we had ordered six trees minus the $3.50 we actually 
made as a result of ordering only one tree. These are the opportunity costs 
for these two cases. n short, a cost sustained because 
s of the level of demand which 
€ best decision for the given level 
ero. Our previous payoff matrix 
we shall find that it is often 
rectly expressed in terms of 
unity costs. 


from any specific Payoff the lowest payoff in 
matrix in order to get the opportunity cost. 
cost for each combination of a strategy and a | 
all the Opportunity costs in the form of a pa 


calculate the Opportunity cost matrix directly from the original payoff 
matrix. Take any column of the payoff matrix-corresponding to a specific 
level of demand-and find the largest payoff if the payoffs are profits, the 
smallest payoff if the payoffs are costs. Then subtract each payoff in the 


same column from the largest payoff to get the corresponding opportunity 
Costs in the case of profits, btract the smallest payoff from each 


For costs, su 
payoff in the same column t In our example we 


i o get the opportunity costs. 
get the opportunity cost matrix: 


It is easy to 
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DEMAND 
1 2 3 4 5 6 
ORDER 

1 $0 $3.50 $7.00 $10.50 $14.00 $17.50 
2 1.50 0 3.50 7.00 10.50 14.00 
3 3.00 1.50 0 3.50 7.00 10.50 
4 4.50 3.00 1.50 0 3.50 7.00 
5 6.00 4.50 3.00 1.50 0 3.50 
6 7.50 6.00 4.50 3.00 1.50 0 


It can be seen that in this opportunity cost matrix the best decision for each 
level of demand is credited with a cost of zero. Any other decision is ascribed 
a cost because of the lost opportunity involved due to having missed the best 
choice. In particular, every case where the ordered quantity is less than the 
actual demand sustains a cost of $3.50 for each tree too few. This is pre- 
cisely what our objection at the end of the preceding section demanded. 

This opportunity cost matrix seems like a perfectly satisfactory way to 
represent the merchant's inventory problem. As a matter of fact, tne 
ascription of costs in the opportunity cost matrix may seem more reasonable 
than the original payoff matrix. Let us, then, use the opportunity cost 
matrix as the basis for our analysis of the inventory problem. Once again, 
we don't know which specific level of demand will occur but we do know the 
probability distribution of demand. Therefore, we can use exactly the same 
argument as before to justify the calculation, and use, of expected values. 
In this case we will be calculating expected opportunity costs. The only 
difference will be that since these are costs the merchant will want to select 
that strategy which will minimize his expected opportunity cost rather than 
maximizing as he did for expected profits. The calculations of expected 
values proceed exactly as before. For the first strategy we have: 


.05(0) + .15(3.50) + .20(7.00) + .40(10.50) 
+ .10(14.00) + .10(17.50) = $9.275 


For the sixth strategy we have: 
.05(7.50) + .15(6.00) + .20(4.50) + .40(3.00) + 10(1.50) + .10(0) = $3.525 


Proceeding similarly we calculate all of the expected values: 


ORDER EXPECTED OPPORTUNITY Cost 
$9.275 

6.025 

3.525 

2.025 

2.525 

3.525 


AnNkUn— 


In order to minimize his expected opportunity costs the merchant must 
select his strategy of ordering four trees. We remember immediately that 
this was exactly the same conclusion-order four trees-we reached when we 
analyzed the original payoff matrix. Is this a coincidence? 
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Of course, it is not a coincidence. The analysis by means of opportunity 
costs will always produce exactly the same conclusion as will the bes 3 
terms of total costs or total profits as payoffs. * The expected bast oa n 
lated in the two cases will certainly be different but the strategy whic! i 
be selected will be the same in both cases. , Let us see why this is so. 5 
derived the individual opportunity costs directly from the original payof 
matrix. Therefore, we can write the calculation for a given strategy's 
expected opportunity cost directly in terms of the entries in the original payoff 
matrix. To do this all we need do is to replace each opportunity cost by the 
corresponding calculation we performed on the original payoffs in order to 


get the opportunity cost. Thus, consider the opportunity costs for the first 
strategy. We know that: 


0= 3.50 — 3.50 
3.50 = 7.00 — 3.50 


7.00 = 10.50 — 3.50 
and so forth. Therefore, our calculatio: 


n of the expected opportunity cost 
for this strategy could have been written: 
.05(3.50 — 3.50) + .15(7.00 — 3.50) + .20(10.50 — 3.50) 
+ .40(14.00 — 3.50) + .10(17.50 — 3.50) + .10(21.00) — 3.50) 


as before. But we could equall 
left-hand side of the above equa 


[.05(3.50) + 
— [.05(3.50) 


= 9.275 
y well rearrange these terms and write the 
tion as: 

-15(7.00) + .20(10.50) + -40(14.00) + .10(17.50) + -10(21.00)] 
+ .15(3.50) + .20(3.50) + -40(3.50) + .10(3.50) + -10(3.50)] 


Expected Opportunity cost for a given strategy 


= $12.775 — Expected payoff for that Strategy 
Comparison of the original expected payoffs with the expected opportunity 
costs will show that this relationship is indeed true. In general, for any pay- 
off matrix in terms of profits we have: 


EOC. = K — E.F. 

where E.0.C, = expected 

= expected payoff (profit). 
* See page 54. 


Opportunity cost; K =a constant; and E.F. 
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Granted this relationship, we can see why the two approaches will always 
produce the same selection of strategy. In the original payoff matrix we 
found that strategy which maximized E.F. It is obvious from the equation 
above that the maximum value of E.F. will simultaneously produce the 
minimum value of E.O.C. and, of course, when we use the opportunity cost 
matrix that is precisely what we do-select the strategy which has the minimum 
E.O.C. It is clear, then, that the two analyses will always produce the same 
conclusion. If the original payoff matrix is in terms of costs it can be shown, 
by exactly similar reasoning, that the relationship will be of the form: 


'*^ £.0.C. = E.F. — K 


where E.F. is now in terms of costs. In this kind of case the procedure 
would be to select that strategy, in the original payoff matrix, which had the 
minimum cost. It can be seen from the preceding equation that the same 
strategy would simultaneously have the minimum E.O.C. so, once again, the 
two approaches would produce the same conclusion. 

This analysis shows that our second criticism of the original payoff 
matrix analysis-that it took no account of lost potential profits-was not 
correct. The original payoff matrix does take account of lost potential 
profits, but in a somewhat disguised form. Further, once we have converted 
to the opportunity cost matrix we can see immediately that two opposing 
costs are, in fact, involved and that we are minimizing the sum of these costs. 
Or, more precisely, we are minimizing the expected value of the total costs, 
which is the best we can do when we are dealing with inventory problems 
under risk. The opposing costs are evident: a cost of $1.50 per tree over- 
stocked against a lost profit, or cost, of $3.50 for each tree understocked.. 
These costs are opposing since the more trees we stock the less the risk of 
sustaining the lost profit cost but the greater the risk of sustaining the over- 
stock cost. Thus, our first objection to the original analysis is also mistaken. 
The general approach to inventory problem analysis which we previously 
outlined is, in fact, being followed. That this is the case is not obvious in the 
payoff matrix analysis but is highlighted by the change to the equivalent 
opportunity cost matrix. 

As a matter of fact, the explicit presentation of the two opposing costs in 
the form of opportunity costs permits us to analyze this kind’ of inventory 
problem in a much simpler way called incremental analysis. It is simpler 
because it avoids the calculation of the E.F.'s or the E.O.C.'s as we did above. 
Let us conceptualize the decision problem a bit differently. Suppose the 
merchant made not one, but a series of decisions in this self-same problem. 
Specifically, suppose that he were first to choose between ordering one tree or 
not ordering it. If he decides to order one he then decides whether he will 
order one more or not. He proceeds similarly until he reaches the point 
where he decides not to order the next tree. This ends his series of decisions 
and he orders the immediately preceding number of trees. How might this 
kind of a decision process be analyzed? In order to consider this we need to 
introduce some notations dealing with probabilities. We will let P( ) 
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designate the probability of whatever is written in the brackets. 


Thus, using 
our demand distribution: 


PE = 3) = 20 


is to be read “the probability that demand, z, equals 3 is .20.” 


P(z > 3) = .80 


isto be read “the probability that demand,z, is greater than or equalto 3 is .80.” 


P(z < 3) = .20 . 


he is considering whether to order the ith tree or n 
possible strategies: to order it or not to order it. 
relevant possibilities regarding demand: either there 
ith tree or there will not be. We can, therefore, pri 
lem in a two-by-two opportunity cost matrix. 


ot. He has only two 
And there are only two 
Will be a demand for the 
esent this decision prob- 


DEMAND FOR iTH TREE No DEMAND FOR iTH TREE 
Order ith tree $0 $1.50 
Don't order ith tree 3.50 0 


The opportunity costs entered in the matrix wer 
can calculate them directly. If he orders the ith tree and there is a demand 


for it, there is clearly an Opportunity cost of zero because he has made the 


best of his two possible decisions. If he orders the ith tree and there is no 
demand for it he has 


$1.50, the loss on an Overstocked tree. 


ordered it. 
argument, 


How can we analyze this opport 
calculating the E.O.C. for each 


Probability of P(z > i). 

there isn’t, and since the s 

follows that the probabilit 

simply [1 — P(z > i)]. 
e 


Order: (0) PE > i) + (1.50) 1 — Pes i] = 1.50 — 1.50 P(z > i) 


(3.50) P(z > i) + Ol — Pz > i)) = 3.50 P(z > i) 
Now, the merchant will order if, and only if, the E 


Don't order: 


.O.C. for ordering is less 
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than the E.O.C. for not ordering. Algebraically, this means that he will 
order if and only if 


1.50 — 1.50 P(z > i) < 3.50 P(z = i) 
or 1.50 < 5.00 P(z > i) 
or 30 < P(z > i) 


In words, he will order the ith item only if P(z > i) is greater than .30. This 
can be immediately determined from the probability distribution of demand. 
All that is necessary is to make a new column for the table showing this 
distribution. The new column shows P(z > i) for each possible value of i. 
Thus: ? 


DEMAND 
i P(z = i) P(z > i) 
1 .05 1.00 
2 415. .95 
3 .20 .80 
4 40 .60 
5 .10 .20 
6 .10 .10 


We see that P(z > 4) = .60 is greater than .30 but P(z > 5) = .20 is not 
greater than .30. Therefore, in accordance with our analysis we would 
order the fourth tree but not the fifth. Thus we reach exactly the same 
conclusion as before but by a route requiring considerably less arithmetic. 
One merit of this last analysis is that it makes the Opposing costs and their 
relation to the analysis quite apparent. 

It is clear that we can equally well analyze a given inventory problem 
either in terms of a payoff matrix based on total profits or total costs or else in 
terms of an opportunity cost matrix. The two forms of analysis are equiva- 
lent and will always produce the same choice of a strategy. It is essential, 
however, that the distinction between the two approaches should be kept 
clearly in mind. It is fatal to confuse the two so that we end up with a 
supposed payoff matrix which has some entries in terms of total profits or 
costs and other entries in terms of opportunity costs. We must be consistent 
in our approach. That it is easy to confuse the two is indicated by the fact 
that there are published examples where precisely this has been done. 


Il. THE COST OF RISK 


In our previous discussion we showed that we always have the following 
relationship between expected opportunity cost and expected profit; 
E.O.C. = K — EF. 


Let us give a little further consideration to the K in this equation. In our 
example we had K — $12.775. More specifically, K was calculated by taking 
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the expected value of the largest entries in each column. In other words, K is 
the expected value of the payoffs we would receive if we always selected the 
ourse of action. . 
S run be stated more picturesquely as follows. Suppose that we were 
omniscient-at least in regard to the inventory problem under consideration. 
We know, in short, exactly what level of demand will occur and we know it 
in advance so that we can select our strategy accordingly. If this were the 
case we would certainly always select that strategy which would give us the 
largest payoff. Now, this kind of hypothetical case shouldn’t be confused 
with the situation in which we were also omnipotent. If we were omnipotent 
we could control which level of demand would occur and. of course, we would 
always arrange things so that there would be a demand for six trees. We 
would always stock six trees and, assuming the same decision Problem were 
repeated, we would always make a profit of $21.00. We are not assuming so 
much. Being omniscient gives us no control over the 
we simply know what it will be. i Thus, 
the demand happens to be for six trees 
$17.50, $14.00, and so forth. We will 
will always make the maximum amoun 


Under these circumstances, what would be our expected profit over a 


053.50) + .15(7.00) + .20(10.50) + 40(14.00) + .10(17.50) 
+ .10(21.00) = 12.775 = K 


Be amount we would make if we were omniscient 
y, K is the average amount we would make if we 


Thus, K is simply the avera 
or, a little more prosaicall 
had perfect information. 


upper limit of the worth to the decision- 
the demand level. It Will be noted, of co 


[ ion we can say 
y is the cost to the decision-maker of 
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demand analyses undertaken to gain a better knowledge of future demand 
level. Asa matter of fact, this is so. Argumentation along these lines has 
been developed-and in some very ingenious ways-by Robert Schlaifer in his 
Probability and Statistics for Business Decisions.* We refer the reader to 
that book for a development of some of the implications of this approach. 


12. OTHER COST STRUCTURES 


The analysis of this kind of inventory situation can equally easily be extended 
to include other kinds of costs which may be relevant. There is no particular 
difficulty in so doing except that there may be questions about how to apply 
some of the costs, particularly the carrying cost. In order to illustrate 
the procedure-even though it is somewhat repetitious-let us take an example 
with which we can also indicate how payoffs and opportunity costs can some- 
times be confused. Consider the inventory problem of a manufacturer who 
purchases an “orphan” machine tool-one of which the maker is going out of 
business. Let us suppose that there is a particular part of this màchine tool 
which is subject to failure. When the manufacturer purchases the tool he 
can buy spares for this part at a cost of $100 each. If there is a failure of this 
part and the manufacturer does not have a spare available then one will have 
to be specially machined at a total cost, including the resulting down time of 
the machine tool, of $1000. The manufacturer estimates the lifetime of the 
tool will be ten years and from his experience with similar tools he has the 
following probability distribution of number of failures of this part during the 
life of the tool: 


FAILURES PROBABILITY 


0 .30 

1 -40 

2 POS 

3 10 
1.00 


This probability distribution represents, of course, the demand for the spare 
parts in question. We will ignore carrying costs for the moment and we will 
assume that unused parts have no salvage value. This means that the major 
difference between this problem and our Christmas tree example is that here 
we are reasoning in terms of costs, which the manufacturer naturally wants 
to minimize, instead of maximizing profits. 

Let us construct a matrix for this problem directly along the lines of 
opportunity costs. We need consider only four strategies-ordering from zero 
to three spare parts. For each strategy we will assign a zero cost if exactly 
that number of parts is, in fact, needed. If we have fewer parts than we need 
it will cost us an additional $1000 per part that we are short. If we have 


* Robert Schlaifer, Probability and Statistics for Business Decisions (New York: 
McGraw-Hill Book Co., Inc., 1959). 
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more parts than we need it will cost us the wasted $100 per extra part. This 
simple analysis immediately gives the following matrix: 


FAILURES 
0 1 2 3 
ORDER 
0 $0 $1000 $2000 $3000 
1 100 0 1000 2000 
2 200 100 0 1000 
3 300 200 100 0 


Now, the only trouble with this matrix, which looks quite reasonable, is that 
itis wrong! "We have committed precisely the error we warned against- 
confusing total costs and opportunity costs in one matrix. Itisa very easy 
mistake to make! Let us see if we can discover exactly how we happened to 
blunder into this error. We did it by surreptitiously changing the idea of 
opportunity cost to additional cost. Now, it is true that opportunity costs are 
additional costs but it all depends on what we measure them against-what are 
they additional to? In the present case we have changed our base in measur- 
ing the additional costs and this is why we have blundered. Specifically, 
when failures are greater than the amount ordered we have measured our 
costs as additional to what has already been spent. These are not oppor- 
tunity costs. When failures are less than the number of spares ordered we 
have measured our costs as additional to what they might have been. These 
are opportunity costs. We simply haven’t been consistent for the entire set 
of costs. 

It is, of course, a simple matter to get the correct matrix, either payoff in 
costs or opportunity costs. First, let us determine the total cost matrix. 
Take the strategy of ordering one spare as an example. We pay $100 for the 
spare and that is all we pay unless there are two or three failures. If there are 


two failures we need one extra spare at a cost of $1000 or a total cost of $1100. ` 


For three failures the total cost will be, $2100. Proceeding similarly, we can 
immediately fill in the total cost matrix: 


FAILURES 
0 1 2 3 
ORDER 
0 $0 $1000 $2000 $3000 
1 100 100 1100 2100 
2 200 200 200 1200 
3 300 300 300 300 


This is the correct total cost matrix. 


calculated directly from the total cost matrix: 


The opportunity cost matrix can be 


FAILURES 
0 1 2 3 
ORDER 
0 $0 $900 $1800 $2700 
1 100 0 900 1800 
2 200 100 0 900 
3 300 200 100 0 
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We will leave to the reader the determination of the optimal strategy. This 
illustrates the way in which the opportunity costs can be plausibly confused. 
We will now add some carrying costs to our original formulation of this 
example to see how they should be included in the matrix. 

Suppose that the manufacturer in question considers that his carrying cost 
-due primarily to the loss of return on the capital tied up in the inventory— 
is 10% per year. How can we incorporate this cost in our representation of 
his inventory problem? There is no difficulty in calculating this cost for the 
spares which we buy and never use: $100 at 10% for 10 years is very nearly 
$259. This is the cost of an unused spare. Or is it? What about dis- 
counting future sums of money to present worth? And how is $259 in any 
sense the cost of a spare part which cost only $100? Let us proceed more 
slowly. The $259 is obviously only a cost in the sense of an opportunity cost. 
This suggests that we should consider that the manufacturer has a certain 
sum of money which he can either spend on spares or which he can alterna- 
tively utilize. In the latter case he would have, starting with $100, $259 at 
the end of ten years while if he invests the $100 in a spare which will not be 
used he will: have zero at the end of ten years. So we can equally well 
calculate the cost as $100 now or as $259 at the end of ten years. We must, 
in short, do all of our calculations on the basis of now or on the basis of ten 
years hence. We will elect to make the calculations on the basis of present 
worth (the “now” alternative). 

In order to determine the carrying costs involved when less spares are 
ordered than are needed we must make some assumption about the times when 
failures occur. The most natural such assumption is that they are equally 
spaced in time. Thus, if one failure occurs during the machine tool’s lifetime 
we will assume that it occurred after five years, if two failures occurred we will 
assume they occurred after 34 and 63 years, and so forth. Suppose we don’t 
order any spares and there is one failure. It will cost us $1000 five years 
hence and, at a discount rate of 10%, this has a present worth of $621 
[ = 1000/(1.10)5]. If there were two failures it would cost $1000 in 31 years, 
a present worth of $728, and $1000 in 6% years, a present worth of $530. 
This is a total present cost of $1258. Similarly, if there were three failures 
the present worth of the total cost would be $1898. In this fashion, at the 
cost of some arithmetic, we complete the following total cost matrix-where all 
costs are at present worth: 


FAILURES 
0 1 2 3 
ORDER 
0 $0 $621 $1258 $1898 
1 100 100 630 1210 
2 200 200 200 689 
3 300 300 300 300 


We can now use the probability distribution of failures to calculate the 
expected value for each strategy. We find: 
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ORDER EXPECTED VALUE 


0 $689.80 
1 317.00 
2 248.90 
3 300.00 


Since the payoffs are in terms of costs the decision- 
the expected value. Therefore, he would select thi 
spare parts. 


maker wants to minimize 
€ strategy of ordering two 


13. THE MATHEMATICAL FORMULATION: THE DISCRETE CASE 


All of our analysis so far has been 
advantage of making the logical struct 
Some disadvantages. Our examples 
few possible levels of demand 
where there are a great 


handled arithmetically. This has the 


ure of the analysis quite clear but it has 
have been ones where there were only a 


sin the continuous Cases. Let 


: We will consider 
t any carrying costs, Under these circumstances there 
sts: the cost of Stocking and the cost of an understock. 


000, respectively, Note that 

sts. Let us generalize to 
the degree that we have: mure 
= total cost of one unit 


7 total cost of an understock of one unit 


sec. 13 | the mathematical formulation: the discrete case 37 


operators. Such symbols do not function like the usual x's and y's of algebra. 
They are shorthand instructions to do something to, to “operate on," the 
more usual mathematical variables which follow them in the equation. The 
one we need is >, read “sigma,” which designates summation. Its presence 
in an equation means that whatever comes after it must be added up. We 
can illustrate its use on some symbols we have already used. For greater ease 
of writing, and reading, in what follows we will replace our previous P(z = j), 
the probability that demand, z, equals the specific value j, by P;. This 
shorter form is equally unambiguous and simplifies the appearance of our 
equations. Now, by using our new operator we can express some of the 
other probabilities we introduced quite simply: 
j N 
Pe <j) = Po E ue 2 P, 


i=j+1 


N j=1 
Pe zj)= > P=1- 9P 

i=j i=0 
where N is the largest possible demand. The operator only tells us to add so 
the entries below and above the operator are necessary to give us the further 
information of how many things to add. The use of į is merely to give this 
information and thus i has no intrinsic mathematical significance in the 
equation. For this reason i is called a dummy of summation. The first 
equation, translated into words, tells us that to calculate the probability that 
zis less than or equal to j we must add up the probabilities that z equals zero, 
that z equals one, and so forth, up to and including the probability that z 
equals j. The second half of the equation utilizes the fact that the sum of all 
the probabilities must be one in order to give a different, but equivalent, way 
of calculating the same probability. 

Our procedure was to calculate the expected values for each strategy. 

Letting E.F, designate the expected payoff for the kth strategy we have: 


E.F, = (Fro)Po + (Fia)Pi + ... + (Fin) Pw 


where N is the largest possible demand level, or, using our summation 
operator: 


N 
EF, = > FP, 
-0 


We can introduce, for our specific example, the algebraic form of the payoff. 
This takes two forms, depending on whether the amount ordered, k, was less 
than or greater than the demand level, j. We have: 


Fy ke ifk >j 
=koe+ -HC ifk<j 


Substituting these expressions in the equation for EF; gives: 


k N 
E.F, = > keP,+ > [ke G — K)CJP, 
1 


[EI i=k+ 
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N N 5 N 
Ske SYP itike! Y Pi + C, 2 iP—kC, Y p, 
1 


=k+1 


hey are when we are dealing with 
continuous Probability distributions and can therefore use the methods of 


calculus. We reason as follows. We want to find the Specific strategy which 
has the smallest expected total cost. i i 


: M designated by some 
value of k, let us call it K. If this strate 


. [ tegy has the smallest expected total cost 
it follows, in particular, that the two adjoining strategies. (K + 1) and (K — 1), 
have larger total costs. The expected €se two strategies are: 


EFr; = (K De + C, » 


N 
1=K+2 


N 
EF,,,— E.Fk + c — C, D> P, 


i=K+1 


and E.F; 


onships that any strategy of 
ve Ser expected total cost than that 
* positive term in the expression remains fixed 


amounts are Ordered. Simi- 
Produce a still larger expected 


Ere E 5 
K+ 


EE EXE S 
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These will be simultaneously true if and only if 


N c N 
ar> ES D iy 


u i=K+1 


Using our former notation, this is equivalent to 
PE > K)> £> P> K+ 1) 
Cu 
In order to use this relationship we need to know the probabilities of the form 


P(z > k). As we did before, we can determine these directly from the ' 
probability distribution of demand. For our example we have: 


DEMAND 
k P(z =k) P(z =k) 
0 aS) 1.0 
1 4 17, 
2 2 13 
3 Pl -l 


For our example, c/C, = $100/$1000 = .1. Our relationship is expressed in 
terms of inequalities but in the present case we see that an equality holds. In 
other words, we have either: 


P(z > 2)>.1=P(z > 3) 
or P(z > 3) = .1 > P(z > 4) 


This causes no difficulty. It means that there are two strategies with the same 
expected total cost and we can equally well use either one of them. In the 
present case we can either order two or three spares. In both cases, as the 
reader can verify, the expected total cost is $300. 

It will be noted that there is a considerable degree of similarity between 
the conclusion of this analysis in terms of total costs and the earlier incre- 
mental analysis we developed in terms of opportunity costs. At least they 
take a similar form in expressing the conditions that must be met by the 
optimal strategy. We developed the incremental analysis for the Christmas 
tree problem, for which the original payoff matrix was expressed in terms of 
profits. Our present analysis was developed in terms of a total cost matrix 
and, hence, is different from one developed for a profit matrix. Therefore, 
we can make no direct comparison of the two analyses on the Christmas tree 
problem. However, we can use the incremental opportunity cost analysis . 
on our present spare-part example. For the spare-part problem the oppor- 
tunity cost of an overstock is $100 and the opportunity cost of an understock 
is $900. The incremental analysis therefore shows that we should select the 
last strategy for which P(z > j) is greater than $100/($900 + $100) = .1. 
Equality instead of inequality for the incremental analysis has the same 
effect as was just discussed above for the analysis of this section. Therefore, 
we see that the two analyses lead to exactly the same conclusion. Of course, 


IV 
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this is to be expected, if the analyses are valid. This short calculation simply 
demonstrates that it is so in the present case. 


14. THE MATHEMATICAL FORMULATION: THE CONTINUOUS CASE 


Our argument of the preceding section really consisted of two parts. First, 
we had to represent in the form of a mathematical expression the payoffs and 
the procedure for determining the expected payoff for a specific strategy. 
Second, we had to find some way to determine mathematically the minimum 
such expected payoff. When wé turn to the representation of inventory 
problems by means of continuous probability distributions we find that the 
first part of the procedure is somewhat more unfamiliar, at least to those who 
are not quite conversant with calculus, but that the second part becomes a 
bit easier. Perhaps this in itself is another indication of the ubiquity of 
opposing costs! 

The major new idea we need is that of continuous probability distributions. 
The probability distributions of demand which we have considered so far 
have been discrete ones. The probability of demand being, say, for four 
units is given and similarly with other discrete levels of demand. There is, 
however, no probability-nor, indeed, even possibility-that the demand would 
be for, say, 34 units or for 2.761 units. As we have already noted, there are 
two main reasons why such discrete distributions may not be satisfactory. 
First, the inventory in question may be for liquids or for lengths of copper 
wire or anything similar for which there may be a demand for any arbitrary 
amount. Second, for complex discrete inventory problems it is sometimes 
desirable, and sometimes almost necessary, to approximate the actual discrete 
probability distribution of demand by a continuous one in order to analytically 
resolve the problem. A continuous probability distribution of demand gives 
the probability that demand will equal any level, integral or fractional. We 


describe this mathematically by defining the probability that demand will fall 


en two levels separated by an “infinitesimal” distance. Thus, we 
efine: 


P(y « z < y + dy) = f(y) dy 


where yis the dummy variable designating the level of demand, analogous to 
i in the discrete analysis, dy is the “infinitesimal” distance, z is, as usual, the 
actual level of demand, and f(y) is some mathematical function which meets 
certain requirements enabling it to act as the probability distribution of 
demand. With the basic probabilities of demand so defined the analogy to 


the summation we used for the discrete case is integration, with its own 
operator sign, J. Specifically, we define: 


PE < k= |O) dy = FO 


and PG 4) = [foo dy —1— | fo) dy=1 = FO 
k 0 
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where k is an arbitrary constant. The entries at the top and bottom of the 
integral sign are the limits of integration and fulfill the function of telling us 
how many probabilities have to be “added up,” or integrated. The equiva- 
lence of the two forms: 


LJ k 
joe -1- [foo 
k 0 
follows from the fact that 
[o=] 
0 


is one of the major requirements that fO) must fulfill. This, of course, 
must be true for any probability distribution whatsoever; the sum, or integral, 
of all the probabilities must equal one. 

Using these ideas the continuous analogue of the discrete case presented 
in the preceding section can easily be formulated. Two costs are involved: 
c — the total cost of one unit and C, — the total cost of an understock of one 
unit. We are now assuming that fractional parts of a unit can be involved in 
stocks and understocks and that the corresponding proportion of the unit 
costs will measure the relevant costs. If we order x units it will cost us cx 
and this is all it will cost us unless there is an understock. In case of an 
understock there will be the original cost of cx plus the understock cost of 
C,(z — x), where z is the actual level of demand. To calculate the expected 
value of the cost for any given x we need to integrate the understock cost over 
all possible levels of demand which would produce an understock, each 
multiplied by the probability of that level of demand. This is accomplished 


thus: 


E.F, = cx + c, [o — x)f(y) dy 


We want to find the minimum such expected payoff (total cost) in terms of x. 
In other words, what value of x will give the minimum expected total cost? 

To determine minima in calculus requires taking the derivative of the 
given expression and setting it equal to zero. In the present case, and in 
most of the continuous models of this kind of inventory problem, the ex- 
pected payoff will include integrals. This is the only somewhat unusual 
feature of this kind of minimization problem. How do we take derivatives 
of integrals such as the one above? The answer to this question is given by a 
generalization of a procedure known as Leibniz's rule. Stated in the general 
form in which we need it, this rule says that the derivative of any expression of 
this form: 

klz) 


G(x) = | se» dv 


AQ) 
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is given by* 
z dh(x) 
dG) _ ka) TD) dk(x) _ a 
Tan | cud dy + glkG2, x| 755^ — alhlx), x] = 


This one rule will enable us to differentiate all of the integrals which we need 
for this kind of inventory problem, In our case we have: 


k(x) = oo 
A(x) =x 
ax, y) = (y — x f(y) 


Therefore, we have 


dG) 9, di) _ ZED 
eo Was, “ax = 0) 


so, a 
Sx etal- posso-o- e) 
z 
c — C,[l — F(x)] 
€ — C, + C,F(x) 
Setting this equal to zero and solving for F(x) gives 


ll 


F(x) = e 


This is the general solution, fo 
demand. Knowing the proba! 
value of x for which the given 
of x which has the minimum e 
conditions must be met to gua: 


u 


T any continuous probability distribution of 
bility distribution permits us to determine that 
equation holds true. This, then, is the value 
Xpected total cost. We must note that some 
Tantee that this is, in fact, a minimum but they 
are met here and we will do no more than to state that the second derivative 
of E.F, with respect to x must be greater than zero. 

Suppose, for example, that the probability distribution of demand for a 
particular inventory problem of this type were the normal distribution with 
mean of 100 and standard deviation of 20. If the Costs were the same as we 
used previously, c = $100 and C, = $1000, we immediately calculate that 
F(x) = 9. Reference to any table of the normal distributiont shows im- 
mediately that F(x) = .9 i i i iatioi 


problem in terms o 


f opportunity costs 
Let us put 


K, 


= opportunity cost of an overstock of one unit 
K, 


— opportunity cost of an understock of one unit 


* See Philip Franklin, A Treatise on Advanced Calculus (New York: John Wiley & 
Sons, Inc., 1940), p. 349. 


t See normal tables in Appendix, 
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The difference between this formulation and the preceding one is that we no 
longer have a constant cost of cx when we order x units because, since we are 
thinking in terms of opportunity costs, x units has a cost of zero if the demand 
level happens to be for x units. Under these circumstances our overstock 
costs must be calculated exactly as were the understock costs before. Thus, 


we have: 


EF, = K, [6 = DO) + Ke [O — 39/0) d» 


Using our rule for differentiation we find 


dEF: | F(x) + KF — 1] 
dx 


Setting this equal to zero gives 


Ky 
FQ) = ee Ki 


t to the preceding one we can equate the 


Since this result must be equivalen i : 
hip which must exist between the oppor- 


two expressions to find the relations 
tunity costs and the total costs. We find 


Ie es 
and K,-€.^€ 


the relationship which does exist between the two 


This, of course, is precisely 1 
he two matrices for the spare part problem 


costs, as can be seen by looking at t 
of Section 12. 


Other costs can usually be incorporated in this kind of formulation in a 


straightforward way. Suppose, for example, that we have the two costs 
above, c and C,, but that in addition we have a salvage value for any unused 
items of C, per unit. An obvious extension of the argument leads immedi- 


ately to the equation: 


Er, = e G [e - 00 + €. [o 9/00 


This has the derivative: 


dEF. _ e _ C,F(x) — Cu + CuF@) 
dx 


Setting the derivative equal to zero gives: 


Cu 
F(x) = GG 
alue is the expected one-to increase the value of x 


The effect of the salvage v: i 
case without any salvage value. Thus, in our 


as compared to the same : 
normal distribution example suppose each unit has a salvage value of $50. 
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We calculate, then, that F(x) — $900/ $950 = 947. Reference to a ODD 
the normal distribution shows that this requires that x = 100 + 1.62( 
= S. 3 
eae can introduce a considerable amount of complexity. oe 
matter of fact, introducing carrying costs as we did in our discrete oa 
resulted in a fair additional amount of computation simply because. of the 
need for discounting future costs and for taking account of the different 
lengths of time the items which were used wereinstock. Generally speaking, 
this kind of precision is unnecessary for the simple reason that the carrying 
costs are not known with that order of accuracy. Thus, it is quite common 
to make a simplification and to assume that only those items which are not 
used are to be credited with a carrying cost for the time they were in stock. 
This is a completely reasonable simplification if the total time period involved 
is relatively short. If, however, a long period is involved it may be necessary 
to consider other ways of introducing carrying costs. We will not consider 
this difficulty here. If the simplification is an acceptable one it is straight- 
forward to include the carrying costs. Without repeating the argument it 
can be seen that the effect of the simplified carrying costs would be to intro- 


duce a term of the form +C,F(x) in the derivative of the expected total 
costs, where C, represents the carrying cost. This obviously entails no 
additional difficulties whatsoever. 


15. IMPUTATION OF CosTs 


We noted in the first chapter that there is no escaping the existence of the 
opposing costs in an inventory problem. Ignorance of the costs, or inability 
to measure them, does not detract in the least from the argument that any 
decision on inventory level which is actually taken will imply a particular 
ratio of the opposing costs. As we commented earlier, it is only a question 
of whether the decision-maker would rather have his assumptions about the 
costs implicit or explicit. Let us see how this works for the kind of inventory 
problem we are now consideri 


ng. 
i As an example, consider the normal distribution inventory problem used 
in the preceding section, without any salvage value. 


Suppose that the decision 
were made to order 165 units. Since we know the distribution of demand 
(normal distribution with mean of 100 and standard deviation of 20) we can 
immediately calculate that this is equivalent to setting F(x) = .9994. This 
follows since 165 units is 65/20 = 3.25 standard deviations above the mean 
and reference to a table of the normal distribution shows that this includes 
:9994 of the total area under t 


he normal curve. We have, then, from our 
analysis that 
Ca =E _ 9994 
C ^ 
or 


C, = 1667c 
In other words, this decision would only be the correct decision if the cost of 
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an understock of one unit was 1667 times the cost of one unit. In this kind 
of problem we would probably know the cost of one unit, given as $100 for 
this example. We can then state that the decision imputes a cost of $166,700 
as the cost of a shortage of one unit. Even if we did not know the c in 
question, of course, we still know that the decision imputes the given ratio 
between the costs. j 

Related to this imputation of costs is an alternative approach sometimes 
used by management when either the costs are not known or no formal 
analysis of the inventory problem has ever been undertaken. This is to 
establish an inventory policy in terms of the probability of being out of stock. 
Thus, management might lay down the policy that enough stock should be 
ordered so that the probability of an out of stock would be no more than 175. 
Using the same example, and in terms of our analysis, this is equivalent to 
establishing that F(x) = .99 by fiat. In the case of the normal distribution 
it can quickly be calculated that this policy would require ordering 146.6 
units. However, from our present point of view it is more important that 
this policy imputes a ratio to the opposing costs. In particular, and using 
the same procedure as in the preceding paragraph, we find that it imputes 
C, = 100c = $10,000 in the present case. 

The policy in question is quite often used in cases where the inventory is 
sold to customers. In this case the understock cost usually involves some 
estimate of the cost of loss of goodwill. Since this is exceedingly difficult to 
measure it is much simpler for management to establish a policy such as: 
“We don’t want more than one customer in a thousand (or a hundred) to 
find us unable to supply his wants.” Since any such policy imputes a cost to 
the loss of goodwill it is generally wise to make it explicit. In many practical 
cases it turns out that the imputed cost is so large as to make it completely 
absurd. Under these circumstances, management can save sizable amounts 
of capital by stating their intuitive estimates of the goodwill cost and following 
the formal analysis to determine the appropriate amount of stock to order. 


16. SIZE OF WORK FORCE 


ms involving numbers of workers needed for varying 


Some kinds of proble: 1 
work loads can be formulated as inventory problems of the type we are 
i Consider, for example, an 


considering, at least as a first approximation. : 
organization such as a telephone company. Telephones of its customers 


occasionally get out of order and a repairman must be sent to fix each of 
them. Witha fixed number of telephones the probability distribution of such 
breakdowns can be quite stable. From company records it is possible to 
determine the average number of breakdowns per working day which one 
repairman can fix. Suppose this average IS 10. Suppose further that the 
probability distribution of telephone breakdowns is normal with a mean of 
1000 and a standard deviation of 200. Converted into man-days, this is 
equivalent to a demand distribution for man-days which is normal with a 
mean of 1000/10 = 100 and a standard deviation of 200/10 = 20. Suppose, 
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further, that the wages of the repairmen are $20 per day, with time-and-a-half 
for overtime. 

This kind of problem might be approximated by one of our models be- 
cause of the time required to train a repairman and the difficulty of finding 
suitable men on short notice. Let us, finally, assume that company policy is 
to repair every broken phone on the day on which it is reported. If the 
number of men is insufficient to accomplish this in the regular day they work 
overtime as much as is necessary. The opposing costs in the: problem are 
clear-a man idle for one day represents $20 wasted while an understock of 
repairmen requires the payment of overtime. This is an example of the first 


kind of model we discussed in Section 14. If x men are hired the expected 
total cost will be: 


E.F; = 20x + 30 | (y — 3)fG) dy 


The solution is that 


30 — 20 
F(x) = mom .333 
Looking this up in normal tables shows that x — 100 — .43(20) — 91.4 or, 
rounded off, 91. Thus, the optimal size of the work force is 91 men. It is 
clear that problems of this kind can e 


G asily be solved by inventory models if 
the necessary assumptions are reasonable ones. 


17. GENERAL COMMENTS 


1 If the costs 
ection 15 can be used to provide 
he exercise of their intuition and 
ber of variants of this kind of in- 
an be formulated mathematically in 


is - Meanwhile, it should 
is is ofi E ! should be noted 
ten one of the most difficult questions involved in an inventory 
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analysis. While it is frequently the case that the required distribution of 
demand can be obtained it is perhaps more usual that it cannot. Or, at 
least, it cannot be obtained in the detail required for this kind of analysis. 
The time and cost of a study to determine the demand distribution can often 
far exceed the time and cost of a large, and complex, inventory analysis. 
This being the case, the question immediately arises: What can be done when 
the demand distribution is not known? When this is the case, of course, we 
g with an inventory problem under risk, but with one 


are no longer dealin 
Tt is to this subject that we turn in the next chapter. 


under uncertainty. 


PROBLEMS 
1. (a) A flower store in a small community must stock some orchids to be 


sold as corsages for the high school prom. Most of the young men will buy 
gardenias but most of the time a few orchids will be requested. On the 


basis of past information the store owner estimates the probability distribu- 
tion of demand to be: ed 


DEMAND PROBABILITY 
0 .05 
1 10 
2 25 
3 35 
4 A5 
5 10 


Only one order can be placed. The orchids cost the store owner $5 each 
and he sells them for $12.50 each. Delivery of a corsage costs the store 
owner $.50 for each corsage. Any orchids unsold after the prom are a total 
loss, What is the total profit payoff matrix and the optimal order size? 
(b) What is the opportunity cost matrix for this problem? 

(c) Use opportunity costs and incremental analysis to verify your solution 
to this inventory problem. 
(d) What is the maximum 
store owner for this problem? 

(e) What salvage value would justify an op 
more orchid than found in (a)? 


possible worth of additional information to the 


timal strategy of ordering one 


large boiler installation. A certain auto- 
for the operation of the whole system. At 
res for this unit can be purchased for 
for failures of this unit during 


2. (a) A company is making a 
matic monitoring unit is crucial 
the time of the original order spa 
$2000 each. The probability distribution 
the life time of the installation is known to be: 


DEMAND PROBABILITY 
0 35 
1 .25 
2 .20 
3 15 
4 .05 
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If a spare is needed and is not available the total cost to the company in 
down time and replacement cost will be $15,000. Unused spares have no 


salvage value. What is the total cost matrix and the optimal number of 
spares to order? 


(b) What is the opportunity cost matrix? 
(c) What is the maximum possible worth of additional information ? 
(d) What is the mathematical equation which describes this problem? 


3. (a) Demand for an item is normally distributed with mean of 200 units 
and standard deviation of 40. The overstock cost per unit is $12 and the 
understock cost per unit is $20. What is the optimal order size? 

(b) For the item in (a) the decision has been made to order 300 units. 


Assuming the overstock cost per unit is $12, what is the imputed understock 
cost? 


chapter three : : 


- static inventory problems 
.. under uncertainty 


18. GENERAL CHARACTERISTICS 


Static inventory problems under uncertainty and under risk have in common 
the fact that only one order is available. They differ in that risk inventory 
problems are ones for which we know the probability distribution of demand. 
Inventory problems under uncertainty are ones for which we do not know 
this probability distribution. Because of the similarity of the two types of 
problems the various remarks made in Section 8 concerning costs are equally 
applicable here and will not be repeated. The frequency and kinds of in- 
ventory problems of this typ2 are also similar to the static risk problems. 

In the theory and applications of decision theory, the quantitative analysis 
of decision problems in terms of a payoff matrix, it is customary to distinguish 
between decisions under risk and under uncertainty. In effect, the distinc- 
tion has been treated as being virtually a dichotomy. The assumption is 
made that for decision problems under risk we know the whole probability 
distribution in question (of demand, for inventory problems). For decision- 
making under uncertainty it is assumed that we know nothing whatsoever 
about the probability distribution. Obviously, there are a whole range of 
intermediate cases which might be considered. These cases, as a matter of 
fact, are probably of greater practical importance than is either of the two 
extremes. We don’t often have complete knowledge concerning the prob- 
ability distribution of demand and, on the other hand, we are not often totally, 
ignorant of it. We hope to indicate some methods that may be used in these 
intermediate cases. We have chosen to include these methods under the 
discussion of uncertainty-thus, by implication, reserving risk for the case 
with complete knowledge of the probability distribution. This seems more 
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i ing of “uncertainty” than would the other 
5 UA RC aT ksowledgn under risk and leave uncertainty for the 
altern - 
sat p ie we will try to present first some of the methods 
a hace fee urested for coping with inventory problems under 
n the sense of complete ignorance of the probability distribution. 
TE e AG some methods which might be applicable to cases where 
Em iUm t complete, information about this probability distribution is 
m ER ATE the way we will pause to cast our vote for the side that 
p es that uncertainty in the sense of complete ignorance is very rare. 
E of the sides in a never-ending argument concerning the very 
HM the idea of probabilities. We will not become embroiled in the 
ies but we will have to mention it in passing. 


19. DECISION CRITERIA UNDER UNCERTAINTY 


The fact that we are ignorant of the probability distribution of demand ina 
specific inventory problem does not affect in any way our ability to determine 
the payoff for each combination of a given order size and a given level of 
demand. Therefore, we can equally well construct the payoff matrix for 


inventory problems under uncertainty. The problems special to the case of 
uncertainty commence when we tr 


y to determine which is the best strategy 
to select, given the payoff matrix. In the case of risk we proceed by calculat- 
ing the expected payoff for each Strategy and then selecting that strategy 
which has the smallest or largest such expected payoff. In the language of 
decision theory this part of the analysis is called a decision criterion. It 
provides the criterion we should use in selecting one from among the 
available strategies. The whole Problem of decision-making under un- 
certainty, including the special case of inventory decision-making, boils down 
to one question, what decision criterion should be used? In the case of risk 
there is a general Consensus, supported by strong arguments, that expected 
values of payoffs should be used. In the case of uncertainty there have been 
a variety of different criteria Suggested, each supported by arguments asserting 
its plausibility and, sometimes, Superiority over the others. We must begin 
by considering some of the Suggested alternatives. 

In order to exemplify the various criteria we will utilize a segment of the 
Christmas tree payoff matrix in total Profits as given in Section 9, We do 
Not need the entire matrix so we 


will use the upper left corner, three-by-three > 
matrix from it: 
DEMAND 
1 2 3 
ORDER Le 
1 $3.50 $3.50 $3.50 
2 2.00 7.00 
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We assume now that we do not know anything about the probabilities of the 
various levels of demand. The problem, then, is to select one of the three 
available strategies. What criterion should we use as a basis for our selec- 
tion? We will discuss three different criteria which have been proposed. 
For a far more exhaustive discussion-and a fascinating one-which considers 
other criteria as well we refer the reader to Chapter 13 of Luce and Raiffa's 
Games and Decisions.* 

One major criteria is associated with the name of Abraham Wald. lt is 
called the minimax or maximin criterion. The name comes from the 
structure of reasoning underlying the criterion. Wald proposes that we 
should consider each of the available strategies and determine what is the 
worst that could happen if that strategy were selected. Since the payoff 
matrix above is expressed in terms of profits the worst that could happen for 
each strategy is the smallest profit which might be made if that strategy were 


selected. For our matrix the “worsts” are: - 


ORDER Worst OR MINIMUM PAYOFF 
1 $3.50 
2 2.00 
3 .50 


Wald now proposes that we should select that strategy which has the maxi- 
mum such minimum. In the present case this would result in the selection 
of the first strategy. In other words, the criterion is to select that strategy 
which has the maximum among the minima, hence the name, manimin. If 
the original matrix were expressed in terms of costs the worst payoff for each 
Strategy would be the maximum payoff and then we would select that strategy 
Which had the minimum among the maxima, the minimax strategy. The 
reasoning underlying this criterion is that we should always act with the ut- 
Specifically, we always assume that the worst possible 
Then we safeguard our position to the maxi- 
he strategy which makes this worst as good 


most conservatism. 
thing is going to happen to us. 
mum extent possible by selecting t 
as possible. 

A second criterion has been propos 
called the regret criterion and is of particul | 
closely connected with the opportunity cost matrix. However, let us follow 
the reasoning which Savage has suggested to afford plausibility to this criterion 
rather than simply stating the connection of the criterion with the opportunity 
Cost matrix. Savage suggests that the decision-maker really wants to mini- 
mize the regret he will experience after he has actually received the specific 
payoff resulting from his selection of a strategy. In other words, suppose 
the Strategy of ordering three trees is selected. Suppose, further, that the 
actual demand level which occurs is for one tree. Savage maintains that the 


osed by Leonard J. Savage. This is 
ar interest to us because it is very 


* R. DOR De "ed Howard Railla, Games and Decisions (New York: John 
Wiley & Sons, Inc., 1957). 3 35; z A 
+ Leonard J. Savage, The Foundations of Statistics (New York: John Wiley & Sons, 


Inc., 1954). 
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isi i ience a regret that he did not select his first strategy 
i PU RE Ru Man be incid R by the difference between what he 
EE Ede $.50, and what he could have made if he had selected the best 
ayes for the level of demand which actually occurred, $3.50 in our 
HE Savage argues that in selecting a strategy the decision-maker 
should be governed by a desire to minimize this regret which he will wi 
mately experience. Savage proposes that we begin our analysis ofa paya : 
matrix by constructing the corresponding regret matrix, which shows m 
regret, so defined, which will result from each combination of a selection a : 
strategy and the occurrence of a specific level of demand. The metho R 
calculation is precisely the same as that which we used in calculating the 
opportunity cost matrix for a given payoff matrix and the regret matrix aS 
nothing other than the opportunity cost matrix. In our example we have: 


REGRET MATRIX 


DEMAND 
1 2 3 
ORDER UL IE E oe 
1 $0 $3.50 $7.00 
2 1.50 0 3.50 
3 3.00 1.50 0 


Savage proposes, finally, to use the minimax criterion on this regret, or 
opportunity cost, matrix. We have: 


ORDER MAXIMUM REGRET 
1 $7.00 
2 3.50 
3 3.00 


We would select that Strategy which had the minimu 


the minimax Strategy. In our case this is the strate 
The final criterion i 


ceding ones and has b 


for many years. It is usually associated with the name of Thomas Bayes 
and/or that of P, S. Laplace. Bayes originally suggested the criterion but 
Laplace was Tesponsible for the first extensive usc of it.* This criterion is 
Simple to present. The idea is to convert the uncertainty into risk. The 
argument is that if we are really totally ignorant of the probabilities of occur- 
rence of the various levels of demand then we should assume that all of them 
are equally likely. In other words, we should assume that all of them have 
equal probabilities of occurrence. Once this is granted we can proceed to 


calculate the expected payoff for each strategy and continue exactly as we do 
for decision-making under risk. In our case we would assume that the 


m such maximum regret, 
y of ordering three trees. 


ancelot Hogben, S/arístic q 
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probability of each ievel of demand was 3. Itis easy, then, to calculate the 
expected payoff for each strategy: 


ORDER EXPECTED PAYOFF 


1 $3.50 
2 5.33 
3 5.50 


We would select that strategy which had the largest such expected payoff, in 
this case the strategy of ordering three trees. 
In our example we see that the Wald criterion dictated the ordering of one 


20. DECISION CRITERIA FOR UNCERTAINTY AND INVENTORY 
PROBLEMS 


Most of the discussion in the literature dealing with the different decision 
criteria under uncertainty is framed in terms of the general decision problem. 
This introduces problems additional to those which characterize the majority 


turns out that we are often not entitled to take differences between utilities as 
being meaningful. 1f this is true it would follow immediately, for example, 
that the Savage regret criterion would not be admissible as a decision criterion 
for such a payoff matrix. Under these circumstances comparisons among the 
different decision criteria would be quite different than they would be when 
we confine our attention to the simpler case where payoffs are measured in 
dollars. Therefore, we will not attempt to recapitulate any of the conclusions 


When looked at in this way there appears to be a reasonable basis for 
rejecting some criteria. Thus, consider the Wald criterion. When. this 
criterion is applied to any inventory decision problem of the type of the 
Christmas tree problem, where the payoffs are expressed in profits, it will 
generally select that order which is equal to the lowest level of demand. |f, 
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iterion to the corresponding opportunity cost 
however z pr ine PERPE order which is equal to the highest level of 
dede N ane maintain that this is an inadmissible contradiction in the 
BU d inventory problem payoff matrix. The total cost or profit 
Soe ot Se a d the opportunity cost matrix are merely alternative ways of 
ud Ares same real problem. We have tried to show previously that 
p e E logic underlying the two presentations is the same. In other 
ne do he dr ument which Savage developed to justify the regret matrix in 
p a Sonera decision problem is unnecessary here because the regret 
s mi identical with the opportunity cost matrix, which is simply an 
ate salve way of expressing the selfsame problem the original payoff matrix 
werent Therefore, we submit that any valid decision criterion should 
lead to the same selection of strategy whenever it is applied to en two 
equivalent representations of the same problem. We are suggesting, then, a 
criterion to be used in the selection of a decision criterion. Any eee 
criterion is inadmissible which does not select the same strategy when applies 
to the opportunity cost matrix as it does when applied to the payoff matrix. 
This suggested criterion is a powerful one because it eliminates not only the 
Wald criterion but also another well-known decision criterion not discussed 
here, the Hurwicz criterion. We think that the economic logic of inventory 
decision problems justifies the application of our criterion and we will there- 
fore not use the Wald criterion. À 
Both the Savage regret criterion and the Bayes criterion meet this condi- 
tion. We have already seen that the use of expected values will lead to the 


same selection of a strategy whether applied to the payoff matrix or to the 
opportunity cost matrix. 


The Savage criterion meets our condition because, 
in effect, it says that the payoff matrix should never be-analyzed directly. 
Instead, it must be converted to the opportunity cost matrix before we 
consider what strategy to select. This leaves us with two possible decision 
criteria. In our example of the preceding section these two criteria led to the 
selection of the same strategy. Whenever this occurs there is no problem. 
However, whether it occurs or not is a coincidence and we would like to have 
Some way to decide which of these two criteria is more appropriate. Un- 
fortunately, no such argument exists and it is necessary to conclude that it is 
à question of taste whether the Savage or the Bayes criterion is used. 
one of them is wholly satisfact 
criterion is that there seems to be no good reason why the decision-maker 
should concentrate all of his a 


Maybe a demand of four or 
these possible 
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matrix we used as an example in the last section. Thus, neither of the two 
available criteria can be considered to be ideal for its purpose. 

All of this discussion has been predicated on the assumption of total 
ignorance of the probabilities of the various possible levels of demand. If 
we have knowledge about these probabilities we would be dealing with the 
case of risk, which is much more straightforward with regard to the decision 
criterion. Now, as a matter of fact, we think that a strong case can be made 
for the proposition that the case of uncertainty is quite rare and that we can 
usually convert problems which seem to be-under uncertainty into ones under 
risk. This is the subject of our next section. 


2l. OBJECTIVE AND SUBJECTIVE PROBABILITIES 


One of the reasons that decision-making under uncertainty has received the 
emphasis in the literature that it has is that the predominant school of 
statisticians and probability theorists adheres to a definition of probability 
which automatically makes the case of uncertainty quite a common one in 
practice. This predominant school is called the objectivist school in prob- 
ability theory. The objectivists maintain that the only time that the ideas of 
probability theory can be legitimately applied is when it is possible to de- 
termine the relevant probabilities from a frequency count or the equivalent. 
Thus, we can say that the probability of a flipped coin coming up heads is 4 
because we can flip a coin a great many times and count the number of heads. 
We can talk about the probability that a male picked at random is color-blind 
because we can make a frequency distribution showing the numbers of men 
who are, and who are not, color-blind. And we can talk about the prob- 
ability of a particular level of demand only when we can count past levels of 
demand or do the equivalent by means of mathematical analysis. Now, 
since there are a great many kinds of practical cases where we simply cannot 
count demand levels in the past or accomplish the same thing by mathe- 
matical analysis it follows that, according to the obj:ctivists, the correspond- 
ing inventory problems must be under uncertainty. This is so by definition, 
according to them. There simply is no meaning attached to the word 
* probability" when used in such a context. 

Opposed to the objectivist school is the subjectivist school. The sub- 
jectivists agree with the objectivists as far as the latter go. In other words, the 
subjectivists agree that whenever a basis for a frequency count exists it 
should be used and that probabilities should be determined by this method 
when it is possible. The disagreement arises in that the subjectivists propose 
to use probabilities in many cases where there is no possibility for any kind of 
a frequency count. Specifically, they maintain that probabilities, in addition 
to being measures obtained from frequency counts, are measures of sub- 
jective degrees of belief, hence the name of the school. In this sense, a man 
who believes that something is certain to happen is ascribing a probability of 
one to its happening. If he believes that something else is impossible he is 
ascribing a probability of zero to it. The intermediate probabilities measure 
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i iction that the given event will occur. Roughly 
the varying reed probability of i indicates the belief that the event in 
AUR as likely to occur as not, and so forth. Subjectivists have sug- 
Ue dieve a methods for measuring such degrees of belief and they propose 
osea s probabilities when nothing else is available. 
paeme a Eween these two schools has a flourishing literature and many 

Te denare ani con. We do not propose to summarize these arguments 
EST Pe intend to add to them. One or two comments suggested by 
ie m ets M ons encountered in practice will be sufficient for our purposes. 
typical REIS. in adhering to the objectivist position in practice is that toc 
Ie x simply no basis for determining the relevant probabilities in 
ofen ete an objectivist canons. The net effect of this is that too many 
ior decision problems cannot be meanin, 


gfully analyzed by modern 
i i ith regard to 

itati ethods because of the difficulties we have Seen wit 
desidons uide uncertainty. We feel justified in concluding this because the 


icati iteri "s, forexample, to practical inventory 
ation of such a criterion as Savage s, ; jt i 
Dom leads to selections of strategies which are simply not in accord 
with common sense. Of course, the objectivist's answer to this statement is 
that our comment is irrelevant; if there is no legitimate basis for resolving a 


iven problem, then it simply can’t be resolved. We Teject this answer 
Paise it ignores a salient feature of most practical business decision 
problems. This is that there is rarely a 


xecutive knowledge in quantitative 
form so that it can be utili i 
problems. i 


resolve an invento: 
Section 19 again. 
abilities of the va 
There are three possible levels of 
decision-maker’s subjective evaluati 
Suppose we present the decision- 
decision problems: 


DEMAND DEMAND 
1:92 Le eS} 
STRATEGY STRATEGY 
4 KERK c E E 
B 1 10 


D 1 10 
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The payoffs given for strategies B and D are arbitrary except that they 
should be the same for both hypothetical decisions and they should be of the 
same order of magnitude as the payoffs in the actual decision problem. This 
last qualification is to avoid any confounding of the problem of uncertainty 
with the problem of the utility of money to the decision-maker. Finally, the 
two payoffs must be selected so that there is a relatively large difference 
between them. 

Now, let us consider the intention and the implications of these hypo- 
thetical decision problems. Consider I as an example. Only two of the 
possible levels of demand can occur in this decision problem. If the decision- 
maker selects strategy A he will receive a payoff of k dollars no matter which 
of them occurs. If he selects strategy B he will get the indicated payoff, 
depending on which of the two demand levels occurs. Let us see what 
happens as we vary k. It is certainly the case that if k = 0 the decision- 
maker would prefer to select strategy B since his payoff would always be 
larger for this strategy. Similarly, if k = 11 the decision-maker would 
always select A because his payoff would always be larger. Therefore, as we 
vary k from 0 to 11 there must be some value at which the decision-maker is 
indifferent between the two strategies. Suppose, for example that he tells us 
that he is indifferent between A and B when k = 8 and that he is indifferent 
between C and D when k' = 4. We are now prepared to reconstruct the 
probabilities of the various demand levels implied by his statements. Since he 
is indifferent between his strategies for k — 8 we reason that for k — 8 the 
expected values of the two strategies must be equal. Therefore, 


P, + 10P,=k=8 


But, P, + P; = 1, as far as I is concerned, so we calculate that P; = 3.5P,. 
Proceeding similarly for II we find that P; = 4P,. We take these as the 
values of P, and P5, expressed in terms of P;. Now, returning to the original 
decision problem, we know that the sum of the probabilities of the three 
levels of demand must equal one. But their sum in terms of P, is P, + 3.5P, 
+ .5P, = 1. Solving this we find that P, = .2 and, hence, that P; = .7 and 
P, = .1. These then are the estimates of subjective probabilities of level of 
demand which can now be used to calculate the expected values of the 
various strategies. In short, by this procedure we have converted the original 
problem under uncertainty into one under risk. 

This general procedure is a useful one and it can often be utilized in 
converting problems under uncertainty into ones under risk. However, it is 
by no means invariably successful. Several assumptions underlie its applic- 
ability and these may break down in specific problems. It is always possible 
to check the consistency of the estimates of the probabilities by utilizing other 
hypothetical decision problems involving other combinations of the possible 
levels of demand. For example, in our case we could check the validity of 
our calculated values by offering the decision-maker another hypothetical 
decision problem of the same form based on demand levels two and three. If 
his new statement of the point at which he would be indifferent is in accord 
with what would be calculated from the values of the probabilities we may 


static inventory problems under uncertainty | chap. 3 
58 


Consider e estimates to be - r A Mr ction may be 
der thi ti tes to be valid. If there is a contradiction it y 

necessary to point it out to the decision-maker so that, aware of an inean 
sistency in his behavior, he can rectify it. For an alternative procedure for 


the estimation of the subjective probabilities we refer the reader to the book 
C . B 
of Leonard J. Savage, previously cited. 


22. PARTIAL INFORMATION 


So far we have been considering only the kind of decision problem ea nF 
biectivist would characterize as being under complete uncertainty. e hav 
ae to show that from another point of view, the subjectivist one, even this 
kind or problem can be converted to one under risk. Far more frequent, 
however, is the situation in which some information is available Banche 
distribution of demand-from an objectivist point of view-but not enough to 


ermit us to deduce the probabilities of each possible level of demand. In 
JUN we have partial information. 


e 9 hat, if anything, can be done under 
se cir 
these circumstances ? 


Before we undertake to discuss what might be done, the magnitude of the 
problem involved should be stressed. It is easy enough to write down a 
mathematical expression which represents the probability distribution of 
demand and then to construct our analyses on the basis of this distribution. 


In practice, however, it may be virtually impossible to determine the actual 
distribution of demand. Most forecasts of d 


mate the average level of demand and there ar 
probability distributions which have the same 


and perplexities of the forecasting problem a 
if we cannot succeed in achiev 


emand undertake only to esti- 
€ a nondenumerable infinity of 
average. Yet the complexities 
re notorious, In other words, 
ing good predictions of average demand, how 
can we hope to achieve the very much more difficult description of the entire 
probability distribution? But our analysis of inventory problems under risk 
requires just this. While this can be accomplished in some kinds of problems 
it is equally true that it cannot be accomplished in many other situations. 
It is the latter case that we must consider now, 
In order to develop 


r methods for dealing with the case of partial informa- 
tion we must know wh ial i 


‘Ow, as examples, that demand would be 
n range, that demand would be less than some given 


lower levels of demand are 


t at, whatever we knew about 
: our knowledge of demand i i 
into one of the classes. Second, it would th 
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class of information could be optimally utilized in resolving the specific 
inventory decision problem. Since extremely little progress has been made in 
this area it is obvious that there is no question of presenting such a system. 
Nonetheless, these desiderata suggest the framework for the discussion that 
follows. 

As a generalization we can say that the vaguer and more qualitative our 
partial information, the less possibility exists, granted our present state of 
knowledge, of utilizing the information in a meaningful way. Mostly, then, 
we will have to confine our attention to cases where the partial information 
can be expressed quantitatively. In other words, while we cannot character- 
ize completely the probability distribution of demand we do know some 
quantitative things about it. A natural way in which partial information 
may be expressed is in terms of the moments of the demand distribution-we 
may know some of the moments without knowing all of them. The rth 
moment of a probability distribution is the expected value of the rth power of 
the variable: 


Moment of order r = p, = [ fo» dy 
0 


More usually, however, we are interested in the moments around some point, 
X. These are defined by: 


Moment of order r around x = m; = J (y — x) SQ) dy 
0 


The particular point, x, which we are most often interested in using is the 
mean of the distribution, Z Moments around the mean are, then, 


Moment of order r around the mean = m, = J (y — 20) dy 
0 


The mean, of course, is simply the first moment, pı. We can derive relation- 
ships between the moments about the mean and the corresponding moments, 


Hr: 

m=0 

m = pa — pi = 0° 

ms = pa — 3mp + 29i 

m, = pa — Appia + 6pika — 3nd 
Finally, there is another kind of moment, the absolute moments about a 
point x, which is less commonly used but which is particularly useful for our 
purposes. The absolute moments around a point x are defined by 

Absolute moment of order r around x = A; = J |» — x|) dy 


0 
and 


Absolute moment of order r around the mean = A, = | |y — 2|"f(y) dy 


ou, 
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It can be seen immediately that for all even-order moments we have Moy 
= As. This follows since any even power of a difference is always positive, 
MM 

exactly as is the absolute value. For the odd-order moments, of course, the 


equality does not hold-the absolute moment of order (2r + 1) is always 
greater than the corresponding mo, , ,. 


Most persons who have taken a course in statistics will be familiar with 
the first moment, the arithmetic mean, and with the second moment about the 


mean, the variance. They may be less familiar with the third and fourth 
moments about the mean because these are not so often calculated in practice 
since it is difficult to obtain satisfactory estimates of them unless there is a 
sizable amount of data available. Nonetheless, the third and fourth mo- 
ments about the mean are of fairly common use. The third moment about 
the mean is useful in characterizing the divergence from symmetry, or skew- 
ness, of a distribution. It is convenient for this purpose to use 


as a measure of skewness. 


r i This quantity is zero for a symmetrical dis- 
tribution and is negative if the longer tail is left of 


| is the mean and positive if 
the longer tail is to the right of the mean. The fourth moment is useful in 
characterizing the peakedness, or kurtosis, of a distribution. For this 
purpose we often use 


The reason for the subtraction of 3 is that when 


s a whole class of possible 
his class which would 

as completely determined by 
ments around the mean of the given distribution. 
najority of cases the Pearsonian system provides a 
ation of any practical distribution. This fact indicates 
mean of a distribution summarize the 


n about the distribution. Most probability 
ons have an infinity of B 


ciple of diminish- 


greater p 
distributi 


formati € moments about the 
distribution. The 
distribution, 


* For a discussion see Mau 


É € distribution-the first two 
(London: Charles Griffin & C. 


rice G, Kendall, The 
©., Ltd., 1947), 


Advanced Theory of Statistics, vol. 1 
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moments. If we do know these, however, there is a considerable amount 
that we can do with regard to the resolution of inventory problems, And, 
of course, we expect that knowledge of further moments should permit us to 
do better. The next three sections are devoted to the development of 
methods for utilizing partial information in this sense. 

It is unfortunately the case that not all of the information we might have 
about a probability distribution can be simply summarized in terms of the 
moments of the distribution. For example, we might know that the demand 
distribution was symmetrical about the mean-the probability of a demand of 
(Z + k) equals the probability of a demand for (Z — k), for all k. We have 
already mentioned that our measure of skewness, y,, will be zero for a sym- 
metrical distribution. However, y, can equal zero without the distribution 
being symmetrical. Now, it may well be the case that in practice if we think 
that the demand distribution is symmetrical we really mean only that y, = 0. 
However, it is worth noting that to know that a distribution is really sym- 
metrical requires that we know that all the odd-order moments about the 
mean are equal to zero. In other words, symmetry is not a characteristic of a 
distribution which can be expressed in terms of one or two moments-it 
requires an infinity of them. It is even worse with regard to unimodality of a 
distribution. Unimodality means that a demand distribution, for example, 
only has one level of demand which has the maximum probability. The 
probabilities of all levels of demand to the right and to the left of this modal 
level decrease steadily. It is a particularly reasonable assumption that a 
demand distribution should be unimodal since most frequently occurring 
distributions are unimodal-the normal, binomial, and Poisson distributions 
are all examples. Yet there is no way in which we can characterize the fact 
of unimodality by means of the moments of the distribution. Our measure 
of skewness, yı, will indicate how far the mode is from the mean of the 
distribution but the fact of unimodality escapes definition in terms of the 
moments. We will endeavor, in the following sections, to indicate how some 
of these kinds of partial information can be utilized. 

Before we proceed to a discussion of the procedures for utilizing partial 
information we should title this approach in terms of its parallels with 
problems in statistics. Much use is made in applied statistics of methods 
which are called non-parametric. The moments of a probability distribution 
are also called its parameters so non-parametric methods are ones which do 
not depend on the parameters of the relevant distributions. By extension 
the same title is sometimes given to methods which, while depending on 
knowledge of some of the underlying parameters, do not depend on knowing 
allofthem. With the same extension we could call our approach to inventory 
problems non-parametric. However, in strict logic this is an incorrect 
description since knowledge of some parameters is required. We will 
therefore call these methods distribution-free, since they do not depend on a 
knowledge of the underlying probability distribution, as do the methods 


developed in the preceding chapter.* 


* See Sidney Siegel, Non-Parametric Statistics for the Behavioral Sciences (New 
York: McGraw-Hill Book Co. Inc., 1956), p. 3. 
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23. DISTRIBUTION-FREE INVENTORY ANALYSIS: 
THE TCHEBYCHEFF INEQUALITY 


The methods developed in the preceding chapter utilize the probability dis- 
tribution of demand in order to deduce the optimal amount of stock to order. 
When we confine ourselves to a knowledge of only the average demand and the 
variance of demand we are obviously giving up a very great amount of 
information, as compared to the complete knowledge of the demand distribu- 
tion. ‘This is implicit in the fact that there ate a nondenumerable infinity of 
probability distributions with the same average and variance. If all we know 
is the average and the variance then any one of this infinity of possible 
distributions may be the actual one. We cannot, then, determine the optimal 
inventory policy in terms of any specific distribution. Instead, we must find 
that policy which will be best in terms of the whole infinite class of. possible 
distributions. In order to be able to do this we must have a starting point in 
the sense of some kind or kinds o? probability statements which we can make 
which will be true for every specific probability distribution in the class with 
the same mean and variance. We will designate the mean and variance by Z 
and s?, respectively, in accordance with the usual notation for these para- 
meters. The standard deviation of the class of probability distributions, 
equal to the square root of the variance, will then be simply s. 

The starting point we will use is a well-known inequality of probability 


theory, known as Tchebycheff's inequality. This inequality states that for 
any probability distribution whatsoever there is a simple relationship ex- 
pressing the probability that the given variable will differ from its mean by 
some multiple of its standard deviation. Expressed specifically in terms of 
demand distributions the inequality states that 


Py = 2| > ks) < d where k > 0 


where |y — 2| designates the absolute value of the difference. In other 


words, positive and negative values of (y — Z) are both included in the 
Statement. Translated, 


this inequality tells us that the probability that 
demand will differ from the mean by more than ks is always less than or equal 
to 1/k?. This is easily proved. By definition of the variance we have that 


s= *(i—zP, 
i-o 


Since all the terms in the summation are positive we can only decrease the 
sum if we delete some of the terms. Let us delete all terms for which 
(i — zy < P, where t is an arbitrary positive number. Let us denote the 
Temaining terms by a summation with an asterisk. Clearly, 


Ms 


SAU s (i — 2)?P, 


w 


* We follow William Feller, An Introduction to Probabilit s. 
2nd ed. (New York: John Wil 


d y Theory and its Applications. 
cy & Sons, Inc., 1957), p. 219. 
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Each of the remaining terms is, by definition, ^ /*so 


But [5s P, is precisely the probability that (i — Z)? > t°, since we have 
=0 
deleted all other terms. Therefore 
Pi — 2)? = t?] < s? 


2 
or Pji-22555 


Substituting £ = ks we get the stated relationship 
P(] — 2| = ks) < E 


Now, how can this relationship be used in an inventory problem formula- 
tion? We intend to develop some better estimates of the probability in 
question but it will be worth while to illustrate how we can use this basic 
inequality directly. Let us take an example similar to some in the preceding 
chapter but with a simpler set of costs than any ofthose. Suppose that the 
cost of the item is c for each unit and that the cost of understock is a constant, 
K, independent of how many units are short. If we formulate this problem 
as in the last chapter we have: 


E.F; = cx + K | JO) dy 


This is minimized by f(x) = c/K. Suppose, for example, that the distribution 
of demand is normal with mean of 50, standard deviation of 5, and that the 
costs are c = $5 and K = $1000. It follows that f(x) = .005. In order to 
use the standard tables for the normal distribution it must be remembered 
that the ordinate, f(x), undergoes a change of scale when we transform to the 
standard normal distribution. Thus, to find where f(x) = .005 we must find 
where the standard normal distribution has an ordinate of .005s = .025 here. 
This occurs at a distance of 2.35s from the mean. Thus, the optimal amount 
of stock to order is 50 + 2.35(5) = 61.75 with a total expected cost of nearly 
$318. 

Before we try to formulate the same problem by means of the Tchebycheff 
inequality we should dispose of one question concerning the just-completed 
analysis, Since the normal distribution has the same ordinate at. equal 
distances from the mean, how do we know that the minimum expected total 
cost is not minimized at 50 — 2.35(5) = 38.25 instead of at 61.75? The 
answer is that for any unimodal distribution, such as the normal distribution, 
and for the specific problem in question, the minimum expected cost cannot 
Occur at any value less than the mode unless it is the smallest possible level of 
demand, which would be zero in most cases. This is so because the second 
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derivative of the expression above is always less than zero for any value less 
than the mode. In the normal distribution, of course, the mode equals the 
mean so the specific problem we are considering will never have the optimal 
level of stock less than the mean as long as a normal distribution is assumed. 
The only proviso to this statement is that the optimal amount to order may be 
zero. This would be indicated from our solution whenever c/K is so large 
that there is no ordinate of the normal curve with that value. 

Now let us see how the same problem might be formulated more generally 
by means of the Tchebycheff inequality. For any probability distribution 
whatsoever which has a mean of z and a standard deviation of s we know that 


= 1 
Py — 3| > ks) $35 


The worst possible case, then, would be when the right-hand equality held and 
this is what we will assume. For any probability distribution of demand the 


general expression for the expected total cost would be, analogically to the 
preceding formulation: 


E.F; = cx + KP(y > x) 
For a continuous distribution, our present case, this is equally well 
E.F, = cx + KP(y = x) 


Suppose, now, that we wrote our x in the form x = Z + ks. The equation 
becomes 

E.F, = c(Z + ks) + KP(y > Z + ks) 
but 


Ply = Z + ks) = Ply — Z = ks) < Ply — Z| > ks) <p 
Therefore, we can write 

E.F, = cz + cks + E 
where we assume the worst case, equality, as noted above.* This expression 
is to be minimized with respect to k. We find 


GEE E FORMS 
cm Kk 
or jc 3e 2 
cs 


This value of k will minimize the expected total cost for the worst possible 
case of a probability distribution with mean of Z and standard deviation of s. 


* This is the worst possible case because the expected cost would obviously be smaller 
if the demand probability distribution were such that the indicated probability was 
actually less than 1/K?. 
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Assume, now, that we know only that the demand distribution has a mean of 
50 and a standard deviation of 5, with the same costs as before. We calculate 


Therefore, x = 50 + 4.31(5) = 71.55 is the optimal order size over any 
possible probability distribution of demand with the given mean and standard 
deviation. This is, in effect, a minimax solution-but it is over probability 
distributions, not over strategies. 

Thus, if the given demand distribution were actually normal and we didn't 
know it our ignorance would result in the order of 71.55 units instead of the 


optimal 61.75. We would think the expected total cost was 


1000 
5(71.55) + a3 $411.60 

whereas it would actually be only $357.75, since a stock of 71.55 with the given 
normal distribution would produce a probability of nearly zero of going out 
of stock. Thus the actual extra cost of our ignorance would only be about 
$40 or about 12.67 of the optimal $318. Of course, this calculation assumes 
the demand distribution is actually normal. Our distribution-free analysis 
is predicated on the assumption that we do not know nearly so much about 
demand and, under this assumption, 71.55 units is the optimal order size. 

We have reasoned directly from the Tchebycheff inequality, using the fact 


that 
1 
PK» — 2) = ks] < PF» = Z| 2> ks) < ya 


y in the probability of deviations from 


However, when we are interested onl bili sf 
better upper limit of the probability is 


the mean in one direction, as here, a bettes 
available. By other means we can derive 
1 
Ply — 22 ks] Say 


Using this inquality, and assuming equality as the worst case, we would have 


K 
E.F, = cZ + cks + ya T 


We find 
7/5 NDS qe QN 
"ue cr DNE 


From which we obtain the equation 


2K 
SS =0 
kt + 2k? Age 


* See Harald Cramér, Mathematical Methods of Statistics (Princeton: Princeton 


University Press, 1946), p. 256, Prob. 5- 
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This equation has the root k = 4.15. Therefore, x = 50 + (4.15)(5) = 70.75 
is the optimal order size. We would ordinarily use this solution rather than 
the preceding one but the difference between the two is relatively small here 


and the easier calculations of the earlier method may often be satisfactory 
approximations to these more exact calculations. 


24. DISTRIBUTION-FREE ANALYSIS: SOME OTHER INEQUALITIES 


The analysis of the preceding section is the best we can do if we know nothing 
whatsoever about the probability distribution of demand other than the mean 
and the standard deviation. However, if we have more information we can 
improve our selection of the optimal policy. Suppose, for example, that we 
know that the probability distribution is symmetrical. In this case the mean 
of the distribution equals the median and the existence of symmetry can be 


characterized by f(2 + k) = f(Z — k), for all k. Under this condition it is 
evidently true that 


Plo = 2) > ks] = PIE ~ ») = ks] =F Ply — 2] = ks) < gs 


If we repeat our previous analysis, using this upper limit for the probability, 
we find 


Resp 

cs 
In our example this gives k = 3.42. This leads to an order of x = 50 
+ 5(3.42) = 67.1 units with an expected total cost of $378.50. If the 
normal distribution actually obtained, the expected cost would be, for this 
order, $335.80 or about 6% more than optimal. This represents the cost 


of our ignorance. It can be seen that the additional information that the 
distribution is symmetrical has decreased our order size. 


The Tchebycheff inequality was proved above for discrete distributions. 
It is much easier to prove-and in a very much more general form-if we use 
continuous distributions. We can make the most direct statement in terms 
of the absolute moments of the distribution. We know that 


à = fl» — 2170) ay 
0 
Let us take out all the y's such that |y — Z| < 1 and designate the set of 


remaining y's by S. Since all of the terms removed are positive it follows 
that the integral can only be decreased if we integrate only over S. Thus, 


a = [lv = 2170) ay 
S 
But every |y — 2| in this last integral is > 1 so 


[ly = 2170) dy = r |f) ay 
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The integral f f(y) dy is integrated over precisely those y's for which | y — 2| 
S 
>t. In other words, 


[IDD = Py - 22 0 


Therefore, 
à zy — 2| = t) 
a, 
or Py- žl 20 <4 


Now, if we put t = kVA, we get 
» 1 
Py — Z| > kY) sz 


This is the desired generalization of the Tchebycheff inequality. Sub- 

Stituting A, = ms = s?, we see that we get exactly the original Tchebycheff 

inequality. But our present statement permits us to utilize knowledge of any 

absolute moment which we may know. If we set up our expected payoff 

equation using this upper limit to the probability as the worst possible case we 
nd: 


K 
EF, = cf + ckV2, + p 


which is minimized by 

ark 
eX» 
of course, the fixed understock cost. 
hat we know that Ay = m, = 1875. 
distribution in question were actually 
r the minimizing k gives 


k = "+1 


The K in these last two equations is, 
Suppose, in our previous example, t 
This would be the value if the demand l 
normal. Putting in the values in our expression fo: 


400 2.61 
kc il 3658 > 


refore be x = 50 + 2.61(6.58) = 67.17. If 
rmal the expected cost would be, with this 
orance would therefore be about 


The optimal order size would the: 
the distribution were actually no 
order size, about $336. The cost of our ign 


6% of the dptimal cost a ; 
- Pm istribution is symmetrical. Exactly 
Here, might know that the distributio d. E 
as before, this knowledgé would cut the upper limit of the probability in half. 
This would give for the minimizing k: 


Ae E 
K 2e4/, 


Assuming this in our example givesk — praet 


68 static inventory problems under uncertainty | chap. 3 


This would give a total expected cost of about $326 or a cost of ignorance of 
about 2.5%. 

Assuming that we know both Az = mz and A, = m, we could use either 
of the two inequalities we have derived. Which is better? Obviously, that 
one is better which gives the smaller total expected cost. Generally it will be 
the one using the higher moment around the mean but this will not always be 
the case. As an instance, in our example if everything else remained the 
same but we change the fixed cost of an understock to any amount greater 
than $58,100 we will find that the original Tchebycheff inequality is better for 
our purposes. A mathematical expression can be derived to show the 
conditions under which one is better than the other but it has so many 
fractional exponents that it is easier simply to check both possibilities if a 
comparison is required. 

The question can be raised: Could we not somehow utilize both moments, 
when we know them, and achieve a better estimate of the upper limit of the 
probability than we get from either one of them singly? This question was 
answered affirmatively by Cantelli in 1910.* We will not derive the ex- 
pression here but we will state it. Knowing the second and fourth absolute 


moments (equal to the second and fourth moments about the mean), we 
have: 


—2 E A 
P(y — 2| > ks) els a Ms 


= yb RM = 2202 u F Kis — 2 


This can also be written in terms of our measure of kurtosis, yz, as 


—z Euer ye 2 NET 
QUAS rc Eur 
If we use this upper limit for the probability in our equation for the expected 
cost we can take the derivative and set it equal to zero as before, thus finding 
the optimal value of k. The advantage of writing the expression for the 
probability in terms of y; is that we can often summarize our knowledge of 
the distribution with regard to the fourth moment directly in terms of y 
rather than in terms of A, or mą. For the normal distribution we know that 
yo — 0. When we assume a demand distribution is normal we are assuming 
a knowledge of the values of all the even-order moments about the mean 
plus the fact that all the odd-order moments about the mean are zero. To 
illustrate the use of this inequality let us assume that we know the costs, the 
mean, and standard deviation as in our example plus the fact that for the 
demand distribution y; = 0. This is still a great deal less than assuming that 
the distribution is normal. Proceeding as before, we find that thé minimizing 
value of k is given as the root of this equation: — « 


K(k*.— 1). ves 
W- iy +22 8K 


* See Maurice Fréchet, “Recherches Theoriques Modernes sur le Calcul des Prob- 
abilites," Traite du Calcul des Probabilites et des ses Applications, Tome I, Fascicule 3, 
ed. by Emile Borel (Paris: Gauthier-Villars, 1950), p. 144. 
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This expression is too complicated to solve explicitly for k but it is not 
difficult to obtain a good approximation quickly by constructing a able 
showing how the left-hand side of the equation varies with k: 


k(k? — 1) 
k («a — 1)? + 2)? 
2 04959 
2.5 .01503 
3 .00551 
3.5 .00238 
4 .00116 


For our example, cs/8K = 003125. We see from our table that k must fall 
between 3 and 3.5. Interpolating and trying a couple of intermediate values 
we can quickly determine that k = 3.33. This leads to x = 50 + 5(3.33) 
= 66.65. If the normal distribution actually obtained this order would 
produce an expected total cost of about $334, or a cost of ignorance of about 
5°% of the optimal cost. Here, again, we might know in addition that the 
demand distribution was symmetrical. If so, we can improve our upper limit 
for the probability by dividing by two, as We have done before. We leave it 
to the reader to verify that in this event and for our example, k = 2.93 and, 
therefore, x = 64.65. As compared to an actual normal distribution, the 
cost of our ignorance here would be only about 2.2% of the optimal cost. 
Let us now turn our attention to the question of what can be done when 
the frequently plausible assumption of unimodality can be made. As we 
noted earlier, we can not characterize unimodality in terms of the moments of 
the distribution. However, if we have reason to assume that the distribution 


is unimodal then the third moment about the mean, ms, is a measure of where 
is simply this third moment made 


the mode is. The measure of skewness, 71» mei 
dimensionless by dividing by the third power of the standard deviation. In 
i ure of skewness it is worthwhile to 


Order to get an intuitive feeling for this measure ¢ ISSIDIS M à 
follow another route. In a symmetrical unimodal distribution, like the 


Peers ls the median. It seems 
Normal di , the mean equals the mode equa j 
sinibubon he distance of the mode or the median 


natural, then, to measure skewness byt 
from fhe mean. Pearson suggested such a measure of skewness, w, where 
z — mode 
=e 
s 
Thea i rsonian measure of skewness is that it is very simple 
dvantage of this Pearso bability distribution. Now, 


and has an evident meaning in terms of the probabrib 
for the page system of probability distributions it can be shown that 
eae 
W = Wya — 6yi + 9 
When y, and y; are small this is approximately w = put ums shows the 


> istics (Pri 
* See Harald Cramér, Mathematical Methods of Statis. ics ( 


University Press, 1946), p. 184- 


nceton N.J.: Princeton 
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relation between Pearson's measure of skewness and the third moment about 
the mean, m. Thus, one can either estimate the measure of skewness by 
calculating the third moment about the mean or one can estimate it from a 
knowledge of the mean, the standard deviation, and the mode-plus, of course, 


the assumption that the distribution is unimodal. Knowing w, it can be 
shown that* 


E 4 (1 +w?) 
— > $V A 
P(|y — Z| = ks) < 8 (k — WI? for k > |w] 
For a normal distribution w = 0. Let us assume that in our example we 
know the mean, the standard deviation, that the distribution is unimodal, and 


that w — 0. Under the assumption that w = 0, the minimizing value of k is 
given by 


In our example this gives a value of k = 3.29 or x = 66.45. Once again we 
are entitled to divide our upper limit by two if we know that the distribution is 
symmetrical. This would give k — 2.61 or x — 63.05, almost as small an 
order as is given by assuming normality. 

This inequality will not produce a lower amount of stock to order unless 
wis reasonably small. The reason for this can be seen from the minimizing 
expression for k which results from using this upper limit for the probability: 


SS Ue 
fans SUK E UK cui 


This estimate of k will be larger than that of the Tchebycheff inequality 
unless w is appreciably less than one in absolute value. Even when w is small 
the improvement from using this inequality may not be very large. For 
example, suppose that in our example we know that the mode is 47.5. Then 
w = (50 — 47.5)/5 = .5. Our estimate of k, from the last equation, is now 
4.04 with a resulting x — 70.2. The use of the Tchebycheff inequality on this 
example, without knowing the mode, led tok = 4.31. Thus, there has been 
an improvement but not a huge one. 

The reason for this modest improvement (except when w = 0) is that we 
are not really using our information correctly. The point is that if we know 
the mode of the distribution we should use the mode as our central point 
rather than the mean. Let us designate the mode by M, and the second 
moment about the mode by t. We can easily calculate t by means of the 
relationship: t? = s? + (M, — z)?. Gauss had already shown in 1821 that 
for a continuous unimodal distribution the following inequality obtained :} 


4 
P(|y - M| > kt) < oe 


* Cramér, Mathematical Methods of Statistics, p. 183. 
1 See Cramér, work and page cited. 
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We now must express the order size in terms of the mode instead of the mean. 


We have: 
4K 
E.F, = cM, + ckt + 9 
dEF. _ E 8K _ 
dk 9K 
and k=? z 


e with a mode equal to 47.5 leads to 
= 65.22. Employing our information 
erable improvement in the optimal 


Using this inequality on our exampl 
k = 3.17 and x = 47.5 + 3.17(5.59) 
in this way, it can be seen, results in a consid 
size of the order. 


Finally, we may note that our last inequality can be generalized to cases 


where moments of higher order than two are known. Again, for maximum 
efficiency we must use the mode as our central point and express the higher 
moments around the mode rather than around the mean. Thus, for example, 
suppose we know ms and m. Then we can calculate the fourth moment 


around the mode, t4, from the equation: 


t4 = m, + A — Mons + 6(Z — Mm; + —3(@ — Mj* 


The inequality, then, is* 


Using this upper limit for the probability in our equation for expected cost we 


find the minimizing value of k is given by 
VE 
TN 25cV te 


x= M, + KVt 

ill i is i i le. Suppose we 
We he use of this inequality on our examp! 
ieee sd ae and m, = 2000 with M, = 47.5and themean — 50. 
Putting these "values in the expression for t, we find t, = Far s mini- 
mizing value of k is, then. 2.29 and the optimal order size is 66.00. ; 
f f lizing partial information 


ious i iti i for uti 
These various inequalities provide means : 
of the kinds we have discussed.T However, we have only considered one 


kind of cost equation which assumes a fixed cost for understocks of any 


And, of course, 


See Maurice Fréc! us cited, 62. 

ice het, Op! ited, p. 1 y a ; ae 
For : f these ine! ualities, and others, we re er the 
a thorough treatment of all of t ineq' d =a y : 


; i i Frechet. In re! 

EC eviously cited work of Frec! c th 

ideaalide he tape p pe ree. “Sans grande utilite dans la theorie des p 

les formules obtenues peuvent, au contraire, rendre de grands services en statistique du 
u'imparfaitement connues. 


les lois de probabilite ne sont souvent qi 
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amount. We must consider in the next section procedures which may be 
followed if there is a per unit cost of understocks. 


25. DISTRIBUTION-FREE ANALYSIS: PER UNIT COST OF UNDERSTOCK 


We will suppose, now, that we have an understock cost, C,, for each unit we 


are short. We have already seen that this kind of situation results in an 
expected cost equation of the form 


E.F; = ex + €, | ©- DSO) dy 


which can be minimized over x directly by 
Ci— è 

C, 
We want to find a distribution-free method of analysis for this kind of 
problem. 

Specific methods are available for the resolution of this problem. How- 

ever, the presentation of these methods is a rather lengthy matter and we will 
not undertake it here.* Instead an approximate method is developed in the 


Appendix. Assumingthatx = Z + ks, and using the Tchebycheff inequality, 
we find that 


F(x) = 


1 1 1 
<cZ+k Lcb Gn 
EF, € c( + ks) + Cus iP t3 zc] 
to a sufficient approximation for our purposes. We want to minimize E.F, 
with respect tok. Differentiating and setting the resulting expression equal 
to zero gives 


is — Saya Sap 2 

, a c 2c 
The positive root of this equation, for specific values of c and C,, is the desired 
value of k and, of course, of x = Z + ks. Taking Z = 50, s = 5, c = $5, 
and C, = $50 we find k = 3.62 or x = 68.1. For this size order our 
equation shows that E.F, < $420. Fora normal distribution with the same 
parameters we would find an optimal order size of x = 56.4 with an ex- 
pected total cost of $294.* If this normal distribution actually obtained our 
order of 68.1 would have an actual expected cost of only $341 so, in this case, 
the cost of our ignorance would be about 16%. 


* These methods are developed in the dissertation of David W. Miller, * The Utiliza- 
tion of Partial Information in Decision Problems" (Graduate School of Business, 
Columbia University). 

T In order to calculate this expected total cost and all subsequent similar ones based 
on the assumption of normality it is necessary to determine partial means of the normal 


distribution. Let f(y)dy be the normal distribution with mean of Z and standard devia- 
tion of s, Then, 


[roas = z[-— F(u) + s flu) 


where u is the standardized normal deviate corresponding to x, (u == 
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If we assumed a symmetrical distribution our argument would lead to the 
equation for k: 
ig 


40 [anes et yet 
GE 2k 2k-—1=0 


For our example this would give k = 2.69 or x = 63.45. 

Our derivation depends on the assumption we made that the amount 
ordered would be greater than the mean of the demand distribution. Un- 
fortunately, our equation offers no indication of whether this assumption is 
justified or not. Any feasible values of c and C, will produce a value of k 
and, hence, of x = Z + ks, even if the true optimal size of order is less than 
the mean. Ascan be seen by consideration of the general form of the original 
solution of this kind of inventory problem, 

C,—c 
d ECCE 
the optimal order should be zero for c — C, and should increase as c decreases. 
The equation we have derived does not reflect this fact. It will always give 
an optimal order greater than Z, no matter what the values of c and C,. 
When we assume an order size less than the mean of the demand distribu- 


tion we find, as indicated in the Appendix, that 
2 — ks) + 2C, Ces (9 dus 
E.F, < c(2 — ks) + 2ksCy xc + Fe 


This equation is based on the Tchebycheff inequality. The minimizing value 
of k is given as the positive root of 


2€.— C ps _ 9h? — 2k —1=0 
2( - )^ 2 = 2 


Suppose 7 = 50, s = 5, c = $40, and C, = $50. We find k = 1.31 or 
x = 4245. If the demand distribution were normal the order size would be 


about x — 45.8. s 
Let us assume the demand distribution is unimodal and symmetrical. 


Then we have the equation: 
2 1 
EF, € e — ks) + 2 Gs + 3 C (5 ti ac) 
This gives the following equation for k: 
(Cry ea on 
Ca — Cha —2k? —2k — 1— 0 
9 ( a )k 


u 


For the data of our preceding example we find k = 1.46 or x = 42.7. This 
seems to have moved in the wrong direction but it is an illusion. The first 
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equation based on x = Z — ks gives, for our example, E.F, < $2775. The 
one we have just calculated gives E.F, « $2127. If demand were actually 
normal, E.F, = $1820. Thus, the changes in E.F, are in the right direction. 

The conditions which serve to establish whether to use x = Z + ks or 
x =z — ks are remarkably complicated and will not be given here. In 
practice, in cases where there is any doubt it is easier to try both and see which 
has the actual minimum E.F,. Whenc is small relative to C, it can be ex- 
pected that x will be greater than the mean. As the ratio of c to C, ap- 
proaches unity the amount to be ordered will approach zero so when this 
ratio is near unity x will be less than the mean. When c/C, is in the neighbor- 
hood of one-half it will be necessary to try both possibilities. 

These examples are intended only to illustrate the fact that distribution- 
free analyses can be accomplished when per unit understock costs are 
involved. Generally it is the case that inventory problems can be resolved on 
the basis of partial information about the demand distribution although the 
mathematics may become a bit sticky. We have given only some simpler 
examples which should serve to illustrate the general procedure. 


26. COMPARISON OF ANALYSES WITH FULL AND PARTIAL 
INFORMATION 


In the preceding two sections we have frequently given comparisons between 
the expected costs resulting from distribution-free analyses with those 
resulting if we assume that the demand distribution is normal. This was 
done purely for illustration and it can by no means be taken to be indicative of 
the general results of the two methods of analysis. The only generalization 
that we can certainly make is that any distribution-free analysis will always 
result in higher expected costs than will the same analysis if any specific 
demand distribution is assumed. If this were not the case we would be in 
the fortunate situation where information had no value and this is, to say the 
least, a rare event. 

Our specific comparisons are not generalizable because they depend on 
too many specific features of the given inventory problem. To illustrate this 
fact let us return to the first such comparison we made, in Section 23. For 
our example we took Z = 50, s = 5, x = 5, c = $5, and K = $1000, a fixed 
cost for understock. The optimal order assuming normality was 61.75 with 
an expected cost of $318. The optimal order under the Tchebycheff in- 
equality was 71.55 with an expected total cost of $412 or an actual expected 
cost of $358 if the demand distribution was really normal without our 
knowing it. Obviously, any percentage comparison is strictly dependent on 
the size of Z. If Z had been 100, other things remaining the same, the ex- 
pected costs would have been $568 for the normal distribution and $662 for 
the distribution-free analysis. Thus, the percentage difference can be made as 
large or as small as desired simply by assuming a different Z. This suggests 
that we might confine our comparisons in this case to the amount of stock in 
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excess of Z which is ordered under the two methods of analysis. Again on this 
basis it develops that the comparison may be quite good or it may be quite bad. 
That it may be quite bad is clear from the fact that the analysis based on the 
normal distribution may well result in the conclusion that no stock should be 
ordered, whereas the distribution-free analysis can never result in an order of 
less than Z. The reader can verify for himself that the comparison can be 
good by considering a case in which c/K is very small and s is also small. 
Granted that no strictly correct generalizations can be made we will now 
Proceed to make a generalization which we hope will be informative even 
though it is not strictly correct. This is that the distribution-free kinds of 
analysis will usually result in order sizes which have quite reasonable ex- 
pected costs when compared to those resulting from analyses based on specific 
demand distributions. Remember that the only fair basis for comparison 
consists of comparing the actual expected cost of the distribution-free order 
size if the given distribution is assumed with the expected cost of the order 
size determined from assuming the given distribution. On this basis, we say, 
the distribution-free analyses compare surprisingly well. There are three 
main reasons for this and they deserve to be highlighted by enumeration. 
First, there is a diminishing return, informationwise, from knowledge of 
higher moments of a distribution. When we say that a distribution is normal 
We are subsuming under this statement an infinite number of statements 
about the moments of the distribution. If knowledge of each successive 
Moment would appreciably change our course of action we could hope to do 
very little indeed in the way of a distribution-free analysis. The facts are 
otherwise, however. The first four moments of a distribution alone carry 
almost all the information necessary to select a course ofaction. Thus, there 


can be i ss from distribution-free analysis. . 
rg es k on expected values and it results 


Se inal principle is at wor! s and it 
in a mii. for dollars when we go to distribution-free 
analysis. This confusing statement can best be ue iene emp. 
Consider the example of Section 23 again. The optimal or a un E : 
assumption of normality would give a probability of being un ege ed o 
.94°% The distribution-free analysis under its own assumptions results in a 
/ we had demanded the .947/; 


E ` o, If 
Probability of being understocked of 5.3875. i : 
level of E the distribution-free analysis we would have had to 


Order 101.55 units, which would have been a pretty bad showing. This 


i i inal principle we are 
g i i s is the result of the margina : 
fference in protection level l4 E ERE 


referri is, of cours é 
his ERU I saa why the distribution-free analyses do not do too 
badly, d cost against order 
Third, it is typically the case that the graph of expectec gi f 
Size is quite flat n iie central portion of its range. R d 
large divergences from the optimal order size may. n hid to this point 
Cost by a comparable amount. We will have TUM uie illustration t it 
in a different context subsequently but we can o E following, under the 
ere. For the example we have been using we have the 5 


assumption of normality: 
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ORDER SIZE EXPECTED Cost 
50 $750 
52 605 
54 482 
56 395 
58 345 
60 323 
62 318 
64 323 
66 331 


For orders greater than 66 the expected cost simply goes up by $5 for each 
additional item ordered. This table clearly shows the flat, slowchanging 
central portion of the curve of expected cost against order size. For this 
kind of situation it is more important to be in the right ball park than it is to 
know what team you are playing. The distribution-free analysis profits from 
this fact by being, generally, in the right ball park. 

These, then, are the major reasons why distribution-free analyses do not 
do so badly as one might expect them to do. We are always better off if we 
have complete information but we are not often in this fortunate situation. 
The methods presented in this chapter should serve to demonstrate that there 


are sufficient resources available to permit us to utilize rationally such partial ` 
information as we may have. 


PROBLEMS 


1. Assume that in Problem 2 of the preceding chapter no information about ` 
the probability distribution of failures is available. 


(a) What would be the minimax optimal strategy ? 

(b) What would be the optimal strategy by the regret criterion? 

(c) What would be the optimal strategy by the Bayes criterion? 

2. For the probability distribution of failures in Problem 2 of Chapter 2 
calculate: 

(a) The first five moments, pr. 

(b) The first five moments around the mean, m,. 
(c) The absolute moments À;, and As. 

(d) The measure of skewness, yı. 

(e) The measure of kurtosis, yo. 


j 


3. Assume that for a given item the per unit cost of overstock is $10 and that 
the fixed understock cost is $100. 
(a) Given that the mean demand is 100 units and that the standard deviation 


is 10 units find the optimal amount of stock to order. Use both the Tcheby- 


cheff inequality and the more accurate expression illustrated at the end of 
Section 23. 


(b) In addition to (a), it is known that the demand distribution is sym- 
metrical. What is the optimal amount of stock to order? 
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(c) Suppose it is known that m, = 35,000 and that the distribution is 
symmetrical. What is the optimal amount of stock to order? 

(d) Suppose that it is known that y2 = 0. What is the optimal amount of 
stock to order? 

(e) Suppose the information is as in (a) but that it is known that the dis- 
tribution is unimodal with mode equal to 85. How much stock should be 
ordered? 


4. Suppose that the per unit overstock cost for an item is $10 and the per 


unit understock cost is $40. Assume demand is symmetrically distributed 
with mean of 100 and standard deviation of 10. How much stock should be 


ordered? 


27. GENERAL CHARACTERISTICS 


The defining characteristic of dynamic inventory problems is that more than 
one order is possible. Dynamic models under certainty are ones which deal 
with dynamic inventory problems where the level of demand is known over 
the period of time involved. Demand may be at some constant rate over the 
given time period or it may vary but, in either case, it must be known in order 
to make the problem one under certainty. 

These characteristics suggest some of the major structural features of the 
analyses of this kind of inventory problem. First, since demand is known 
with certainty there is generally no need to consider possibilities of overstock 
and understock. Asa result, the two costs corresponding to overstock and 
understock will not enter into these analyses. Second, since multiple orders 
are possible we will need to introduce an order cost to reflect the penalties 
resulting from having more rather than less orders. Third, we will need to 
introduce a carrying cost to reflect the penalties resulting from maintaining a 
higher average level of stock over a period rather than a lower level. Our 
analyses will typically consist of a balancing of these two opposing costs. 

Dynamic inventory problems under certainty are not frequently en- 
countered. It is seldom that we know demand with certainty. However, 
when such problems do occur they can be important. The needs for materials 
for fabrication purposes or for production processes may well be known with 


certainty. For example, inventories of construction materials for a specific 
project must be maintained and the demand will frequently be known with 
certainty. A plant which is opera 


: t ting at a known level of production will 
require raw materials and the cor 


responding inventory problems are often 
78 
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under certainty. Finally, many items for which there is actually a demand 
probability distribution nonetheless show such small variation in demand that 
their inventory problems can be effectively treated as being under certainty. 
As a matter of fact, we shall see that many practical dynamic inventory prob- 
lems under risk can be most expeditiously handled by assuming that they are 
under certainty as a first approximation. Therefore, the topics discussed in 
this chapter can be of considerable usefulness. 


28. OPTIMAL LOT-SIZE MODEL WITH CONSTANT DEMAND 


Certainly the oldest and most widely known of all of the inventory models is 
that one which is called the optimal lot-size model. The reason for its relative 
antiquity is that the same basic derivation, and resulting equation, is useful in 
production planning for determining the optimal number of units to produce 
With one set-up of a machine or process. Industrial engineers were therefore 
the first ones to develop this particular analysis. It makes a good starting 
Point for the analysis of inventory problems under certainty because of its 
simplicity. 

. In this kind of inventory problem we a 
item occurs at a constant, known rate over time. Whether we produce the 
item ourselves or order it from an outside producer there will be some cost 
associated with ordering the item. If we produce it ourselves we call it the 
set-up cost. If we order it from outside we call it the order cost. In either 
Case, we will denote this cost by Cr (since we have already used. C, for the 
Overstock cost), In addition, there isa carrying cost associated with carrying 
a unit of this item in stock for a given period of time. In the first chapter we 


discussed the components of this carrying cost and pointed out that it can 
niently and usefully in the form of a 


usually be summarized most conver r full 0 
percentage cost of a given number of dollars tied up in inventory for a given 
Period of time. We will denote the carrying cost by Ca which will always be 
expressed as a percentage per unit time. 


Since these two costs are the only ones 1m : ; 
Well expect that they are opposing costs, 1n the sense discussed in Chapter 1. 


of course, this is so but we must examine the relationship in detail. Let us 
introduce the required notation. The following symbols will be used: 


z — demand in a given period of time, in 


ssume that demand for a particular 


volved in our analysis we may 


units, 


c — per unit cost of the item, 
C, — cost per order, 
C. = percentage cost per dollar i 
X — amount to order, in units. 


n inventory for a given period of time, 


We can choose any convenient period of time but both z and C, should be 
expressed in terms of the same time unit. The cost per unit of the item, c, 
must include, of course, any assignable per unit costs involved in getting the 
item into inventory. 
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We need z units for the period of time. Now, we could get this number 
of units by a great variety of ordering patterns. At one extreme we could 
order all z units at the start of the period. At the other extreme we could 
order one unit at a time, thus requiring z orders. Obviously, the first 
extreme would minimize our ordering cost and the second extreme would 
maximizeit. Ifthis were the only cost there would be no problem-we would 
simply order once. We already know that there is an opposing cost which 
prevents this simple resolution.. In this particular problem it is the carrying 
cost. Let us investigate how it behaves under our two extreme ordering 
policies. Figure 4-1 shows the typical 
saw-tooth pattern of inventory if we 
order x units on each order. Sincethe 
rate of demand isconstant the amount 
in inventory, starting at x, decreases 
steadily until it reacheszero. If weare 
planning correctly-and there is no 


x 


AMOUNT ORDERED 


reason why we cannot since we know 
the constant rate of demand-our 
second order will arrive in stock just 
when the first order is completely dep- 
leted. An application of elementary 
plane geometry is sufficient to demon- 


o 
Nix 
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FIG. 4-1 Inventory behavior under certainty 
with constant rate of demand. 


strate that, with such a pattern of in- 

ventory, the average amount in stock during the entire period will be simply 
one-half the amount ordered, or x/2. Thus, if we order all z units at once we 
will have a large average inventory throughout the period, namely z/2. If 
we order only one unit at a time we will have a very small inventory, namely, 
unit. In other words, our carrying costs decrease as our ordering costs in- 
crease, and vice versa. What we must do is to minimize the total costs which 
is equal to the sum of the order costs plus the carrying costs. 

Fortunately, this is extremely easy to do. If we order x units at a time 
we will have to make z/x orders during the unit of time. This will cost 
(z/x)C,. If we order x units at a time we will have an average inventory of 
x/2 units in stock constantly throughout the period. These units represent 
(x/2)c dollars tied up in inventory and the carrying cost will be (x/2)ceC,. 
The total cost of any policy of ordering x units at a time will therefore be: 


zG; 
X 


xcG, 
TES 


We want to minimize this with regard to x so all we need do is differentiate 
with regard to x, set the derivative equal to zero, and solve the resulting 


“Total Cost = T.C. = 


equation. This gives the optimal order size: 
Xr 2:6, 
IN CG 


Note that this equation gives the order size in units. If it is wanted in terms 
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of dollars one can calculate x and then multiply by c or simply do it in 
advance algebraically. The optimal order size in dollars is, then, 


mA aE 
XQC = X; = 
C. 


Returning to the equation in units, let us illustrate its use on an item with a 
yearly demand of z = 2000 units, a cost ofc = $3, an order cost of C, = $10, 
and a carrying cost of C, = .12. We may note that it is often the case that 
the order cost is higher than one would guess on the basis of uninformed 
“common sense.” Putting these values into our equation gives x, — 333 
units. This means that there should be six orders per year for this item. 
We could equally well have formulated this problem using the number of 
orders in a given time period, ”, as the discretionary variable. Since we have 
already solved for x, we can determine the equation for n directly: 


z cC.z 
n-—-— 


wil 2G. 
We might also have written the total cost equation in terms of the months 
between orders, assuming that the time period chosen was one year, as is 
frequently the case. In this event we would have minimized over this 
variable, £ = months between orders. We can construct the equation for 
the optimal value of t directly from the equation for n or x,: 


These last two equations may be more useful than the one for x, (naturally, 
they are all equivalent in terms of minimizing the total cost) because practical: 
exigencies sometimes require that ¢ be rounded off so that it is a divisor of 
twelve. By so doing it is ensured that the ordering cycle will repeat every 
year. How should we round off t if this is required? Our criterion must be 
to round off so that the total costs are kept as low as possible. The total cost 
equation written in terms of months between orders, f, is: 


12G., “tzcG. 
CNS EEUU 


Now, of course, we know the optimal value of £ and we could substitute it in 
this equation but let us forgo this for a moment. Instead, suppose we add 
some fraction of a month, d, to t and write the total cost equation for (t + d) 


where d can be positive or negative: 


12C, 1206,  decC; 
TCu-pygq^ 28 ^ 
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If t is the optimal value then T.C, < T.C,,, so let us form the expression for 
the difference between the two total costs: 


1 ;) zcC.d 
+ 


TOR, T.C, = 12¢, (5 : aa 


1 eza 
ue. (; oy ey ah sm 
But notice that 
zcGod ud. 
288C, 8 
Therefore, 
TM Gr 12¢, ( lies (ie 5) 
Led te ta 
d? 
= 26 liga) 


This, then, is the expression which te!ls us how much the total costs will 
change if we round off the optimal value of ¢ to some neighboring whole 
number. From the form of the expression it can be immediately seen that a 
change of a given positive amount will always be less costly than the same 
amount taken negatively. 

We can use this expression to determine the optimal way of rounding off t 
to divisors of 12. Let us illustrate the argument. Suppose the optimal value 
of t falls between 2 and 3,sayt = 2 + k. Then either d = —k, to round off 
to 2, ord = 1 — k, to round off to 3. When will the two ways of rounding 
be equal in their effects on total costs? From our equation for the effect of 
a change of d we can write: ` 


k? o UES 
(2-- kyQ) @+ kG) 
Solving this gives k = v/6 — 2 = .449. Therefore, if ¢ < 2.449, round off 


to 2and if k > 2.449 round off to 3. Repeating this process we can prepare 
a table: 


Ir t is BETWEEN Use t EQUAL TO 

0 — 1.414 1 

1.415- 2.449 2 

2.450- 3.464 3 

3.465- 4.899 4 

4.900- 8.485 6 

8.486-14.697 12 
14.698-20.785 18 
20.789- 24 


The last row indicates that it is acceptable to order only once every two years 
asa minimum-a company policy assumed for this particular case. 
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We have had several occasions to mention that it is typically the case that 
the cost curve, as a function of order size, is quite slowchanging in its central 
portion. This fact was helpful to us in the last chapter because it makes 
distribution-free analyses produce much better results than they would if the 
cost curve was rapidly changing. It can also be helpful in terms of the prob- 
lems and difficulties of achieving good estimates of the relevant costs in an 
inventory problem. In the present kind of problem the only two costs in- 
volved are the order cost and the carrying cost and these are certainly easier . 
to measure than is such a cost as the understock cost. However, as we Gis- 
cussed in the first chapter, even the order and carrying costs can be quite 
difficult to measure accurately. We will not repeat that discussion here. 
Instead, let us see how badly our solution may be affected by errors in the 


measurement of the two costs. - 
Substituting the optimal value of x in the total cost equation gives the 


optimal total cost: 
lz 


= V2¢C.C,z 
Now, let us assume that the two costs are actually C, and C, but that we think 
they are k,C, and k,C, Using these values for the costs we would find the 


minimizing value of x: 


2 cC, 


T-Cope = 


r 


st for this erroneous value of x would be 


3 ky AES fee 
rc. - (/ kk 2 


The difference between this actual total cost and the true optimal total cost 
would be, expressed as a percentage of the optimal total cost 


Wr JB) 

z oa —|-1 

2 ( kz in ky 

n now determine the effect of errors in our 


measurements of the two costs. The increase in total cost due to our 
misinformation about the order and carrying costs will be less than 10% of 


the actual minimum total cost as long as 


The actual total co 


Using this expression we ca 


.412 < fe < 2.428 


1 


The extra total cost will be less than 6%, of the actual minimum total cost if 


5<7 $2 
1 
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Thus, for example, suppose that we know C; accurately; then as long as our 
estimate of C, is between 4 and 2 times its actual value, we know that the 
actual total cost will not exceed the true minimum total cost by more than 6%. 

This shows that our analysis is not unduly sensitive to errors in the 
estimation of the relevant costs. This is fortunate since it means that the 
analysis can be useful even in cases where there is considerable latitude for 
error in the measurement of the costs. We will have the need to return to 
this subject again when we consider the design of an inventory study. The 
reader is advised to consult pages 176 through 181 for a further analysis of 
errors of estimation. 


29. QUANTITY DISCOUNTS 


A great many variants of this basic model can be constructed which take into 
account anticipated price changes, various kinds of limitations, quantity 
discounts, and so forth.* It will be sufficient for our present purpose to 
simply illustrate the general procedure involved for one kind of variant. 
We will consider the case where quantity discounts are offered by the vendor 
to the purchaser. In order to induce larger purchases the supplier often 
offers a.reduced price if amounts greater than some minimum are ordered. 
Iri terms of our model this means that c becomes smaller if a large enough 
order is placed. The same effect may be produced because savings in trans- 
portation costs are available if a sufficient quantity of the item is purchased at 
one time. This also will result in a lower value of c for order amounts 
exceeding some given quantity. Our question is, should such a discount be 
taken or not? 

There is clearly no problem in cases where the optimal x already exceeds 
the minimum amount necessary to obtain the discount. In this event the 
discount simply represents a bonus for an action which would have been 
taken anyway. The question we are considering arises when the optimal x 
is smaller than the amount necessary to obtain the discount. In this case 
we must determine whether the total costs which result from taking the dis- 
count will be less than those that result from ordering x. If so, we take the 
discount. If not, we will forgo the discount. There are three effects of a 
discount on total cost: 

(1) The reduction in c results in a saving per time period equal to the cost 
reduction per unit multiplied by the usage per time period. 

(2) Since the order size is larger if the discount is taken there are less 
orders per time unit and there is a saving in total procurement costs. 

(3) There is a change in carrying costs. The smaller c means that less 
inventory investment is required per unit but the larger number ordered 
results in more units in inventory. 


Our procedure will be to take these three changes into account and mathe- 


* For examples, see T. M. Whitin, The Theory of Inventory Management (Princeton, 
N.J.: Princeton University Press, 1953). 
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matically determine the circumstances under which a discount should be 
taken. 

Assume that the optimal order size, x,, has been determined and that a 
discount of d is offered if kx, units are ordered, where k is greater than one. 
A discount of d means that the new cost of the unit becomes (1 — d)c. Let 
us now consider the three changes in total cost listed above: 

(1) The direct saving in cost over the time unit will be zed. 

(2) The ordering cost if kx, are ordered each time will be zC;/kx;. 

(3) The carrying cost for an order size of kx, will be lkx,c(1— d)C,. If 
it is to be advantageous to take the discount we must have the total cost of 
ordering kx, units minus the direct saving in cost less than the minimal total 


cost when x, units are ordered: 


ZG; A, faut d)C. Pade ZG Er SHA 


[22 35 2 


Substituting in the optimal value of x this becomes: 


LESS + ka - d) [FS - sa < V2zCcC, 


1 2cz 
or p* 0-234 car. 


For convenience, put Q = d eum Then the equality holds when 
rec 


j 2+ dQ + V(2- dQy — 4(1 — d) 
V 2 — d) 


Since the quadratic equation involved has the second derivative with respect 
to k always positive, it follows that the equation hasa minimum. Therefore, 
the values of k which fulfill the inequality are those lying between the two 
roots of the equality as given above. We want k to be as large as possible so 
it follows that the breakeven point for any discount, d, is given by 


2-4 dQ + VO + dO) — 40 — d) 
nem X — d) 


For any given values of C, and C, tables can be prepared which show the 
breakeven value of k. Thus, for C, = .12 per year and C, = $10 we have: 


BREAKEVEN VALUE FOR k 
| d 


cz f .01 .02 P .05 
1000 | 1.901 2.458 3.991 
5000 2.521 3.576 6.642 


10000 2.986 4.446 8.780 


The breakeven value of k is given in the body of the table. cz, of course, is 
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simply the dollar demand value for the time period in question, here one year. 
If less than kx, units will get the discount it will be advantageous to order the 
least amount necessary in order to get it. The farther the minimum amount 
necessary to get the discount is below kx,, the greater the gain from the 
discount. If the amount which must be ordered to obtain the discount is 


greater than kx, then the discount should not be taken and the usual x, units 
should be ordered. 


30. OPTIMAL LOT-SIZE MODEL WITH VARYING DEMAND* 


When the demand is known with certainty it may still be the case that it is not 
at a constant rate. For example, seasonal fluctuations in production level 
may require that some raw material, of which the amount needed is a known 
function of the known production level, should be available in specified, 
varying amounts. We would like a method for determining the optimal 
ordering policy for such a case as this. As an example of such a case let us 


assume that we have the following known amounts of a particular item 
which will be needed: 


MoNTH DEMAND 


I 40 
2 70 
3 90 
4 60 
5 50 
6 30 
7 20 
8 20 
2 50 
10 70 
MW 100 
12 60 


We will assume that this demand pattern is repeated year after year. Let us 
suppose, further, that the ordering cost, C,, is $10, the carrying cost, Ce, is 
1%, per month, and that for the item in question the cost c = $4 per unit. 
The problem is to determine the optimal ordering policy for this item. 

As a general preliminary we may note that it is always possible to write 
some kind of mathematical expression which represents a given problem and 
then to state that the solution of the problem consists in performing some kind 
of manipulation of the expression. .In the present case, for example, we 
could write an expression which would correctly represent this particular 
problem and then state that the solution to the problem consisted in minimiz- 
ing the expression. . However, it is often the case that such a procedure, 


* For a more general statement of this model see Harvey M. Wagner and Thomson 


M. Whitin, " Dynamic Version of the Economic Lot Size Model," Management Science, 
5. ] (October, 1958), pp. 89-96. 
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while true in theory, is of no advantage whatsoever in practice. This results 
whenever it is not feasible to actually perform the stated manipulation of the 
mathematical expression. Such would be the case in the present instance. 
It is of no avail to write the equation specifically representing this problem 
because it is not one which we could minimize, at least with any reasonable 
amount of work. Under such circumstances we try to proceed in an entirely 
different way. Instead of looking for an equation which we can solve we 
look for an algorithm, as it is called. An algorithm is a procedure which, 
when followed, will lead to the solution of the given problem by an iterative 
process. Compared to solving solvable equations, an algorithm is not so 
“neat” and it requires more computation. However, compared to solving 
complex equations for which an algorithm is a reasonable substitute, the 
algorithm is a pleasure andadelight. Itisan algorithm which we need in the 
present case. The one which we will use is called dynamic programming and 
is applicable to a most remarkable range of problems apart from the present 
one. 

We need to make some assumption about the way the carrying cost is to 
be calculated.  Sufficiently realistic for our purposes, and relatively simpler, 
will be the assumption that the carrying cost is only applicable to inventory 
which is carried over from one month to the next. In other words, we will 
not credit any carrying cost ina given month to the-stock which is used in that 
month, Thus, suppose we order, in the first month 110 units. At the end of 
the first month we would calculate the carrying cost for the 70 units carried 
over to the second month but not for the 40 units used in the first month. 
We will further assume that the delivery time after ordering is known with 
certainty and that all orders will be placed so that they are delivered on the 
first day of the month. This is not a particularly restrictive assumption 
because, if it is unsatisfactory, We need only present our data in a weekly 
form, for example, and follow the same procedure which we are going to 
develop. p 1 * 

The dynamic programming method which we are going to use does not 
sound very grandiloquent when it is summarized in words since it consists ofa 
procedure for trying all possible ordering policies and picking that one which 
is best. However, the essence of the method is a logical procedure by means 
of which we have only actually to calculate a small subset of all possible 
policies in order to find the best one. It is the enormous saving in calculation 
which results from dynamic programming that makes this algorithm a 
feasible one. Instead of presenting à mathematical description of the 
algorithm we will reason our way through the present problem and develop 
the dynamic programming logic as we g0- - i 

The alternative policies which we must consider result from the obvious 
fact that for each month we have two alternatives. We can either order that 
month's demand for delivery at the start of the month or we can have had it 
already in stock from the preceding month. Note that there is no need to 
consider any intermediate possibility. It would never be to our advantage 
to carry some stock forward to meet the month's demand and to simul- 
taneously order the rest. This is obviously true since we could instead order 
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the total amount for the month with no increase in ordering cost and with a 
saving of the carrying cost for the part of thé demand carried forward. Thus, 
we need consider only two possibilities for each month: order the demand 
for the month at the start of the month or carry forward inventory to meet 
the total demand of the month. 

A second, and very important, restriction is equally obvious. This is 
that there is an upper limit to the number of months in advance it could 
possibly be to our advantage to carry stock forward. Consider the demand 
in the eleventh month as an example. If we ordered stock to be delivered at 
the start of the eighth month to meet this demand we would have to carry it 
for three months. The cost of carrying 100 units for three months would be 


100(3)($4)(.01) = $12 


This is greater than the order cost so it would clear] 
order the 100 units at the start of the eleventh month rather than to carry 
them from the eighth month. In other words, it would never be to our 
advantage to carry stock for the eleventh month from the eighth, or any earlier, 
month. Alternatively, we can say that the planning horizon for the eighth 
month cannot exceed the tenth month. Every month has some such limita- 
tion to its planning horizon. Our first step will be to determine what these 
limitations are. We can do this conveniently in a tabular form which will be 
simultaneously of great usefulness in our subsequent calculations. We will 
prepare a table which. will show the total carrying costs for each month 
assuming that we order in that month for n months in advance. We will do 
this for each month up to the limit of that month's planning horizon. It is 


easy to do this by a systematic procedure. We will present the table first and 
then explain how we got it: 


y be to our advantage to 


Units CARRIED 


MONTHS MONTH 

ORDERED CHIRON A a Stei 7s or ioi It) 12 
1 0 O S0 OL AE O SON SOs iON sd we xg27 UB 
2 JOE 4901 1160 750. 1530: 1220/10209 5011140 *100.* 60!» 40 
3 250 210 160 110 70 60 120 190 270 220 140 180 
4 430 360 250 170 130 210 320 490 450 340 350 450 
5 630 480 330 250 330 490 730 610 620 710 
6 780 580 430 500 680 960 
7 900 700 730 920 
8 1040 1050 
9 1440 


The first row of this table is all zeros since according to our assumption on 
carrying costs, there is no carrying charge if stock is not carried forward. 
Thus, since the first row shows the units carried if one month's demand is 
ordered in each of the months, there are no units carried forward and, hence, 
nocarryingcharges. We can use units carried as a direct measure of carrying 
charges because the carrying charges are simply $4(.01) times the number of 
units carried. The second row shows the number of units that will be carried 
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if two month's demand are ordered in each of the months. Thus, this row is 
simply the monthly demands displaced one to the left. If we order two 
month's demand in the first month we will have to carry the demand for the 
second month, 70, for one month. This is the entry shown. Now let us 
proceed by columns and take the first month's column as an example. If 
we order three month's demand in the first month we will carry 70 units for 
the second month's demand for one month plus 90 units for the third month's 
demand for two months or 70 + 2(90) = 250 units for one month. For 
four months ordered we simply add to this 60 units for the fourth month 
carried for three months or 250 4- 3(60) — 430 units for one month. Con- 
tinuing in this way we can quickly fill out the table. When do we stop in 
any column? The order cost is $10 and this is equivalent to carrying 250 
units for one month since 250($4)(.01) = $10. Therefore, as soon as the 
difference between two successive entries in a column equals or exceeds 250 
we can stop at the smaller entry because we know that we could do as well or 
better by adding another order. Thus, consider the column for the sixth 
month. If we order four month's demand we have to carry the equivalent of 
210 units for one month. If we order five month's demand we have to carry 
the equivalent of 490 units for one month, an increase of 280 units or an 
increased cost of $11.20. This increase is due to having to carry the tenth 
month's demand, 70, for four months. Clearly, we can improve this policy 
by simply ordering the tenth month's demand at the start of the tenth month, 
at a cost of $10 and a saving of $1.20, similarly for every month. The 
underlined entry in each column is the limit of the planning horizon for that 
month, determined in this way. 

Now, if this problem were for one year only we could start our program- 
ming procedure with the knowledge that there had to be an order in the first 
month. But in our case we are endeavoring to determine the optimal order 
policy under the assumption that the same pattern of demand will be repeated 
for a number of years. We do not know, therefore, any specific month in 
which there will definitely be an order. As a result, we will have to try 
several possibilities since the procedure requires that a month be known in 
which there will definitely be an order. To economize on our efforts we 
want to select a starting point with the minimum Possible number of such 
alternatives. The month with the shortest planning horizon provides us 
with this minimum number of alternatives. We have two months with a 
planning horizon of three months. Take the eighth month, one of the two, 
as an example. We know that it can never be to our advantage to order the 
eleventh month's demand in the eighth month. Therefore, since it auto- 
matically follows that it would be even more to our disadvantage to order the 
eleventh month’s demand in any month preceding the eighth, we must order 
the eleventh month’s demand in either the ninth, the tenth, or the eleventh 
month. Our procedure, then, will be to assume successively that there is an 
order in the ninth, the tenth, and the eleventh months. For each of these 
three alternatives we will determine the minimum cost ordering policy. The 
over-all minimum from among these three will, then, be the optimal ordering 


policy for our problem. 
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We will only go through the argument in detail for the first alternative- 
assuming that there is an order in the ninth month. The other two alterna- 
tives are simply repetitions of the same reasoning so nothing wculd be gained 
by repeating the argument for them. We start, then, by assuming that an 
order is placed in the ninth month. We want to minimize the total ordering 
and carrying costs associated with an ordering policy. Since we have 
converted carrying charges to an equivalent units carried in one month we 
can most easily do likewise with the ordercost. The $10 order cost is equiva- 
lent to the carrying charges for 250 units for one month. We will use this 
equivalent and make all our calculations in terms of equivalent units carried 
for one month. We can convert into dollars at any point, if so desired, by 
multiplying by .04. Since we are assuming that there will be an order in the 
ninth month it follows that the optimal policy for the ninth month's demand 
is to order it in the ninth month. This has an order cost of 250 and no 
carrying cost. We will write this optimal policy as (9). The essence of the 
dynamic programming method is to proceed seriatim, assuming àt every step 
that we have determined the optimal policy through the preceding step and 
then determining the optimal policy for the next step on that basis. The 
idea will become clearer as we proceed. Let us consider the policy for the 
tenth month. There are two alternatives: order enough in the ninth month 
for the tenth month, designated (9-10), or make a separate order for the tenth 
month, designated (10;9). The order cost for (9-10) is 250 and we can look 
in our table to determine the carrying cost, 70, or a total cost of 320. For 
(10:9) we have two orders and no carrying cost or a total cost of 500. How- 
ever, as we shall see, what we are really doing here is to add the cost of the 
policy described before the semicolon in (10;9) to the cost of the optimal 
policy coming after the semicolon. In any event, of the two alternatives it is 
evident that (9-10) has the lower cost. It, therefore, is the optimal policy 
for the tenth month, assuming the optimal policy for the ninth month. 

We now proceed to the eleventh month. There are three alternatives: 
order for the eleventh month in the ninth month, (9-11), order for the 
eleventh month in the tenth month and use the optimal policy for the ninth 
month, (10-11;9), or order in the eleventh month and use the optimal policy 
for the tenth month, (11:10). We look up (9-11) directly in our table- 
remembering to add the 250 for ordering cost-and find 520. We calculate 
(10-11;9) by looking 10-11 up in the table, 100, adding 250 for the order in 
10, and adding the cost of the optimal policy for the ninth month, 250. This 
isatotalcost of 600. (11;10) is simply 250 for the order in 11 plus the optimal 
policy cost for 10, 320, or a total of 570. The lowest cost for the eleventh 
month, and the optimal policy for this month, is (9-11) with a cost of 520. 

The four alternatives for the twelfth month are (9-12), (10-12;9), (11— 
12:10), and (12:11). Asan example of these calculations consider (11—12;10). 
We look up 11-12 in our table and find 60, add 250 for the order in 11, and 
add the 320 cost of the optimal policy for 10. Thus, the total cost for 
(11-12:10) is 630. This happens to be the minimum cost and the optimal 
policy for the twelfth month. The advantages of this method of calculation 
should be clear. When we want to calculate the cost of ordering the twelfth 
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month's demand in the eleventh month we do not need to consider all of the 
possible ways of ordering the ninth and tenth months' demands because we 
have already determined the minimum cost way of ordering these two months" 
demands. The farther we go in our calculations, the greater the advantage 
of this saving in the number of possibilities that must be considered. We can 
routinize the calculations in a table as follows, where we have simplified the 
notation in an unambiguous way by letting our previous symbol [(: + 1)- 
(t + k);t], be represented by the equivalent (t + k;t): 


MONTH 
9 10 1, 12 1 2 


(9) 250 (9-10) 320 (9-11) 520 (9-12) 700 (9-1) 860 — (2:10) 920 
(10,9) 300 (11,9) 600 (12,9) 720 (1;9) 840 (211) 950 
(11:10) 570 (12510) 630 — (1:10) 710 — Q;12) 950 
(2:1) 770 (ID 8I0— Q;1) 960 
(1312) 880 


MONTH 
3 4 5 6 7 8 


(3312) 1130 (4:12) 1310 (5;12) 1510 (6:12) 1660 (7512) 1780 — (8,12) 1920 
(3:1) 1050 (4;) 1170 (5;1) 1320 (631) 1440 (731) 1540 (8; 1660 
(3,2) 1170 (4,2) 1230 (552) 1330 (6:2 1420 (7,2) 1500 (8,2) 1600 
(4:3) 1300 (5;3 1350 (6:3) 1410 (7:3) 1470 (8:3) 1550 

(5,4) 1420 (6;4) 1450 (734) 1490 (8:4) ISSO 

(6:5) 1570 (7:5) 1590  (8;5) 1630 

(7;6) 1660  (8;6 1680 

(8:7) 1720 


(Thus, for example, we read 5;2 as: (a) order in third month for the third, fourth and 
fifth months, (b) use optimal policy of the second month, namely, 2;10. We read 2;10 
as: (c) order in the eleventh month for the eleventh, twelfth, first and second months, (d) 
use optimal policy of the tenth month, namely 9-10. We read 9-10 as: (e) order in the 


ninth month for the ninth and tenth months.) 


The lowest cost, hence optimal policy, for each month is underlined. Why 
are some of the middle columns shorter than their neighbors? This is the 
result of our other method of eliminating unnecessary alternatives-the 
limited planning horizons of the various months. For example, consider 
the coluian for the second month. Two alternatives are missing: (9—2) and 
(2:9). These are missing because the planning horizons of the ninth and the 
tenth months are five months and four months, respectively. Neither of these 
therefore includes the second month so they need not be calculated since we 
know they will be more costly than other alternatives. 

Verbal descriptions of algorithms are always more lengthy than the process 
itself. Take the algorithm for calculating the square root of a number as an 
example. In words it is interminable and sounds very complex. Yet it is 
actually a most simple and expeditious way for finding square roots. So it is 
with this dynamic programming algorithm. Only by trying one will the reader 
convince himself that it is actually a simple and rapid procedure. The 
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computations required up to this point can easily be accomplished in half an 
hour. 

In any event, we are through with this part of the analysis. What have 
we accomplished? We have found the minimum cost ordering policy under 
the assumption that an order is placed in the ninth month. The total cost 
is given by the underlined figures in the last column, 1550 or, in dollars, 
1550(.04) = $62. What is the policy? We have only to read the columns 
backwards. From column 8 we see that we can either order in the fourth or 
fifth months (since there is a tie) for all the months from 4 (or 5) through 8 
inclusive. We will take the first of these. Specifically, our instruction reads: 
Order for the fourth, fifth, sixth, seventh and eighth months in the fourth 
month and use the optimal policy for the third month. Looking at the third 
month’s column we see that we must order the second and third months’ 
demands in the second month and use the optimal policy for the first month. 
Looking in the column for the first month we see that we must order for the 
eleventh through the first months in the eleventh month and use the optimal 
policy for the tenth month. Looking in the column for the tenth month we 
see that we must order the ninth and tenth months’ demands in the ninth 


month-and this finishes it. Let us summarize the optimal policy and verify 
the costs: 


ORDER IN ORDER FOR ORDER Cost CARRYING Cost 
4 4-8 250 250 
2 2-3 250 90 
11 11-1 250 140 
9 9-10 250 70 
1000 550 


It can be seen that the costs check out to 1550, as they should. The reader 
can verify that the alternative minimum cost ordering policy gives the same 
total cost. 

This, then, is the optimal ordering policy if an order must be placed in the 
ninth month. We have still to check what the optimal ordering policies will 
be when we require an order in the tenth or the eleventh month. We will 
simply give the results of the calculations for these two cases and leave it to 
the reader to verify them. For an order placed in the tenth month the 
optimal order policy is: 


ORDER IN ORDER FOR ORDER Cost CARRYING CosT 
5 5-9 250 330 
2 2-4 250 210 
10 10-1 250 340 
750 880 


The total cost is 1630 in units or $65.20. For an order placed in the eleventh 
month the optimal order policy is: 
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ORDER IN ORDER FOR ORDER Cost CARRYING Cost 
9 9-10 250 70 
4 4-8 250 250 
2 2-3 250 90 
11 11-1 250 140 
1000 550 


Thus, the total cost if the order must be placed in the eleventh month is 1550, 
the same as we found when the order had to be placed in the ninth month. 
Therefore, either of these ordering policies costs $62 and either one of them 
can be used. ~- 

Thus, we have solved this problem. How do we know we have the 
optimal ordering policy? We know that there has to be an order either in 
the ninth or the tenth or the eleventh month. For each of these three 
possibilities we have determined the optimal policy. We know that the 
policies so determined are, in fact, the optimal ones because our method of 
calculation is equivalent to trying out all possibilities and picking the best 
one. All we have done is to arrange our procedure so we could eliminate 
obviously inefficient policies without calculating their costs. Therefore, 
when we select the minimum cost policy among our three optimums we know 
that we have found the optimal ordering policy for the problem as originally 


stated. 


31. MORE THAN ONE ITEM: THE OPTIMAL POLICY CURVE 


Let us return to a consideration of the basic optiraal lot-size model but 
extended to the case where there are a number of items for which inventories 
must be maintained. This, of course, is the more typical case. Very few 
organizations have only one item which they must maintain in inventory and, 
as organizations get larger, the trend is very decidedly in the direction of 
enormous numbers of items which must be maintained in stock. Some 
organizations number their stock-keeping units in the hundreds of thousands. 
We want to see whether the existence of a multitude of items changes the 
problems, adds new problems, or increases the range of possible solutions to 
the problems. Y 

On first view there appears to be no reason to expect any changes simply 
because of the existence of large numbers of items in inventory. The 
equation we derived for the optima! amount to order contained mo term 
representing number of items in inventory nor did this question arise in any 
Way in.our argument. Further, it is evident that the same equation can.be 
applied to each item, using the data for that item, and that the optimal 
amount to order for the item will be determined by the equation. The sum 
of the optimal policies for each item will represent the best over-all solution to 
the total inventory problem. Therefore, there is no reason to expect any 
change in our analysis resulting from the hypothesized large number of items. 

All of these remarks are true but, first, there are some new problems which 
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can arise-we will consider one such in the next section and a minor example 
in this section-and, second, there are some new possibilities which arise for 
the resolution of the inventory problems. Itis this which we shall be mainly 
considering in this section. (In Part 2 we consider other methods for the 
resolution of many item problems. The reader is advised to consult the 
Index.) 

The new possibilities arise in connection with the problem of measuring 
the costs required by the optimal lot-size equation. We tried to emphasize 
in the first chapter that there can be some serious difficulties in the way of 
successfully estimating these costs. The worst of these difficulties stems from 
the fact that we really must measure opportunity costs and cost accounting 
data is not typically suitable for this purpose. However, we will not repeat 
the discussion of the first chapter concerning these questions. Instead, we 
will simply develop some means for avoiding these problems which exist in 
the case of inventories of many items. 

We will need an illustrative example. Suppose that a company maintains 


inventories of five items. The yearly demand, z,, and the cost per unit, c; 
for these items are: 


ITEM Zi €i 
1 600 $3 
2 900 10 
3 2400 5 
4 12000 5 
5 18000 1 


Typically, if one were called upon to make a study of this company's inventory 
problem one would find that the company was using some ordering system 
such as ordering each item once.a month. Assuming that this is the case, 


we can calculate the number of orders per year and the average inventory 
which results: 


ITEM ORDERS PER YEAR AVERAGE INVENTORY 
1 12 $75 
2 12 375 
3 12 500 
4 12 2500 
5 12 750 
60 $4200 


where the average inventory is easily calculated from (z,c;)/24. 
If, now, we-are told that the ordering cost for this company is $10 per 


order and the carrying cost is 12% per year, we can calculate the total cost 
of the company's current ordering policy: 


T.Courrent, = 60(10) + .12(4200) = $1104 i 


Knowing that C, = $10 and that C, = .12, we can easily calculate the optimal 
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ordering policy for each of the items. We will use the expression for order 
size in terms of dollars rather than in terms of units: 


2ciziC, 
Xa 


Using this expression we can quickly calculate: 


ITEM OPTIMAL ORDER ORDERS PER 

Size IN DOLLARS YEAR 

1 $548 3.28 
2 1225 7.35 
3 1414 8.49 
4 3162 18.98 
5 1732 10.39 
$8081 48.49 


where orders per year are calculated directly from (z;¢;)/xis- Since the aver- 
age inventory for each item is simply one-half the order size in dollars we can 
immediately determine the total cost of the ordering policy we have cal- 


culated: 4 
T.Cope = 10(48.49) + -12(4040) = $970 


We will not consider here the question of rounding off the order periods but 
will assume that the company can equally well use any desired order period 
foranitem. It will be seen that the utilization of our equation for the optimal 
policy has resulted in a decrease in total costs of $134, or about 12%. 
Before we continue the intended direct line of discussion let us take a 
sidetrack and consider a kind of problem which might arise but which would 
not require any analysis in the case of one item. Suppose that the company 
has a shortage of working capital and cannot afford to maintain the indicated 
optimal average inventory investment of $4040. Precisely, let us suppose 
that the most the company can afford in inventory investment is an average 
$3000. How should the ordering policy be changed to minimize the total 
costs under this restriction? Let us formulate the problem mathematically. 
Using our summation notation, the total cost equation when x; units of the 


ith item are ordered is: 
T.C =10>++ 125 
y i T Xi 2002 


We have been given the restriction that 

Xii 

=E = 3000 

23 

Our problem is to minimize T.C. subject to the given restriction. The 
mathematical technique for accomplishing this is to use Lagrangian mul- 
tipliers. This rather formidable sounding technique is actually very easy to 
use. We write the restriction as an equation equal to zero: 


X6... 3000 = 0 
213 
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Now we form the Lagrangian, denoted L, by adding A, the multiplier, times 
this equation to the expression to be minimized, T.C. Thus, we have 


c Zi XC; XQC, 
-10y 2 4 12 52 a( ea 3000) 
L 10» xt x ar > 3 


To minimize the original expression subject to the restriction we must 
minimize L over the x, and À. We do this by the usual procedure of taking 
derivatives and setting them equal to zero and we get: 


These simultaneous equations can be readil 


y solved by determining x, from 
the first equation: 


e 20z, 
TN CIZ + Aie, 
substituting this in the second equation: 


20 — 
d cde CX Vea = 6000 


Xi 


and solving for A: 
Vie)? 
A= 20 2 veel) 2 
( 6000 
In order to obtain a numerical value for À we must determine the square of 
the sum of the square roots of Z,c, from the original data. We have 


ITEM V Zic 


* 42.43 
94.87 
109.54 
244.95 
134.16 


625.95 


UbwWNn— 


From this we immediately calculate 


A = .09767 


Now we can determine the x; from the equation above which includes A. 
Even more conveniently we can calculate 


= 9.585V/z,c, 
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since we have already determined Vz,c;. Thus, we obtain 


ITEM ORDER SIZE ORDERS PER YEAR 
IN DOLLARS 

1 $406.70 4.43 
2 909.30 9.90 
3 1049.90. 11.43 
4 2348.00 25.56 
5 1286.00 14.00 

$5999.90 65.32 


The total cost for this ordering policy is 
T.C. = 10(65.32) + .12(3000) = $1013 


This is the minimum cost ordering policy of all possible policies which would 
give an average inventory investment of $3000. It will be seen that the total 
cost has gone up as compared to the optimal policy-as it obviously must. 
However, for an increase in total costs of only $43 the company has accom- 
plished its purpose of cutting its average inventory investment by $1040. 
Our sidetrack has fulfilled the subsidiary purpose of introducing the 
extremely useful device of Lagrangian multipliers as a way to minimize 
expressions subject to restrictions. We will need this device again when we 
return to our main theme. Suppose, now, that there are grievous difficulties 
in the way of measuring the two costs necessary to determine the optimal 
ordering policy for the company. Our analysis of the optimal ordering 
policy subject to the requirement that the average dollar inventory should 
not exceed $3000 suggests an approach which might be used. The existing 
company policy produces an average inventory of $4200 and uses 60 orders 
Now, with no knowledge of C, or C; whatsoever, we can certainly 
reason that if we can reduce inventory and maintain the same number of 
orders per year then we have improved the company's position. This must 
be true, regardless of the costs involved. We propose, then, to see if we can 
decrease the average inventory investment while keeping the number of 
orders per year fixed at 60. If we can do this we will have improved the 
situation even though we will not be able to determine the actual amount of 


the saving. 

We will pro 
subject to the restriction that total or 
for total average inventory is: 


per year. 


ceed exactly as before. We want to minimize the inventory 
ders per year will be 60. The expression 


T XC. 
Total average inventory = T.I. = > xs 
We want 


Zi 
Total orders = T.O. = > ae 60 
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We form the Lagrangian: 


L-XeX(zi-6) 


and set the derivatives equal to zero: 


QD cr azine g 

oxy A exe 

aL Zi 

OX Diy, we 


and substituting this in the second equation and solving for A gives 


EUN 
(> vza) 
i 
7200 


We already have determined X V/z;c, for these data so we calculate directly 
i 


A= 


A = 54.42 
From this we now obtain 


Xis = XC, = VA Vz = 10.43 Vz,c, 


This gives 
ITEM ORDER SIZE ORDERS PER YEAR 
IN DOLLARS 

1 $442.70. 4.07 
2 989.80 9.09 
3 1142.80 10.50 
4 2554.90 23.48 
5 1399.30 12.86 

$6529.50 60.00 


The inventory is one-half of the order size in dollars or $3265. The number 
of orders has remained at 60, our restriction, and the inventory has been 
reduced by $935, or 22.3°% of its amount under the current policy. This is 
the minimum possible inventory investment with 60 orders per year. The 
decrease in inventory investment has been achieved by redistributing the 
orders among the items in an optimal way. Wecannot, of course, determine 
what this reduction in inventory is worth to the company because we do not 
know the value of C,. 

The success of this analysis immediately Suggests the corresponding 
argument in reverse. Why not improve the company’s position, without 
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knowledge of the costs, by keeping the average inventory investment at the 
same level and decreasing the total number of orders per year? This can 
also be done. The expressions for T.I. and T.O. are the same as before, but 
their roles are reversed. We want to minimize 


I0. 22 


T 


subject to T.I. = $27 = $4200 
1 


Zi 
i 


We form the Lagrangian: 


eL Zi Àci 
ELE, | coe, Ye es aft 
8x; 2*7 
oL Xie; 
= = > = - 4200 = 
9A > 2 
We find 
22, 
X= aac: 
EE 
(z v. 2 
A = $ 
35,280,000 
For our data 
à = .01111 
and xg = 13.42 V zie 
Therefore, we can calculate: 
ITEM ORDER SIZE ORDERS PER YEAR 
IN DOLLARS 
1 $569.40 3.16 
2 1273.10 7.07 
3 1469.90 8.16 
4 . 3286.40 18.26 
S * 1800.00 10.00 
` $8398.80 46.65 


Average inventory remains at $4200, within rounding errors, while total 
orders per year have been reduced to 46.65, a saving of 13.35 orders per year 
or 22.3*/ of the orders under the current policy. This policy is the one which 
has the minimum total orders per year of all policies which would give an 
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average inventory investment of $4200. It will be noted that the percentage 
saving is the same in both cases, 22.3%. This will always be the case. The 
question of which of these two possible improved policies is preferable cannot 
be answered without knowledge of the relevant costs. However, either of 
them will clearly save the company money-even though we cannot calculate 
how much. 

Now we have calculated three different optimal policies under different 
restrictions and we calculated the original optimal policy for assumed values 
of C, and C.. Careful inspection of these four different optimal policies 
indicates an underlying uniformity amongthem. This is shown in the follow- 
ing table: 


TOTAL ORDERS , PRODUCT 

Po.icy INVENTORY PER YEAR (T.1.)(T.0.) 
Optimal; C, = $10, C. = .12 $4040 48.49 195900 
Optimal; Inventory — $3000 3000 65.32 195960 
Optimal; Orders — 60 3265 60 195900 
Optimal; Inventory — $4200 4200 46.65 195930 


All the products of T.I. times T.O. are equal to a constant value, within 
rounding errors. Further, with a few tries it is possible to discover where 


this constant value, 195,900, originates. More precisely, the constant value 
is 195,910 and it is equal to 


4(625.95)? = (> vza) 


We must certainly undertake to explain the reason for this structural similarity 
among the various optimal policies. 


Reviewing the equations for x, which we used in determining the actual 


optimal ordering policies in each of the four cases we see that in each of them 
we had 


Xs = KV zc, 


K, of course, differed in the four cases but it was always determined either 
from the costs, C, and C,, or from A. Presumably this is the reason for the 


occurrence of (X V/z;cj)? in the constant product of T.I. and T.O. However, 
instead of pursuing this line of reasoning we will take a different route which 
willlead us to the same goal. Let us write the expression for T.I. in terms of 
the optimal x, as determined in the optimal lot-size model: 


-yXl ene NEZ 
TI; 2525 Gr c 2 OE 


Similarly, the expression for T.O. is 


=y% [C [en 
ume CINES 


i 
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These two expressions are valid for any values of C, and C, whatsoever- 
plugging in any given values and the data on z,c will give the optimal total 
inventories and total orders per year. Now, the interesting thing about these 
two expressions is that when they are multiplied together the two costs, C, 
and C,, cancel out and we are left with 


(T.LXT.O.) = (5 vaa) 


exactly the constant product we already discovered empirically from our four 
optimal policies. Thus, we see that the product of T.I. and T.O., for the 
optimal policy based on any possible values of the two costs, will always be 
a constant for the given data. Further, we see that if we divide our two 


expressions everything cancels out except the two costs: E 
TERNG 


TOTTI 
and T.O. for any optimal policy we can immediately 


Therefore, given the T.I. A ‘ : 
he two costs upon which the optimal policy was 


determine the ratio of t 
constructed. ^ 
This last fact suggests an alternative int 
we determined under various restrictions. 
to $3000 we found the optimal policy had 65.32 orders per year and, of course, 
$3000 in inventory. The ratio, (T.L)/T.O.), is, therefore, for this policy 
equal to 45.9. If the order cost is known to be $10 we can conclude that 
this policy is imputing C. = $10/45.9 = .218. In other words, the policy 
we determined would only be optimal if C. = .218. Therefore, the imputed 
value of C, must be .218. Now, this policy resulted because the company 
had a shortage of working capital and wanted to restrict their inventory 
investment to $3000. We have discovered that this restriction automatically 
imputes a value of .218 to the carrying cost. We can reason similarly 
for the other two optimal policies under restrictions. _ Restricting orders 
to 60 and assuming, for example, that the carrying cost 1s .12 automatically 
imputesa value of $6.53 to C, Restricting inventory to $4200 and assuming 
that the order cost is $10 automatically imputes a value of .111 to the carrying 


cost. 
The relation between these im 


erpretation of the optimal policies 
When we restricted the inventory 


putations and the various A's we calculated 


is i i r our first restriction we assumed that we knew 
that Crows te nee ds 12 but that the company was forced to restrict 
the inventory to $3000. We found À = 09767 and we note that e + .0977 
= .218, the imputed carrying cost in this case. In other wora nAn moten 
arbitrary mathematical device. Its value is equal to the pe be us) 
the carrying cost because of the inventory restriction. lt plays, in short, the 
role of a cost in this formulation. The second restriction "m DP was 
that orders should equal 60. We found à = 54.42 and it er eer that 
5442112) — $6.53, the imputed value of C, for C; = 12. Therefore * te 
this case is the ratio C,/Ce The third restriction was that inventory should 
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equal $4200. We found A = .01111 and 10(.01111) = .111 is exactly the 
imputed carrying cost for this case. Here, in other words, A is the ratio 
C,/C,. In every case, À is intimately related to the imputed costs resulting 
from restrictions. In most economic problems in which it is necessary to 
use Lagrangian multiplier methods it develops similarly that A has a very 
basic economic significance 

Returning to the original policy of the company we have another way of 
indicating its irrationality. In every one of our optimal policies we can take 
any one of the items individually and it will have the given ratio between its 
orders per year and its average inventory. As a matter of fact, this is the 
essence of a rational inventory policy in a nutshell-making every item's 
policy consistent in this respect. Now, if we look at the current policy of the 
company we will find that there is no such uniformity among the individual 
items. This has nothing to do with the fact that the company policy isn't 
optimal for its own specific costs. It is that the policy could not be optimal 
for any conceivable single set of costs. For the company's current policy we 
can use our argument on the individual item policies and discover the 
imputed carrying costs aSsuming that the order cost is actually $10: 


ITEM (T.L)KCT.O.) IMPUTED C. 
1 6.25 1.60 
2 31.25 32 
3 41.67 .24 
4 208.33 .05 
5 62.50 16 


The wide range in these imputed values is an indication of the irrationality of 
the company’s current policy. 

Finally, our argument provides the means for a device which can be most, 
useful to the executive responsible for establishing inventory policies under 
circumstances where it is difficult or impossible to obtain satisfactory esti- 
mates of the relevant costs. This device is called the optimal policy curve. 
The basis of this curve is precisely the constant product, (T.I.)(T.O), which 
we have found holds true, for a given set of data, for the optimal policy for 
any possible combination of values of C, and C,. We can make a graph of 
this curve, using total inventory investment as one axis and total orders per 
year for the other axis. The equation, (T.L)(T.O.) = K, is that of a hyper- 
bola. Figure 4-2 shows this hyperbola, the optimal policy curve, for the 
data of our example. Every point on this curve represents the optimal 
policy for some ratio of C, to Ca, specifically, the ratio for any point on the 
curve is given by (T.L)/(T.O.). Further, every possible optimal policy is 
represented by a point on this curve. 

By means of this curve we can recapitulate our argument. Point A is the 
current company policy. Its irrationality is indicated by the fact that it does 
not fall on the curve. When we argued that we could improve the company 
position by holding orders at 60 and reducing the inventory investment, we 
were simply saying that by running a parallel to the T.I. axis from point A 
until it intersects the optimal policy curve, at B, we must be improving the 


sec. 3l | more than one item: the optimal policy curve 103 


situation. When we held the inventory fixed at $4200, we ran a parallel to 
the T.O. axis from A until it intersected the optimal policy curve at C. This, 
obviously, must also improve the company position. 
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FIG 4-2 Optimal povicy curve- 


. However, the optimal policy curve can be considerably more useful than 
Simply as a geometrical analogy to an already completed mathematical 
argument. It provides means for the executive to utilize his knowledge and 
€xperience under circumstances where this knowledge and experience cannot 
be boiled down into the form of cost estimates. Thus, the optimal policy 
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curve shows the executive exactly how orders and inventory investment can be 
traded one for the other. For example, it can be seen immediately that to 
reduce the inventory investment from $3000 to $2000 will require increasing 
the number of orders per year from about 65 to about 99. To decrease 
orders per year from 40 to 30 requires that inventory investment must be 
increased by about $1600. The executive, with his intimate knowledge of 
the circumstances of the company, can often quickly converge on the optimal 
point on the curve for the company without having had to convert his 
knowledge into the form of carrying and ordering costs-something which 
can often be done only badly if at all. The optimal policy curve, then, is a 
most valuable tool in the frequently occurring and difficult cases where 
satisfactory estimates of the relevant costs are not available. 


32. MULTIPLE ITEMS FROM ONE SUPPLIER 


All of our discussion in this chapter has been based on the tacit assumption 
that each item in inventory was ordered separstely. This, of course, is 
frequently not the case. Often one supplier is the source of a variety of 
related items and savings can be, and are, achieved by including a number of 
such items on one order. In this section we will consider some of the pos- 
sibilities in this regard and develop some procedures which can be followed. 

Let a group of items come from one supplier. We wiil assume that there 
are n of these items and that the yearly dollar demand for the ith item in this 
group is z,cj. The total dollar demand for all n items will, then, be 


a 
zc = >) iC 
(c 


It will be most convenient to follow the argument in terms of t, the number of 
months between orders, rather than x,, the optimal order size. If we con- 
sider the ith item individually we would determine the optimal /, in the usual 


way and get 
hae 288C, 
TRNG Cs 


with total costs of 


1,2,C;C, 
12C, 4240C e 


Was f 24 


= V2C,Cac, 


Alternatively, we could consider all the items in the group as representing one 


unit-stored, so to speak, on different shelves-and calculate the ordering policy 
for this one unit. We would find 


288C,  [288C, 
c» T Cze 
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with total costs given by 
TCs V266, | 2. e = VIGO Vz 
The total costs for the n items when each one is optimized separately would be 
> T.C, = V2GC, > VZG 


The total costs when all items are considered as a unit is obviously much 
smaller. As an example, suppose that all of the c,z; in the group are equal 


to some K. Then 
T.C. = V2C,C, VnK 


and Š rc = (V2G C0) VK 
151 
so T.C. = gle * T.C, 
ni-i 


The total cost resulting from treating the items as a unit would, in this case, 


be only EN times the sum of the items’ individual total costs when treated 
n 


separately. N 
Under these assumptions there is no reason whatsoever for any item to be 


ordered on any other basis than t; = f. No change of t; to any other value 
can do other than increase the total costs. This is so because it is always 
true that for any individual item, A, we would have 
Vz4CA + Vzc — Zata > Vze 

The reason for this is obvious. When each item is treated individually it 
must carry the full cost of each ofits orders. When all the items are treated 
as a unit then each item only carries 1/n of the order cost. This accounts for 
the considerable difference in total costs in the two cases and also results in 
the obvious fact that every f, calculated individually, will be greater than f, 
calculated from all the items treated as a unit. 

This conclusion, however, contradicts common sense. It would appear 


that a particular item with a low demand in dollars could be ordered less 


frequently with resultant savings intotalcosts. Specifically, we could order 
such an item only at some integral multiples of /, say rt, and there should 


certainly be savings as compared to ordering it every ¢ months, assuming thar 
the total dollar demand for the item is small enough. - However, the assump- 
tions we have made permit no such saving for an individual item because there 
are no costs in the total cost equation which depend directly on the number of 
items on the order. It is this which is contrary to common sense. There is 
certainly a fixed cost for one order which is independent of the number of 
items on the order. The cost of preparing the order includes such compon-, 
ents and, in addition, the cost of paying for the order is such a fixed cost. 
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D 


However, it is equally true that there are some costs which depend on the 
number of items on the order. "Specifically, each item, to be included on the 
order, must be reviewed-sometimes a physical inspection, more often pulling 
out a stock card and making some calculations. This review takes time 
and, therefore, has a cost and this cost varies with the number of items on the 
order. If we want to accomplish an analysis that will be in accord with 
common sense-and reality-we must introduce separate costs to represent 
these different components. For this purpose we will let C,p represent the 
fixed cost of the order. For mathematical convenience we will express 
the review cost for the individual item as a multiple of this fixed cost, hC,. 
We will assume, as a reasonable approximation, that A is constant for all 


items in the group. The introduction of this latter cost does not change the 
form of the total cost equation: 


z 2 
T.C, "nec y 12(1 Ees 
i 


which is minimized by 

Q2 sE 
v ZiciC; 

with minimum total costs for the item of 


T.C, = V2C(1 + F)Ciezic, 
and with total costs for all items, optimized individually, of 
> T.C,- V2, + CG, > Vize 
2=1 i=l 


Now, if we consider all n items as a unit we have 


LutzcG. 12€,. | I20hC,. 
PAD oo Wienke Mag 


This is minimized by 


with total costs of 


-o — jc 
T.C. 2 2C, C + DNI Y 2c 
i=1 
Comparing the two approaches we see that the situation is more complex 


than it was when we ignored the hC,r component. For example, a specific 
1; can now be smaller than ¢. This will occur if 


l+h 286 
|n zc 
Frequently, A will be small. If, for example, A = 


; 3 = .05 and n = 20 it would 
follow that if one item accounted for more than 52.5°% of the total dollar 


c 
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demand of the'whole group of items then 1, for that item would be less than t. 

The effect of the introduction of the AC,, costs associated with the review 
of the individual items is to create two possibilities which did not arise when 
we did not include these costs. First, it is possible that using ¢ for all items 
will not minimize total costs if one item has a large percentage of the total 
dollar demand for the group of items. Second, total costs may be lowered, 
even when ¢ is optimal, by ordering items with small demand at integral 
multiples of t. We will consider these possibilities in order. 

Suppose one item, A, accounts for a large proportion of the total dollar 
demand for the group of items, say z,c, = azc. Then the total dollar 
demand of the other items will be (1 — a)zc. Suppose, now, that we de- 
termine 1, for the single item separately: 


— [23881-- Cm and T.C,= VXI F BazcC;Cs 
azcC, 

Designating all the remaining (n — 1) items by B, we can determine fy for 

this group taken as a single unit: 


_ (288 n — DAI 
1S ( — ac, 


ta 


and 


T.C, = V2[I + (n — DAY — a)zcC.Crr 


We want to find the conditions under which the total costs thus determined 
will be less than the total cost when : is found and used for all items: 


T.C, 4 T.C, « T.C. 


or V + hja + Vil += DAG — a) < VI + nh 
or a?(2 + nh)? — a(2nh? + 4nh + 4) + h? > 0 


This quadratic inequation holds when 


nh? + 2nh + 2 + 2V (nh + 1? + kh + I — 1) 
£s (nh + 2 


Assuming / = .05 we can construct the following table as an example of this 
equation: 


n a 
3 .9978 
4 .9954 
5 -9921 
10 -9676 
20 .8997 


The meaning of this table is the following: For h= .05 and n = 20 items 
in the group supplied by one supplier, unless one item represents more than 
90°% of the total dollar demand for the group of items it is correct to de- 


termine ¢ for the entire group. 
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These calculations were based on the assumption that both 4 and B 
carried their full order costs. It would be expected that further savings could 
be achieved by setting the order period for B, fy, at the nearest integral multiple 
of t, and thus saving the (12C,;)/t, cost but not, of course, the 12(n — 1) 
hC,,/tg cost. Further, there is no reason to confine the A “group” to one 
item. Let us, therefore, relax both of these assumptions. Let the items be 
divided into two groups, A and B, such that group 4 has total dollar demand 
of azc with g items and, hence, group B has total dollar demand of (1 — a)zc 
with (n — g) items. Then: 


288(1 + gh)Cr 


he azcC, 


and T.C, = V2(1 + gh)azcC.C;e 

We intend to use some integral multiple of 1, for t; but the algebra gets 
rather heavy, so instead of going through all the computations we will be 
satisfied with an approximation which is sufficiently good for practical 
applications. In determining the condition under which it will be advan- 
tageous to follow the course we are analyzing we will use the minimizing 
value of t5, calculated without the 12C,;/tg cost. This gives: 


288(n — g)hC,. LA ae L ET SITE 
AAA and T.C = V2A1 — a)(n — g)hzcC,.C,r 


B= 
Our condition is that 
T.C; - T.Gs « T.C. 


and this can be simplified to 


Vall + gh) + V(1 — an — g)h < V1 + nh 
This inequality is satisfied when the following simple condition obtains: 


gh+1 
> nh +1 


Whenever this is not true it is more economical to use t for all items. If this 
is true for some g then 1, should be determined for A, containing those g 
items, and the nearest integral multiple of t4 should be used instead of the tg 
calculated in this argument. This, then, answers the first question raised 
above. 

The second question concerned the possibility that a specific item might 
contribute such a small dollar demand to the group of items that it would be 
more economical to use some integral multiple of t as its order period rather 
than t itself. We will consider an item, D, which has relatively small dollar 


demand. We have determined ż for all the items in the group and if t is used 
for item D then the total cost for this item will be 


T.C5, = Zot nCe ste IL 
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The smallest possible change we could make in the order. period for D would 
be to 2t. ` In this event the total costs for D would be 


2tzpcpCc E 124C,. 


TC iii igpay 


. The change to 2t would be advantageous only if 
T.C», — T-Co, 2 = CES + Shes -6 


1444C; ia 288C,:(1 + hn) 


or 
ZpCpCc zcC. 
or = Thine app 
1 +nh zc 


Since zpcp/zc is simply the percentage of the group dollar demand which is 
represented by the given item's dollar demand this is an easy criterion to 
apply. For example, with A = .05 and n = 20 this criterion says that we 
should use 2z as the order period for any item which has less than 14% of the 
total dollar demand of the group. 

Of course, there is no reason why we should not use some integer larger 
than two as the multiplier of . Let the integral multiple of the overall order 
period be jt. Then a repetition of our previous argument shows that the 


smallest j should be used for which 


Zoco < i 
zc g- DO + nh) 
For h = .05 and n = 20, we find from this expression that 3 would be used 


aie ; à 
if 222 < 497 and 4t would be used if aE < 294. These various equations 
zc 


and expressions, then, provide the necessary means for determining the 
optimal policies when more than one item can be put on one order. We will 
note here for future reference* that the potential savings resulting from the 
incorporation of many items on one order are generally quite large. Of 
Course, most companies which are able to amalgamate items on single orders 
automatically do so. However, they do not necessarily do so in the optimal 
way, so further savings can be accomplished by utilizing the methods we have 
been developing in this chapter. The point for future reference is that, since 
this is so, any theoretical inventory system which does not permit such 
multiple item orders is incurring a cost of the kind we called, in the first 


Chapter, systemic costs. 


of grouping items when we analyze the criteria 
e arguments presented here will also play a part 
d with data-processing. See pages 181-190 


* We will again consider the question 
for the design of an inventory study. Th 
in the resolution of problems concerne 
and pages 261-266. 
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33. MULTIPLE WAREHOUSES 


Many organizations maintain more than one warehouse for storing their 
inventories. The reasons for this are many-and obvious, so we will not 
discuss them. From our more specialized point of view we want only to 
raise the question whether, when there is more than one warehouse, any new 
possibilities or problems arise in terms of optimal inventory policies. Cer- 
tainly it is possible for each warehouse to determine its own optimal policies 
exactly as if the warehouse were an independent company. Further, this is 
the way many companies manage their multiple warehouses. When this is so 
there is nothing more to be said than has been said above. However, 
frequently it is the case that companies with multiple warehouses have central 
ordering. This means that each warehouse sends periodic summaries of its 
needs to a central ordering office which then processes the orders for all of 
the warehouses. By amalgamating several warehouses’ needs for the same 
item it is often possible to accomplish various kinds of savings in the form 
of discounts or transportation savings. We do not propose to enter into a 
discussion of the relative merits of centralized and decentralized ordering. 
It is sufficient that centralized ordering with multiple warehouses is the 
system which is used by a large number of companies. Our question is: 
How does this affect the optimal inventory policies? 

Fortunately, we do not need to develop a new argument in order to 
answer this question. We have already answered it! A moment’s thought 
suffices to show that the problem is exactly the same in structure as was the 
problem of multiple items on one order. Here the question is one of multiple 
warehouses on one order. The same specific questions arise as we treated in 
the preceding section and the answers are, of course, identical. C,p for 
centralized ordering is the cost of processing one order in the central office. 
In addition, each individual warehouse has a cost of sending its requisitions 
to the central office. This is the cost we expressed as hC,,. If it can be 
assumed that the cost of the item is the same for each warehouse there would 
be some simplification in the required analysis but, in any event, the con- 
clusions would remain the same. 

We wil therefore leave it to the reader to develop the argument for ware- 
houses if he so desires. Here we will only note that the savings that result 
from the amalgamation of several warehouses' needs on one order are of the 
nature of systemic costs The design of the inventory system determines 
the extent to which systemic costs will be minimized. 


PROBLEMS 


1. (a) For a given item there is a constant demand rate. Yearly demand is 
6000 units. The price of the item is $5 per unit. The ordering cost is $15 
and the carrying cost is 12°% per year. What is the optimal ordering policy ? 
(b) To what order period should this be rounded off? 


(c) The manufacturer of the item offers a 1% discount if 1200 units are 
ordered. Should this discount be taken? 


problems WW 


2. For a particular item there is a known seasonal pattern of demand: 


MONTH DEMAND 
1 50 
2 70 
3 120 
4 80 
5 60 
6 40 
7 30 
8 50 
9 90 

10 140 
11 80 
12 60 


The order cost is $10 and the carrying cost is 1% per month. The price of 
the item is $6. Assuming that this demand pattern will be repeated, year 
after year, what is the optimal ordering policy? 

3. A company maintains inventory on three items with the following 
characteristics: 


ITEM YEARLY DEMAND PRICE 
1 3600 $20 
2 24000 5 
3 600 25 


Current policy is to order each item once each month. 
(a) What is the optimal ordering policy which gives the same total number 


of orders? 
(b) What is the optimal ordering policy which gives the same total average 


inventory ? 

(c) What is the equation of the optimal policy curve? 

(d) If order cost is $10 and the carrying: cost is 12% per year, what is the 
? 


optimal policy ? 
(e) Assuming the order cost is $10, what is the imputed carrying cost for 


each item under the current policy ? 


34. GENERAL CHARACTERISTICS 


Dynamic inventory problems under risk are characterized by two features: 
there is the possibility of a number of orders and there is a known probability 
distribution of demand. This, at least, is a rough description of this kind of 
inventory problem. Actually, since time is implicit in these problems we 
must specify the probability distribution of demand in terms of some interval 
oftime. However, we will discuss this question in greater detail subsequently 
and be satisfied here with the rougher statement. It is obvious that dynamic 
inventory problems under risk or under uncertainty include the great majority 
of practical inventory problems. All items which are regularly used over a 
reasonable length of time would fall into this category unless the demand is 
known with certainty, which is relatively infrequent. Even items with a short 
demand lifetime-a popular phonograph record, for example-will fall into this 
category if more than one order is possible. Most department store and 
supermarket inventories are of this general type-as are the inventory problems 
of the manufacturers who supply them. Examples need not be multiplied 
because a few moments’ thought suffices to establish the fact that the inven- 
tory problems treated in the three preceding chapters are the exceptional ones. 


The ones covered in this chapter and the next are more nearly typical of the 
run-of-the-mill practical problem. 
All of the major kinds of costs can 
The ordering cost is involved sinc 
possible. As the other half of this 
we have the carrying costs. 
demand there is the possibility 


occur in this type of inventory problem. 
€ alternative frequencies of ordering are 
possibility of varying the order frequency 
Since there is a probability distribution of 


of not having sufficient stock. Therefore, we 
112 
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must have the understock cost involved in our equations. In some problems 
of this type-particularly, items with a highly seasonal demand-there will be 
the corresponding possibility of an excess stock with its corollary overstock 
cost. However, for many items there will not be any necessity to introduce 
an overstock cost because there is demand for essentially an unlimited period 
of time. It will be remembered that when we were using the understock cost 
we were balancing it against the overstock cost. Therefore, the question 
naturally arises: what balances the understock cost when there is no overstock 
cost? The answer to this question results immediately from a simple 
conceptualization of this kind of problem which may be helpful in providing 
insight into the mechanics of the analysis. We have, on the one hand, the 
ordering problem of the last chapter. This, so to speak, provides for the 
average demand level and requires the balancing of ordering costs against 
carrying costs for the average demand level. On the other hand we have the 
problem of maintaining an adequate reserve stock, over and above the stock 
for the average demand, to protect ourselves against fluctuations in demand. 
In determining the optimal amount of this reserve stock we take into account 
the cost of being out of stock, the understock cost. As counterbalance to 
this cost we have the fact that we must carry this reserve stock also. There- 
fore, the opposing cost to the understock cost, when there is no overstock 
cost, is the carrying cost of the reserve stock. 

One major, new feature of this kind of inventory problem should be 
explicitly noted. It is that for the first time, the question of the time lag 
between order and delivery becomes important. In the previous models 
such a time lag might well have existed but either there was nothing which 
could be done about it or a simple and obvious compensatory adjustment 
sufficed to deal with it. In either event, there was no theoretical problem 
because of it. Such is not the case with dynamic inventory problems under 
risk. As one illustration of this fact it can be seen that there is no possibility 
for an understock-unless it is deliberately accepted-when there is no time lag 
between order and delivery of the item. Thus, for a low ordering cost there 
would be no need to carry any reserve stock at all because any shortages could 
be instantly rectified by another order. In this kind of inventory problem, 
then, the time lag must be taken explicitly into account. 

A large proportion of the more complex mathematical analyses in the 
literature are devoted to one or another variant of this general kind of 
inventory problem. We cannot hope to present discussions of all of the 
models which have been developed since, even if space permitted, the level 
of mathematics required in many cases exceeds our self-imposed limitation 
for this book. We will be satisfied with the more modest goal of presenting 
the major approaches and suggesting some caveats concerning the applic- 
ability of some of the more advanced methods. 


35. THE BASIC KINDS OF INVENTORY CONTROL SYSTEMS 


f the necessary analysis it will be worthwhile to 


Before we plunge into some o ; a ; 
or kinds of inventory control systems which are, 


takean over-all view of the maj 
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or can be, used for dynamic inventory problems under risk. There are two 
major systems and the mathematical analysis needed in order to determine 
the optimal procedure-in terms of any one system-depends on the system 
desired. Naturally, we will be interested in comparing the two systems in 
terms of the over-all optimum but first we must characterize each system by 
itself. 

The two systems can be most conveniently differentiated in terms of the 
variables under the control of the decision-maker faced with a dynamic 
inventory problem under risk. There are two such controllable variables: 
the frequency of ordering and the amount ordered. When we analyzed 
dynamic inventory problems under certainty we saw that these two variables 
are really only one. In other words, under certainty if the decision-maker 
decides to order a given quantity then the frequency of his orders is auto- 
matically determined, and vice versa. Now, this is still true of inventory 
problems under risk insofar as the average demand level is concerned but it 
is not true of the random fluctuations in demand. In other words, the decis- 
ion-maker has his choice of how he absorbs the fluctuations in demand. 
He can do it either by varying the amount he orders or by varying the fre- 
quency with which he orders. These two possibilities result in the two sys- 
tems in question. 

The first system has a fixed order size and lets the frequency of ordering 
be determined by the fluctuations in demand. This system operates by 
determining some amount of stock, based on the time lag between order and 
delivery, which is the signal that another order of the given fixed amount 
must be placed. Whenever the stock on hand falls to this minimum level the 
given order is immediately placed. This system has been used in practice 
for a long time and is often called the two-bin system. The name stems from 
the fact that one convenient way to operate this system is to maintain two 
bins for each item. In the second bin is kept the minimum level and all the 
rest of the order is put in the first bin. Thus, when the first bin is emptied 
there is an automatic signal that the order must be placed and the required 
stock to last throughout the period between order and delivery is in the second 
bin. The major disadvantages of the fixed order quantity system is that it 
requires perpetual auditing of the inventory on hand. While this requirement 
may be partly alleviated for items which can be kept in two bins it is not so 
easy, or inexpensive, for many other kinds of items that cannot be con- 
veniently stored in two bins. This system calls for a fixed order quantity so 
we will designate it as the Q-system. 

The second system has a fixed order period and, therefore, lets the size of 
the order vary with fluctuations in demand. The order period is determined 
by analysis and then the amount of the item in inventory is reviewed at 
intervals equal to the order period. The amount that is ordered will vary in 
accordance with whether the amount in inventory is lower or higher than 
average. The average amount that will be ordered is, of course, determined 
from the analysis, and the fluctuations in demand around the average are 
added to this amount to determine the total size of the order. This system 
has the advantage that it only requires periodic review of the inventory situa- 
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tion, which makes it particularly convenient when central stock records are 
maintained. Since this system has a fixed order period we will designate it as 
the P-system. 

These are the two major systems which are used in practice. They are 
typically of maximum administrative simplicity and this is a major point in 
their favor, particularly because of the problems attendant on the systemic 
costs we briefly discussed in the first chapter. However, it is by no means 
the case that either one of these systems need be the true optimal system for 
the inventory problem of a specific item. We must emphasize this point by 
a little discussion of it. 

For a dynamic inventory problem under risk it is easy to ask, in words, 
what is the optimal inventory policy? However, it is unfortunately the case 
that the mathematical translation of this question into the form of an equation 
to be solved results in a very difficult kind of functional equation. Very 
little can be said generally about the solutions of this equation. Ina famous 
paper, Dvoretzky, Kiefer, and Wolfowitz* proved that this equation has a 
solution-in other words, an optimal policy exists-but there are no practical 
procedures for finding the solution in a specific case. This immediately 
suggests the need for a different approach. Instead of demanding the optimal 
inventory policy, we might narrow the number of possibilities by considering 
only policies of particular-and generally simple-types. This was the ap- 
proach used, in another famous paper, by Arrow, Harris, and Marschak.} 
They considered a particular set or subgroup of policies of the two-bin type- 
which we have called Q-systems-and they referred to them as (s, S) policies. 
Now, there are two main kinds of questions which can be asked about such 
a subgroup of all possible inventory policies. First, we can ask how the 
optimal policy of the subgroup can be determined. Second, we can ask 
under what conditions would the optimal policy for the subgroup also be the 
true optimal policy over all possible policies-not just over the policies of the 
subgroup. In other words, we would like to know the limitations on the 
form of the demand distribution and the various relevant costs which would 
ensure that the optimum policy of the given subgroup would be the true 
optimum over all possible policies. For those cases where it is relatively 
easy to determine the optimum policy for the subgroup and where we can 
simultaneously prove that the optimum policy for the subgroup is also the 
optimum policy among all possible policies, itis clear that we have succeeded 
in solving the general functional equation by taking something of a detour. 
This leads to considerable interest in the second question for all subgroups 
for which the first question has a reasonable answer. , . . 

When we add to the natural interest in the second question meniioned in 
the preceding paragraph the fact that the functional equation in question has 
become the happy hunting ground for many of the more peines eene; 
Oriented operations research theorists-and economists-it becomes clear why 


* Aryeh Dvoretzky, J. Kiefer, and Jacob Wolfowitz, “The Inventory Problem," 


Econometrica, 20 (1952), pp. 187-222, 450-66. À 
t Kenneth J. Arrow, Theodore E. Harris, and Jacob Marschak, “Optimal Inventory 


Policy," Econometrica, 19 (1951), PP- 250-72. 
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the literature is replete with examples of proofs of optimality in the sense of 
the second question. Now, while such proofs are interesting they are only 
of the most minor consequence in practice. First, they are useless unless an 
alternative is available in case the subgroup optimum policy is not the true 
optimum over all policies. For example, if the only subgroup optimum that 
can be calculated happened to be of the (s, S) type it then would be of little 
consequence if someone demonstrated that for a particular item this policy 
was not the true optimum. Second, the proofs of optimality are generally 
developed under restrictive assumptions in one crucial regard-they assume no 
time lag between order and delivery. This is so rarely the case in practice 
that these proofs have little practical content. Third, and also crucial, all of 
these proofs of optimality ignore completely the kinds of costs we have 
called systemic and these are generally of overwhelming importance in choos- 
ing between inventory controlsystems. For these reasons we are not going to 
concern ourselves here with answers to the second kind of question. 

A word about the name *' (s, S) policies" is in order at this point. Weare 
not going to use this name at all in our discussion. Our reason is that no 
other term in the literature seems to be so subject to contradictory usages as 
this one. Inspection of the literature shows the most various definitions and 
usages of this idea of “ (s, S) policies.” The present authors do not know 
who has misunderstood what but that somebody has misunderstood some- 
thing follows directly from the contradictory statements that can easily be 
culled from the literature. Our own understanding-and perhaps we are to 
be numbered among those who should use the prefix ** mis-""-is that the (s, S) 
system is a straightforward two-bin system. As such it is completely char- 
acterized by two parameters: sand S. Knowledge of these, and nothing else, 
is sufficient to define the (s, S) system for a given item. It is, in short, 
precisely what we are calling the Q-system. Now, Arrow et al., in the article 
cited previously, modified this system in the sense that they considered 
cases where review of the inventory took place at regular intervals but orders 
only occurred if the stock were less than or equal to s on the occasion of one 
of these reviews. Now, this alteration results in the necessity of having 
three parameters to describe the system: the review period, s, and S. This 
makes the modified (s, S) policy a variant of our P-system and not vice versa, 
as is occasionally implied in the literature. The P-system is not a variant 
of the (s, S) system, by any meaningful definition of thelatter. Furthermore, 
to call the three-parameter variant an (s, S) system seems to us to introduce 
adcitional ambiguity by running counter to the usual procedure in classifica- 
torysystems. Inanyevent, whatever may be the clearest statement regarding 
the (s, S) system, we will avoid further confusion by ignoring it. The 
Q-system and the P-system, as we have defined them, include all the major 
usable inventory systems. 


36. DEMAND PROBABILITY DISTRIBUTIONS 


There are some major differences between what we must know about the 
probability distribution of demand in the dynamic case and what we had to 
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know about it in the static case. These differences deserve special comment. 
The same problem concerning the demand distributions exists in both of 
our systems so we must clarify it before proceeding to the discussions of the 
individual systems. 

When we considered the static inventory problem under risk we needed 
only knowledge of one demand probability distribution. Specifically, we 
needed the probability distribution of demand for the entire period to be 
covered by the inventory. This is not so in the case of dynamic problems. 
Here we need to know what the probability distribution of demand will be 
for varying length time intervals. It is not sufficient, for example, to know 
the probability distribution of demand for a one-week period because we may, 
in our analysis, need to know it for three-week periods or for five-month 
periods. Now, it is obvious that there must exist some relationship between 
the probability distributions of demand for each week and those, for example, 
for each month, which are simply the sums of four weekly demands. Our 
problem is to describe this relationship mathematically. 

In order to avoid analytical complexities it is customary in the literature 
to make a major assumption about the probability distributions of demand 
for consecutive time periods. Whatever the basic period chosen, say a week, 
for expressing the demand distribution it is assumed that the probability 
distribution for each period is the same. This means, in particular, that we 
are assuming that the demand is stationary and that demand in following 
periods is independent of the demand level in preceding periods. This 
assumption is a rather ruthless one but we will make it for pedagogical 
reasons. It should not be concluded that it is impossible to analyze inventory 
problems for which this assumption cannot be made but it is certainly much 


more difficult. í 
Granted this assumption, 
ability distribution of demand 


the question we are raising is: Given the prob- 
for a time period of specific length, how can we 
determine the probability distribution of demand for some longer time 
interval composed of some integral number of these basic periods? Suppose, 
for example, that we have the following simple demand distribution for some 


item on a weekly basis: 


DEMAND PROBABILITY 
0 .l 
1 4 
2 3 
3 2 


distribution of demand for a two-week 

iod? imple distribution it is easy to calculate the new dis- 
Enos Mete T MG weeks the demand cannot be less than zero and 
this will only happen if the demand in each of the two weeks is zero. This 
has a probability of .1 x .1 = 0l. The demand for two weeks cannot 
exceed six units and this will only happen if the demand in each of the two 
weeks is three units, which has a probability of .2 x .2 = .04. To calculate 


What would be the probability 
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the probabilities of the intermediate levels of demand we proceed as follows, 
taking a two-week demand of three units as an example. There are four 
ways in which we can get a total demand of three units in two weeks: 


DEMAND IN DEMAND IN PROBABILITY 
FiRsT WEEK SECOND WEEK 
0 3 


1 2 
2 ES 
3 0 


The total probability of a demand for three units in two weeks is therefore . 
.28. We could proceed similarly and painstakingly determine the prob- 
abilities of all possible levels of demand for two weeks and, indeed, we could 
extend the procedure directly to determining the probability distributions of 
demand for an arbitrary number of weeks-admittedly with considerable labor. 
Now, while we cannot avoid most of the computational work involved we can 
routinize it a great deal more so that less thinking is required. Rather than 
try to argue our way through the next step we will simply credit it to a flash of 
intuition on somebody's part. This intuitive flash is that we can accomplish 
the same thing as above by using binomial expansions. Thus, let us write 
our probability distribution for one week in the following form: 


1 + .4x + .3x? + 2x3 


In this expression the exponent of x equals the demand (for the first term 
x° = 1) and the coefficient is the probability of the level of demand repre- 
sented by the exponent. The advantage of writing the demand distribution 
in this way is that if we want to know the probability distribution of demand 
for n weeks we need only raise this expression to the nth power and read the 
result using the same convention. Thus, the probability distribution of 
demand for two weeks is given by 


(1 + .4x + .3x? + .2x9)? 
= 01 + .08x + .22x? + .28x3 + .25x* + .12x9 + .04x9 


Our previously calculated probabilities check with the corresponding 
coefficients and all the other probabilities for two-week demands are given as 
well. Since it is not easy to raise such an expression to a higher power it is 
not easy to determine the probability distributions of demand for large values 
of n but it is at least a routinized procedure. 

This process produces what are called, technically, the convolutions of the 
original probability distribution with itself. We used a discrete probability 
distribution as our example and it is obvious that we can, in theory at least, 
use exactly the same procedure for any discrete probability distribution. 
The same thing can also be done for continuous probability distributions. 
The method we used for discrete distributicns of writing it in the form of a 
binomial expansion is technically known as the method of generating 
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functions. Inthecase of continuous distributions the analogical method is that 
known as characteristic functions. In either event, the result is to obtain 
the convolutions of the original distribution with itself. This result, ob- 
viously, is exactly what we need in order to go from information about the 
probability distribution of demand for a given fixed time period to the 
demand distribution for any integral multiple of that time period. 

Unfortunately, the convolutions of an arbitrary probability distribution 
with itself, though perfectly well defined and calculable, are not generally 
very tractable in terms of the methods of mathematical analysis. This leads 
to a strong desire on the part of the analyst to select specific probability 
distributions which are extremely well-behaved in terms of their convolutions. 
Fortunately, there are a great many such distributions and numbered among 
them are the best-known probability distributions: the binomial, the normal, 
and the Poisson. Itis this fact which will lead us to use frequently the normal 
distribution as an example in this chapter. Once again, however, it is desir- 
able to emphasize that this does not mean that our ability to resolve dynamic 
inventory problems under risk stands or falls with the assumption of one of 
the better-known probability distributions as representing demand. Without 
this assumption it is simply harder, not impossible. — bent ue 

When we say that the convolutions of the mentioned distributions are 
particularly well-behaved we mean specifically that for each of these dis- 
tributions its convolutions are the same kind of distribution. Thus, a 
binomial distribution convoluted with itself any number of times always gives 
a binomial distribution and similarly for the normal distribution and the 
Poisson distribution. If we add two important, and obvious, facts we can 
be more specific. The first fact is that the nth convolution of any stationary* 
distribution has a mean equal to times the mean of the distribution. This 
isa commonplace. If average demand for one week is 10 units then, under 
Our assumptions, the average demand for, say, five weeks will be simply 
5 x 10 = 50 units. The second fact is not so intuitively obvious but it can 
easily be proved-although we will forgo proving it here. This is that the 
variance of the nth convolution of any distribution which meets our basic 
assumption will be equal to n times the variance of the distribution. Trans- 
lating these two facts into terms of the normal distribution we end up with: 
the nth convolution of a normal distribution with mean of = and standard 
deviation of s will have mean equal to n= and standard deviation equal to 
sVn. The square root of n appears here, of course, because we stated the 
relationship in terms of the standard deviation rather than in terms of the 
variance. Thus, with no difficulty whatsoever we can determine the demand 
for any integral multiple of our basic time period if the demand distribution 


i iod i al. 
for Fini weed rne notation to represent convolutions. We will use, 
in this and. the following! chapters (0) 2p tomepresent Ie probabili y dr, 
tribution of demand in the basic time period. We will AD dy represent 
the probability distribution of demand convoluted i times. is is, then, the 


* For a discussion with respect to the concept of stationarity, see pages 318-319. 
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probability distribution of demand for i times the basic time period. If 
f (y) dy represents the probability distribution of demand for one week, then 
fy) dy represents the probability distribution of demand for i weeks. 


37. THE Q@-SYSTEM OF INVENTORY CONTROL 


As we have already indicated, the Q-system has a fixed order size and a 
varying order period. The procedure is that whenever the stock on hand 
falls to a certain minimal level, based on the time lag between order and 
delivery of the item, an order is automatically placed for the predetermined 
fixed amount. Fluctuations in demand, then, are reflected by the resulting 
variations in the time between orders. We must now undertake to discover 
how an optimal system of this type can be determined for a given item. Such 
a system is completely determined by knowing the order size and the minimal 
stock level which represents the signal to place the order. It is these factors 
that we must find means to determine. 

Let us restate the handling of demand fluctuations in the Q-system. 
Since these fluctuations are absorbed by varying the order period it follows 
that there is no need for reserve stock to meet these fluctuations. Leaving 
aside the period of time lag for a moment, we need only order the average 
amount required to meet the average demand for the order period. If 
fluctuations in demand result in this stock being exhausted more quickly, then 
the subsequent order will simply be placed more quickly. Therefore, there 
is no need for reserve stock to meet these fluctuations. This is not true of the 
lag time period since the order is already placed when the lag period begins 
and any demand in this period can only be met from stock on hand. There- 
fore, there must be a reserve stock to absorb any fluctuations in demand dur- 
ing the lag period. Finally, we note that even though the order period will 
vary in response to demand fluctuation it is still the case that the average 
order period is immediately determined by the fixed order size. This is 
evidently true since the average demand for any period, say a year, is known 
and if we divide this by the fixed order size we must get the average order 
period. 

This suggests a very simple way for finding the desired policy. Let us 
use the optimal lot-size formula on average demand to determine the 
optimal number of orders per year and, hence, the fixed order size. Then 
we can separately determine the optimal reserve stock for the lag period by 
the methods of static inventory problems under risk. How would this work? 
As an example we will take an item with weekly demand normally distributed 
with mean of Z = 50 and standard deviation of s = 5. We will assume that 
the lag time (also called the lead time) between order and delivery is three 
weeks. For our cost data we will assume that the order cost, C,, is $10 and 
the carrying cost, Ce, is 12% per year and that the item price per unit is $5. 
This is sufficient for the first part of our calculation. Yearly demand for this 
item is simply 52(50) — 2600 units. Using the optimel lot-size equation 
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developed in Chapter 4 we can immediately determine the order size: 


2(10)(2600) 
22 aod EET 294.4 
This, then, would be the fixed order size and we can immediately determine 
the average number of orders per year as equalling 2600/294.4 — 8.83. 

For the three-week lead time period between order and delivery we need 
150 units to meet average demand. This, however,.is already built into the 
system in the sense that we shall simply order three weeks in advance to 
allow for this lag. Not yet built into the system is the need for a reserve 
stock to meet fluctuations in demand during the lead time period. The 
probability distribution of demand during a three-week period is given in 
accordance with our discussion of the preceding section. Since demand is 
normally distributed during one week we know that the distribution of demand 
will be normal for three weeks. Specifically, for our example the three-week 
distribution will be normal with mean of 150 and standard deviation of s'— 
54/3 = 8.66. As we know from the discussion of Chapter 4, we can de- 
termine the reserve stock either by knowing C, or else by having management 
set a permissible percentage level of understocks-which, of course, imputes a 
value to C,. For our present example let us suppose that management has 
set a performance standard requiring that there should be only one chance in 
a thousand of being understocked. From the tables of the normal distribu- 
tion we immediately discover that this standard requires a safety allowance, 
or reserve stock of 3.085 s. In our case this means that we need 3.08(8.66) 
= 26.7 units in reserve during the lag period. In other words, the total 
requirement for the lead time period is 150 units for average demand and 27 
uhits for reserve or a total of 177 units. This, then, is our minimal amount of 
stock which serves as a signal for an order. Whenever the stock drops to 
177 units we immediately order 294 units. This is our Q-system for the item 
under consideration. 

Now let us calculate the total cost of the system we have developed. 
There are an average of 8.83 orders per year at a cost of $88.30. The 27 
units for reserve will sometimes be partly, or entirely, used up in the lead time 
period but equally often the lead time will end with more than 27 units in 
stock. Therefore, on the average the reserve stock will be carried all year 
round. This will cost 27(5)(.12) = $16.20. The carrying cost for the 
average demand will be simply one-half of the order size perpetually or a cost 
of 147(5)(.12) = $88.20. Thus, the total cost will be $192.70. Of course, 
since we did not assume knowledge of C, we cannot calculate the out-of-stock 
cost. This is presumably handled satisfactorily by the performance standard 
set by management. "yu 

Is this the minimum possible total cost fora Q-system for this item? Not 
at all! It will probably be reasonably close and therefore can be-and, in 
practice, is-used as a reasonable approximation to the true optimum. The 
reason that it is not optimal is that we have tacitly assumed something which 
isn’t true. We have blithely calculated the optimal order period and then the 
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optimal reserve stock for the lead time period as if there were no interaction 
between them. The truth is, of course, that there is interaction between them 
and this interaction must be taken into account if it is desired to find the true 
optimal Q-system. The interaction results from the fact that the protection 
level cannot be meaningfully expressed in absolute terms as we expressed it 
in our calculation above. We stated that management demanded that there 
should only be one chance in a thousand of going out-of-stock. Now, if we 
had an order period of one year this would mean that, on the average, there 
would be one out-of-stock in one thousand years. If, instead, we had an 
order period of one week there would be one out-of-stock approximately 
every twenty years. Obviously, the economic implications of these two 
extremes are totally different and this points up the fact that the performance 
standard cannot be given in these absolute terms. Instead, it must be given 
on a time basis. Generally, for such a performance standard it will result 
that the longer the order period, the smaller, relatively, need be the reserve 
stock for the lead time period. It is this interaction which must be taken into 
account if the optimal Q-system for an item is to be determined. 

In order to illustrate how .we can proceed to determine the optimal 
Q-system, let us switch our example to the extent that we assume a knowledge 
of the out-of-stock cost. Let us assume that this is a fixed cost, independent 
of the number of units out of stock. It can easily be calculated that the 
performance standard set by management in our example imputes a fixed 
out-of-stock cost of $168.10* and we will use this as the fixed out-of-stock cost 
in our continuation so that the two results will be comparable. With this 
imputed out-of-stock cost in our original example we can immediately 
calculate that the yearly out-of-stock cost would be 8.83(168.10)(.001) 
= $1.48. Thus, the actual total cost, as originally calculated, would be 
$194.18 per year. 

We can set up the necessary total cost equation to determine the optimal 
Q-system quite directly by simply enumerating the various cost components 
and summing them to form the total cost equation. If we have an average 
order period of t weeks the total costs per year will be: 


Ordering cost = A 


tDcC, 
104 


Carrying cost for average demand = 


where D = demand per year. 


* This assumes an understock once in a thousand lead times. The ordinate of the 
lead time demand distribution is .0004042 at the given reserve stock. The imputed value 
of the fixed out-of-stock cost is given by 


.60 


8.83(.0004042) — $168.10 
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Letting w represent the lead time period safety reserve and R the average 
demand in the lead time period: 
Carrying cost for safety reserve = weC, 


Out-of-stock cost (per year) = 32K I f) dy 


Rtw 
where K is the fixed out-of-stock cost. Therefore, 


ON DIES MN 52K f 
mora CE + weC, + = Jo dy 


This must be minimized simultaneously with regard to / and w: 


OTC, _ =$2C, , DeC; SAKU- F(R+w)] _ 9 
Ce a p= 104 12 
TCE CG E ey 
ow t 


These two simultaneous equations cannot be solved explicitly but they can be 
solved quickly enough by iteration. Solving each equation for t and equating 
the results we get 
2C{C, + KUL — F(R+w 
LR +w)? = CÁC, KD - FRE 


In our example, f(R + w) is the normal distribution of demand for three 
weeks, with mean — 150 and standard deviation — 8.66. In using the 
normal tables to solve this equation it must be remembered that the ordinate, 


AD ie ; 
f(R + w), of a given distribution is equal to — times the corresponding 
ordinate as found in the table. Thus, in our case-letting g(w) represent the 
ordinate looked up in the table, we want 


[g(w)? = (8.66)* CR - w)* 


or, using our specific values 


10 + 168.1[1 — F(R4-w)] 
twp = Ot eC 


ckly by assuming at the first step that F(R + w) 
Then use this value of w to find the value of the 
tion and solve for g(w) again. Generally, no more 
ired. We find 


This can be solved very qui 
= [| and solving for g0). 
right-hand side of the equa. 
than three such iterations will be requ 


w = 3.08 
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This gives g(w) — .0035 and, hence, 


.0035 


S(R+w) = E66 


= .000404 


T.C ’ 
Therefore, from the Bp equation, we have 


— 52(168.10) 


: 60 


(.000404) = 5.89 


Translated, our order size will be 5.89(50) = 294.5 units. Our reserve stock 
will be 3.08(8.66) = 26.7 units. Our procedure is to order 294 units whenever 
the stock level falls to 177 units. i 

It will be seen that we have rediscovered exactly the same Q-system as we 
determined from our approximate analysis. It really isn't *exactly" the 
same but it is within the usual rounding errors. The optimal policy will not 
always be this close to the approximate solution but it will generally be not 
very far from it. This is why the approximate solution is sufficient for most 
practical purposes. However, the exact solution can be obtained by the 
method we have developed and in any specific case the divergence of the 
approximate solution from the true optimum can be determined. 

We could repeat the same procedure for an understock cost per unit, C,, 
and similarly establish the optimal Q-system under these circumstances. 
The only change is in the one term in the total cost equation which expresses 
the out-of-stock cost. The procedure is the same but the derivatives of the 
total cost equation are more messy and there is more labor in determining 
the solution. Nonetheless, the extension to this case is straightforward. 
We will not give the equations here. 

This, then, is the general procedure for determining an optimal Q-system. 
As will be seen in the next section, where we discuss the P-system, the optimal 
O-system is generally less expensive than the optimal P-system for the same 
item. More specifically, it is true if we consider only the costs which enter 
into the respective total cost equations for the two systems. Consequently, 
it is particularly important that we emphasize the fact that there are other 
costs, not included in the equations, which can greatly change the picture 
resulting from a comparison of any of these different systems. In the first 
chapter we referred to these costs as systemic costs. We will not attempt to 
list all of the relevant systemic costs involved in the utilization of the Q-system 
but we can mention some of them. First is the already mentioned fact that a 
Q-system requires perpetual inventory review. This is obviously necessary 
since we must know as soon as an item's inventory reaches its minimal level 
so that the order for the item can be placed. Second, under the Q-system an 
item's order can occur at any time. This prevents the economies which 
result from amalgamation of several items from one supplier on one order. 
Third, and for the same reason, it is impossible under the Q-system to gain 
the economies of amalgamation of the orders of several warehouses into one 
central warehouse. Both of these potential savings were discussed in the last 
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chapter and it is clear that these savings can be of considerable magnitude. 
One must charge a cost to the 'Q-system since it makes it impossible to gain 
these savings. Our subsequent discussions in Part 2 consider these issues 
again in the light of systems analysis. 


38. THE P-SYSTEM OF INVENTORY CONTROL 


Under the P-system of inventory control there is a fixed order period and a 
varying order size. The procedure is that at periodic intervals-the period 
being analytically determined-the amount of inventory is reviewed and an 
order is placed. The total amount which should be on hand and on order 
is determined from the analysis so the amount of the order is determined 
directly by subtracting the amount on hand from this predetermined total. 
Incidentally, when the order period turns out to be shorter than the lead time 
period the inventory must be counted as including units on hand plus units 
on order but not yet delivered. This same procedure must be followed, 
obviously, in the case of the Q-system. The P-system is completely de- © 
termined when it is known what the order period is and what the amount on 
hand and on order should be. These, then, are the two parameters which we 
must discover how to determine analytically. 

The major difference between the P-system and the Q-system is that for 
the former all fluctuations in demand must be allowed for in determining the 
reserve stock. Since there is no flexibility'in order period any fluctuation in 
demand must be met from stock carried for that purpose. In the Q-system 
we needed reserve stock only for the lead time period. In the P-system the 
situation is more complex. First, it is obvious that for the P-system it is 
necessary to maintain reserve stock as protection against demand fluctuations 
during the order period. The Q-system absorbed these fluctuations by 
variations in the order period and, hence, did not require reserve stock for 
this purpose. Second, however, is the fact that it will not be sufficient to have 
reserve stock in the P-system based only on the order period. To see why 
this is so it will be convenient to consider an example. Suppose that for a 
given item the order period and the lead time period are of the same length. 
Further suppose that we have, by the methods developed below, determined 
the reserve stock for the order period demand fluctuations. Now, at each 
order point the previous order will arrive in stock simultaneously with the 
determination of the next order. We will determine the amount to be 
ordered by comparing the existing stock level at the time of order with some 
determined amount which we want to be on hand at the beginning of an 
order period. Suppose, for example, that average weekly demand is 100 
units, that the order period and lead time are each four weeks, and that the 
reserve stock, based only on the order period, has been found to be 20 units. 
Then we would want 420 units on hand at the start of each period. As long 
as demand remained exactly at its average level we would order 400 units 
every four weeks and we would always have 20 units in reserve stock. But 
suppose demand suddenly exceeds 420 units in one order period. At the 
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beginning of the subsequent period 400 units arrive from the preceding 
order but there is no reserve stock. Therefore, there is a 50% chance of also 
going out of stock in this subsequent period simply because we went out of 
stock in the preceding one. In other words, the inventory situation cannot be 
rectified until one intervening order period has elapsed. This enhanced 
probability of again going out of stock in the subsequent period must 
certainly be taken into account in our mathematical formulation. Of 
course, this same phenomenon holds true for order periods and lead times of 
any length. Setting the two equal, as in our example, was simply to make 
the situation easier to visualize. Further, the phenomenon in question does 
not result only when there is an out of stock. The point is that there is an 
interaction between our order for any given period and all subsequent periods. 
An exact solution for a P-system would require taking these interactions 
explicitly into account. The ideas involved in doing this are presented in 
Section 40 in a somewhat different context. Because of the mathematical 
complexities involved in considering these interactions it is customary to make 
a simplification in practice which we will follow in a// cases where we deal 
with P-systems. This simplification consists in assuming that a satisfactory 
system will be achieved if we calculate the reserve stock for the order period 
plus the lead time rather than for the order period alone. 

As a first approximation to the optimal P-system we can proceed as we 
did for the Q-system-use the optimal lot-size formula to determine the 
optimal order period and then use essentially the methods of static inventory 
analysis to determine the optimal amount to order. This will not give nearly 
as good a first approximation as it did for the Q-system because the inter- 
action between the two variables is much greater here. However, it is easier 
to do and it generally represents a considerable improvement over the typical 
intuitive kind of inventory policy used by companies in lieu of analysis. 
Therefore, the approximation is frequently employed even though it is not 
optimal. 

As an example of this approximation we will use the same item as in the 
preceding section. For that item we determined from the optimal lot-size 
formula that the order period should be 5.89 weeks (8.83 orders per year). 
We want to determine the reserve stock for the order period plus the lead 
time, which is three weeks. This means that we need to know the demand 
distribution for 5.89 + 3 = 8.89 weeks. Now, we have seen in Section 36 
that by utilizing convolutions we can determine the demand distribution for 
an integral multiple of a period for which the demand distribution is known. 
We could, therefore, round our order period off to 9 weeks and then write the 
demand distribution based on the ninth convolution of the weekly distribution 
Instead, as a better approximation, we will simply assume that we can utilize 
the same procedure that we used for integer multiples for fractional multiples 
of the basic demand distribution. In this way we will compute the demand 
distribution for the order period we have determined. The reserve stock will 
be determined by balancing the carrying costs against the out-of-stock costs. 
As a reasonable approximation of the carrying costs we can assume that the 
reserve stock will be carried constantly. Designating the reserve stock for 
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the order period by r, we want to find that r which minimizes the total cost 
equation. Carrying costs will be, per year, rcC,. Out-of-stock costs we will 
assume first fo be constant, regardless of the number of units out-of-stock. 


Then we can write 


T.C, = cC, + nK | f(y) dy 


itr 


where f*(y) = tth convolution of f(y), * 
t = order period plus lead time expressed in multiples of the basic 
period for which f(y) is known, 
n — number of orders per year, P 
K = fixed understock cost, 
= = average demand for order period. 


To minimize this with regard to r we proceed as usual 


ATC: = oC, nf +) =0 


or, f'G-Dn- e 


For our example f*(y)dy is simply the normal frequency function with mean 
— 8.89(50) — 444.5 and standard deviation = 5V/8.89 = 14.91. For our 
data we want ; 


ie DAI Wit SIRO HA 
fone +) = gayi) v ee 


Reference to the normal tables shows that this equation is solved for r = 2.90 
(14.91) = 43.2. This means that for this item and with this approximation 
f an order should average 294.5 + 43.2 


eeks the inventory of this item should be re- 


stock on hand 150 units to meet average demand in the lead time period. 
This must have no effect on the fact that we want 331 units in stock upon the 
arrival of each order. Therefore, our rule is to order the difference between 
481 units and the stock on haud at each review. The effect of this rule will 
be that we will order somewhat less if demand fluctuations have been in the 
direction of smaller demand and somewhat more in the other case. This, of 
course, is the essence of the P-system. If the total cost of this procedure is 
calculated it is found to be $205.10, to be compared to the corresponding 
$194.44 total yearly cost of the optimal Q-system. As was to be expected, 
the cost of the P-system is somewhat higher. Of course, this is not really 
a fair comparison because we have not yet determined the optimal 


P-system. 
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We can equally well introduce a per unit out-of-stock cost, C,, into our 
approximate analysis. Using the same notation as before we have 


æ 


T.C, = rcC, + nC, | (y - 2 = f(y) dy 


Fer 
and setting the derivative with respect to r equal to zero gives 


cGy 
nC, 


This is a simple equation-to solve. For example, suppose the per unit 
out-of-stock cost, C,, is $10 for the item we have been considering. Sub- 
stituting our data into the above expression gives 


F(z + r) = .9932 


Reference to the normal tables shows that we must have r = 2.47(14.91) 
= 36.8 and the rest of the reasoning will proceed as above. 

In both of these approximations we have been calculating the carrying 
costs for the reserve stock under the assumption that the reserve stock was 
held in stock constantly. This is a sufficiently good approximation for low 
price items but may not be so good for expensive items. We can easily 
eliminate this assumption if it is so desired. In fact, we know that sometimes 
the reserve stock will be partially used up and when this happens the carrying 
costs should not be calculated to include the part of the reserve stock that 
was used. If we want to take this fact into account we need to calculate the 
total cost of the reserve stock in terms of the average amount of reserve 
stock which will be'in stock. So doing, gives the total cost equation for a 
fixed out-of-stock cost: 

dtr Lj 
T.C = cC, | &  r— Xo) dy e nk | fay 
2 


sr 


F(z*r21- 


Taking the derivative with respect to r and setting it equal to zero gives: 
fe +n = SG n- FG) 


For our example F(Z) = 3. This equation must be solved iteratively but it 
is relatively easy to do so because F'(Z + r) will generally be nearly equal to 
one and this can be used for the first step in the iteration. Using our data, 
we want 


J'E + r) = .0004042[F*(* + r) — 3] 


Solving this equation shows that r = 3.13(14.91) = 46.7. As compared to 
the corresponding case where we assumed a fixed reserve stock carrying cost 
we see that the reserve stock has gone up. This is in accord with expectations 
since the effect of our change has been to decrease the expected carrying cost 
of the reserve stock and this naturally results in an increase in the reserve 
stock and a corresponding decrease in the expected out-of-stock cost. 
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We can, of course, include this change in the calculation of the reserve 
stock carrying cost along with the assumption of per unit out-of-stock costs 
So doing gives the total cost equation 


a+r 


TiCr=eE2 i (+r — yf'(y) dy + nC, f Q — E — nf'ty) dy 


Setting the derivative of this with respect to r equal to zero gives 


à cC.F'(z) + nC, 
BG ais cC, + nC, 


For our example this becomes 
Fiz + r) = .9966 


The solution to this equation is r = 2.71(14.91) = 40.4. The rest of the 
reasoning would go exactly like our first example in this section. Once again 
it will be seen that the effect of the change in method of calculating the 
reserve stock carrying costs has been to increase the reserve stock. 

So much for various ways of approximating the optimal P-system for an 
item. What can we do about finding the true optimum ?* Thisis a somewhat 
messy business and we will only illustrate the general procedure with one 
example. ¿We will take the first of the four preceding approximations as our 
example. Thus, we assume that the reserve stock cost is fixed and that the 
out-of-stock cost is also fixed. What we want to do is to write a total cost 
equation which shows how costs vary with regard to both the order period 
and the reserve stock. Then we will minimize this equation with regard to 
both variables simultaneously. We will write the equation in terms of x, the 


amount ordered, and r, the amount of reserve stock, We will let L7 represent 


the lead time. It is simple enough to write the total cost equation: 


is the average weekly demand. We are assuming that the 
n is known for a basic one-week period. The four terms 
e, respectively: 


In this equation 
demand distributio 1 
on the right-hand side of the equation ar 


(1) Yearly ordering costs. 
(2) Yearly carrying costs for the stock to meet average demand. 
(3) Yearly carrying cost of the reserve stock. 

(4) Yearly out-of-stock cost. 


z 
The function under the integral, 8 7 O) dx. is the G+LT)th convolütion of 
the basic demand distribution. Ifv units are ordered the order period will be 


* "True" only within the bounds of our assumption that it is sufti sient to ed leulate 
the reserve stock for the order period plus lead time. as discussed earlier in this section, 
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x/Z, in weeks, so we need the demand distribution for this number of weeks 
plus the lead time. This is given by the indicated convolution of the basic 
distribution. 

The difficulty is that not much can be done with this equation without some 
more knowledge about the form of the demand distribution's convolutions. 
In our example we have been assuming a basic normal demand distribution. 
Taking advantage of this assumption and going through some annoying 
calculations given in the Appendix, we find that the optimal P-system, under 
the stated conditions, has x = 280.6 and r = 35.4. This is to be compared 
with our first approximation, for which x — 294.5 and r — 36.1. The total 
cost of our optimal P-system will be $200.26, as compared to the $200.49 
cost of our approximation and the $194.44 cost of the optimal Q-system. 

By similar methods the optimal P-system corresponding to any of our 
other three approximations can be determined. in each case the mathe- 
matics is complicated and an iterative procedure must be followed to obtain 
numerical solutions. The one requirement is that we must be able to write 
the convolutions of the basic demand distribution in explicit form. If we 
cannot do this we must use approximate methods* to achieve a near-optimal 
P-system. 

These, then, are the methods by means of which the optimal P-system can 
be determined or approximated. It will be noted that the P-system does not 
suffer as badly from some of the systemic cost deficiencies mentioned with 
regard to the Q-system. It is a comparatively straightforward matter to 
amalgamate orders from various warehouses if this is so desired, and it is 
relatively easy to use the methods of the preceding chapter to amalgamate 
orders for various items from the same supplier. The P-system is well- 
suited for central inventory control in general. Some of the systemic costs 
associated with the P-system will be discussed in the second part of this book. 
For the moment it is sufficient to note that there are compensating advantages 
of the P-system to offset, at least in part, the otherwise clearcut superiority of 
the Q-system. 


39. AN ALTERNATIVE FORMULATION OF INVENTORY POLICIES: 
SWITCHING MATRICES 


In both of the two preceding sections we have derived optimal policies for 
subgroups of the total group of possible policies. The policies might or 
might not be optimal when all possibilities are considered. All we know is 
that they are optimal for the stated subgroup. In other words, the P-system 
we derive is the best P-system but it may not-and probably will not-be the 
best possible system. We already discussed in Section 35 the fact that the 
question of discovering the optimal policy among all possible policies is an 
exorbitantly difficult one. Nonetheless, it will be useful to consider an 
approach which does permit the discovery of the optimal policy in the widest 
sense. This will enable us to show that totally different policies than the 


* The method employed in Part 2 is a particularly simple approximation. It requires 
management specification of allowable outages. See pages 236-237. 
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ones we have considered heretofore may be optimal and it will also provide a 
conceptualization of inventory policies which is of great intrinsic interest. 
This section will present the new way of thinking about an inventory policy 
and the next section will then develop the method for discovering the optimal 
policy, based on this section’s structuring of the problem. 

The approach we are going to use is based on the fact that when an 
inventory policy is specified the behavior of inventory becomes a function 
only of the probability distribution of demand and the given policy. The 
inventory level, as it moves through time, is a stochastic process and we 
propose to study this stochastic process per se. Under many circumstances 
the stochastic process is of a particular sort: a Markovian process; When 
this is the case we have powerful tools from probability theory to enable us 
to investigate the behavior of the inventory system. In the discussion of such 
a stochastic process we usually refer to states of the system and the transitions 
from one state to another. In the case of inventories the states of the system 
are ordinarily simply the stock levels. The;stochastic process of the inventory 
will be Markovian if the following holds true: given the state of the system 
at time t then no additional information concerning the states of the system at 
prior times will change the probability that the system will be in any given 
state at some future time. In other words, all necessary information about 
the system’s behavior is contained in the knowledge of its current state. How 
it got to that state has no effect on our ability to predict future states. The 
example we will use here is Markovian and we will not further discuss any 
questions concerning non-Markovian systems. 

We can proceed most simply by taking an example. Suppose we have an 
item with the following probability distribution of demand on a weekly basis: 


DEMAND PROBABILITY 
0 a 
1 4 
2 3 
3 2 


We select such a simple distribution to avoid being overwhelmed by arith- 
metic. We will further suppose that there is a one-week lag in delivery. 
Orders are placed at the start of the week and are delivered in time for the 
start of the following week. Now, any inyentory policy whatsoever can be 
presented in the form of a set of rules telling what must be done if the stock 
is at a given level. Suppose we have the policy of ordering if and only if the 
stock level is one or less and that we order three units in this event. Then 


our policy can be presented thus: 


Stock LEVEL ORDER 


eun- o 
ocouw 
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and so forth, if there are larger possible stock levels. Any policy can be 
presented in this way. For example, we might have such a policy as: 


Stock LEVEL ORDER 


kRwWN- o 
COM Nw& 


It can be seen that this policy is of the general type of the P-system. The 
first policy example was of the general type of the Q-system. Note that 
these are not precise identifications. They are meant only as helpful approxi- 
mations. We could, however, equally well have such a policy as: 


I 
STOCK LEVEL ORDER 


RwWN-O 
oouwht 


Why we might have such a policy is irrelevant. It is at least a possibility 
and such a policy fits neither of our simple types. If this policy were optimal 
we would have a case such as we have mentioned where a policy totally 
outside our simple framework is optimal. But this is a matter for subsequent 
discussion. Here we need only the fact that we can write any inventory 
policy in the form of such a table. 

Granted such a formulation of the inventory policy, we can write out a 
matrix of the transition probabilities governing the movement of our in- 
ventory level from one time period to the next. Our time period is one week 
and we will define the states of the system as the inventory level at the start of 
the week. Let us use the first of the three policies given above as an example. 
Suppose our inventory level at the start of a week is zero. Then according to 
our policy we will order three units and they will be delivered in time for the 
start of the subsequent week. Since we have no stock during the current 
week, demand has no effect on our stock level. Therefore, if we have zero 
stock at the start of the week we are certain (probability is one) to have a 
stock of three units at the start of the following week. Suppose our inventory 
level at the start of a week is one. Then we will order three units and we will 
have either three units or four units on hand at the start of the subsequent 
week. We will have three units if there was a demand for at least one unit 
during the week and our demand distribution shows that the probability of 
this is .9. Otherwise (with probability of .1) we will have four units in stock 
at the start of the subsequent week. We can summarize this by saying that if 
the system is in state one there is a probability of .9 that it will be in state three. 
in the following time period and a probability of .1 that it will be in state four. 
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These are the transition probabilities leading from state one. We can pro- 
ceed similarly and calculate the transition probabilities for each possible 
state. These can be conveniently presented in the form of a matrix: 


SUBSEQUENT STATE 
0 1 2 3 4 


CURRENT STATE 
0 00 0.0 0.0 1.0 0.0 
1 00 00 00 09 O01 
2 0,59 0:4 190: — :0:0: 0.0 
3 0.2 0.3 0.4 0.1 0.0 
4 0:077170:2-5 70,3 q4 0.1 


This matrix provides a complete description of the probabilities of movement 
of the system from one state to another, based on the given probability 
distribution of demand and the specified inventory policy. It will be noted 
that the sum of the probabilities in any row must add up to one since, 
obviously, it is certain that from any state the system must proceed to some 
state or other. r 

The key question which we want'to ask is: What will be the long-run 
behavior of the inventory level, granted the above transition or switching 
matrix? More specifically, what are the probabilities that the system will be 
in each one of its possible states? It can be proved that there are limiting 
probabilities which will obtain when the system is in equilibrium and which 
will be the probabilities that the system will be in each one of its states. To 
illustrate the idea involved, suppose that at some time in the future the 
probabilities of the system being in each one of its states are equal and, 
hence, equal.to .2, since there are five states. Granted this, what would be 
the probabilities of the system being in each one of its possible states at the 
succeeding time interval? We can answer this question directly from the 
switching matrix. The probability, in the following time period, that the 


system would be in state zero would be simply 5.2) + -2(2) = «14. The 
probability that it would be in state one in the following time period would be 
.4(.2) +, .3(.2) + .2(.2) = .18. The probability that it would be in State two 
is .1(.2) + .4(.2) + .3(2) = .16. The probability that it would be in state 
three is 1(.2) + .9(.2) + .12) 4-462) = 48. Finally, the probability that 
it would be in state four is .1(-2) + .1(2) = .04. The sum of these prob- 
abilities is, of course, one. Given the probabilities of the system being in 
each one of its states for any given period we can directly, by this means, 
calculate the probabilities that it will be in each one of its states for any 


subsequent period. 


If the system is going to reach equilibrium-and we can prove that it will- 


then the probabilities of the system being in each one of its possible states 
must remain constant from one period to another. In our above example the 
probabilities changed from one time period to the next. Thus, the prob- 
ability of being in state zero in the first period was assumed to be .2 but in the 


subsequent period the probability of the system being in state zero was .14. 
This cannot happen once the system has reached equilibrium. This fact 


4 
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provides straightforward means to determine the equilibrium probabilities. 
Let p, represent the probability that the system is in state i. Then, at equilib- 
rium the following set of equations would hold: 


Po = -SP2 + .2ps 


Pi = pa + .3p3 + 2p, 

pa = .lpa + Aps + 3p, 

Ps = Po+ 9pi + lps + 4p, 
Ps = dpi dp, 


Here we have five equations in five unknowns. However, these five equations 
are not independent-so/ as they stand, they cannot be solved. Fortunately, 
this causes no problem since we have another equation which we know must 


hold: 
Po + Pi + P2 + pa + py = 1 


We can substitute this equation for any one of the set of five and solve the 
resulting set of five equations in five unknowns. So doing, we find the 
equilibrium probabilities: 


Po = .17641 
p; = .20289 
Po = .18925 
ps = .40891 
pa = 02254 


These equilibrium probabilities have the following interpretation. With the 
switching probabilities as given, if an observation is made at random on the 
system at the start of a week then the probability that it will be in the ith 
state is given by p;. In other words, we can interpret these probabilities as 
measures of the percentage of weeks that the system will start from the given 
state. For example, 17.64% of the weeks will start with zero stock. 

These equilibrium probabilities will-establish themselves in the long run 
but “long run” here is often not so long. Generally, such a process will 
reach its equilibrium probabilities quite quickly. In any event, these prob- 
abilities describe the long-run behavior of the system and we propose to use 
them in order to determine the cost of the given inventory policy. The cost 
so determined will represent the average long-run cost of the inventory policy. 
For illustrative purposes, let us suppose that there is an order cost of $10, a 
carrying cost of $5 per item charged against each item in stock at the end of 
the week, and that each item sold represents a profit of $20. According to 
our first policy we will order whenever the stock is zero or one. From our 
equilibrium probabilities we see that the percentage of weeks we will order is 
37.93%. Therefore, our expected ordering cost per week is $3.79. If we 
are in state zero we can neither sell an item nor be charged with a carrying 
cost for the following week. Therefore, these costs and/or profits are zero 
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for this state. If we are in state one we will make a $20 profit 90% of the 
time and suffer a $5 cost the remaining 10%, of the time. Thus, the expected 
profit for this state is .9(20) — .1(5) = $17.50. Proceeding similarly we can 
calculate the expected profit for each state, exclusive of the ordering cost: 


STATE EXPECTED PROFIT 
0 $0 
1 17.50 
2 25.00 
3 25.00 
4 20.00 


The equilibrium probabilities are the probabilities that inventory will be in 
each one of these states at the start of the week so we can now calculate the 
expected profit per week of the given inventory system, remembering to 
subtract the expected ordering cost: 


.1764(0) + .2029(17.50) + .1892(25) + .4089(25) + .0225(20) — 3.79 
— $15.16 


This, then, is the expected profit per week, as a long-run average, of the stated 


inventory policy. ' 
Obviously, we could similarly calculate the expected profit which would 


result from any specified inventory policy. As another example we can take 
the second policy we suggested: 


Stock LEVEL ORDER 
0 3 
1 - 2 
2 1 
3 0 


The reader can verify that this policy gives the equilibrium probabilities: 


Po = -02439 
pi = -30894 
pa = 54472 
Pare 12195 


With these probabilities the stated policy gives an expected profit per week 


of $13.30. | lie 
It is evident that we could not hope to enumerate all possible policies and 


evaluate each one of them in order to select that one which has the largest 
expected profit. Nonetheless we would like to find the optimal policy-the 
one that does have the largest expected profit. The next section is devoted 
to a method for accomplishing this on the basis of the present formulation of 


an inventory policy. 
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The method we are going to use to determine the optimal inventory policy, 
given the formulation of the preceding section, was developed by Ronald 
Howard.* The essence of this very neat procedure is that it is a variant of 
dynamic programming. The wary reader will immediately remember our 
dynamic programming example in the preceding chapter and he will recall 
that dynamic programming methods are algorithms for converging on a 
solution. They are never so pleasing as an explicit solution of an equation 
but thanks to these algorithms we can solve numerous problems for which 
we haven't the ghost of a chance to find an explicit solution. Further, he 
will recall that we have already pointed out that verbal descriptions of al- 
gorithms are usually far more difficult than the algorithm itself. Such is also 
the case here. Despite this fact, by its use we are able to solve problems 
which otherwise we would have no idea how to solve. With this much by 
way of inducement we will proceed to develop the method. 

The simplest way to present this method is to use an example. We will 
use the example of the last section but we will make one change to start in 


section has an expected profit per we 
an expected profit per week of $22.08 


quite rapidly when we u 
know that we have the optimal policy. We wi 
of these statements here. The interested read 


typically terminates 
Second, when we terminate we 


ll not undertake to prove either 


r ning horizon) 
Let us begin by calculating the 


namic Programming and Markov P; 
John Wiley & Sons, Inc., 1960), and see the review article, xm 


Robert Dorfman, American Economic Review, 50 (1960) 


* See Ronald Howard, Dy 


ses (New York: 
"Operations Research," by 
Pp. 575-623, 
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optimal policy for i = 1, a planning horizon of one week. This is very easy 
to calculate because there-is a one-week lag in delivery after order. This 
means that the amount we order, x, is irrelevant insofar as the expected profit 
for one period is concerned. Thus, we can just as well assume that x = 0. 
We.could equally well assume it equalled anything else since it. will have no 
effect on our calculations. If we have N = 0 we will make no profit because 
we have no stock to sell. Therefore, f/i(0, x) = 0 for all x. If we have one 
unit in stock we can sell it, with probability of .9, and make a profit of $20 
or we may not sell it, with probability of .1, and lose $5 in carrying costs. 
The expected profit, then, is (1, x) = .9(20) — .1(5) = $17.50. Proceeding 
similarly, we calculate the expected profits resulting from each possible level 
of stock: 
One PERIOD HORIZON 


fi, x) = $0 
fl, x) = $17.50 
fi, x) = $25 


fi, x) = $25 
fi(4, x) = $20 
Ai, x) = $15 
Ai(6, x) = $10 


The only reason that each one of these is constant for all x is that the lag 
between order and delivery happens to coincide here with the planning 
horizon. In all of our future iterations this will not be the case. There will 
be different values for each different value of x. Weare interested in knowing 
the maximum possible return for the given planning horizon with a given 
amount of stock on hand, N. In this first iteration the values given in the 
table are constant and, hence, the maximum values for each N. To be 
consistent with our subsequent notation we will designate the maximum 
value of A(N, x), where the function is maximized oyer x, as f (N). Thus 
for the planning horizon of one week we have that f7(N) = AN, x), as given 
in the preceding table. : ? TUAM 
Now we will extend our thinking to two periods, i= 2. Taking into 
account the expected profits for two periods we want to know the optimal 
Policy to follow for each possible amount of initial inventory. This is casy- 
even if somewhat boring-to calculate since we can recognize that the total 
expected profits for two periods is the sum oftwo components. First is the 
expected profit we will make in the first ofthe two periods. Second is the 


amount of expected profit we will m 
Second period. Consider f,(0. x). 


ake if we follow the optimal policy in the 
Here we have no stock to sell, and hence 
no profit, in the first period. Naturally, we will pick x to give us the maxi- 
mum possible amount of profit in the second period. Reference to our 
preceding table shows that this is achieved with either x equal to two or to 
three, In either case we have zero expected profit in the first period and $25 
Expected profit in the second period or a total of $25 expected profit for two 
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periods if we start with N=0. Thus, J20) = f2(0, 2) = f2(0, 3) = $25. 
Now consider f,(1, x). This is the first “ typical” calculation in the sense 
that all of the remaining calculations will be similar to this one rather than 
like the special cases we have had so far. If we have one unit in stock the 
expected profit for the first period is $17.50. If the one unit in stock is sold 
we will start the second period with x units. In either case, we will use the 
optimal policy for the second period. The probability of having x units at 


the start of the second period is directly given from the demand distribution 
as .9. We can therefore write the equation: 


fall, x) = $17.50 + 9ffQ) + Aff(x +1) 


We can now use this equation to calculate 


f&(1,0) = 17.50 + .9(0) + .1(17.50) = $19.25 
Jal, 1) = 17.50 + .9(17.50) + .1(25) = $35.75 
fall, 2) = 17.50 + .9(25) + .1(25) $42.50 
fal, 3) = 17.50 + .9(25) + .1(20) = $42.00 


When the successively calculated values be: 
All we are interested in is the maximum ove 
it is clearly f3(1) = f,(1, 2) = $42.50. Interpreted in words, if we calculate 
only over two periods and if we start the first period with one unit in stock, 
then the optimal policy is to order two units. The expected profit for this 
policy is $42.50. 


We must continue similarly. We need f,(2, x). 
in stock in the first of the two periods we will make a 
If we order x units then we will have either x, (x + 1), or (x + 2) units in 
stock at the start of the second period. We can determine the probabilities 
of these three possibilities directly from the demand distribution and we have 
the equation: 


gin to get smaller we can stop. 
r x for the given N. In this case 


Starting with two units 
n expected profit of $25. 


P2, x) = 25 + SFF) + Aff(x + 1) + fait 2) 
Using this equation we can calculate: 


J2, 0) = 25 + .5(0) + .4(17.50) + 125) 


= $34.50 
fa(2, 1) = similarly ME 
420,2) = = $49.50 
40,3) = = $47.00 


Obviously, we have here f3(2) = fa(2, 2) = $49.50, In words, if we calculate 
only over two periods and if we start the first Period with two units in stock 
then the best policy is to order two units, 

We proceed to f, x) for which a straightforward Tepetition of our 
reasoning leads to the equation: 


S23, x)'— 25 + .2f F(x) + -fix + 1) + Af tx + 2+ Aff(x + 3) 


z 


* y^ 


- 
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From this equation we calculate: 
J3, 0) = $42.75 
F2(3, 1) = $48.00 
J3, 2) = $47.00 
Evidently, /2(3) = f2(3, 1) = $48.00 with the usual verbal translation. 
For f2(4, x) we have the equation: 


SA4, x) = 20 + .2f F(x + 1) + .3ff(x + 2) + .Af f(x + 3) + APT + 4) 


Using this we calculate: 

Ff2(4, 0) = $43 

f(4, 1) = $42 
Thus, f2(4) = f;(4, 0) = $43. And, finally, we calculate by similar pro- 
cedures that fž(5) = f;(5, 0) = $37. We have no need to calculate further 


for f; since it is clear that the optimal policy for an N greater than five will 


also be to order zero units. ; 
For the purposes of subsequent iterations all of these calculations are 


summarized by giving the fz values: 


N SEN) Xmax 

0 $25 20r3 
1 42.50 2 

2 49.50 2 

3 48 1 

4 43 0 

5 37 0 


These are the optimal policies for a horizon of two periods and they are all we 
need as we proceed to a consideration of a horizon of three periods. We give 
the values of x which produce the fž values for future ease of reference. 
When we want to calculate an optimal policy on the basis of a three- 
Period horizon we can simply calculate the amount we will make in the first 
Period plus the expected value of the use of an optimal policy in the two 
Subsequent periods. Thus, f3(0, x) provides no stock for sale in the first 
Period and an optimal policy for the two succeeding periods. : Inspection of 
our table of /*(N) values discloses that the optimal profit will result HC 
Order two units and follow an optimal policy thereafter. Thus, f/3(0) 
S MAN Supposé wo 1E Cee Wars a 
i first period is .50. v 4 , then 
pom orae wie it Bo the second period with x units, and with 
probability .1 we will start the second period with (x + 1) units. This gives 


us the equation: 
fl, x) = 17.50 + SZ) + La + D 
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Thus, we calculate: 
fa(1, 0) = 17.50 + .9(25) + .1(42.50) = $44.25 
fa, 1) = 17.50 + .9(42.50) + .1(49.50) = $60.70 
fa(1, 2) = similarly $66.85 
fal, 3) = = $65.00 
Clearly, f $(1) = fa(1, 2) = $66.85. 
The next equation is 


S2, x) = 25 + 5f3(x) + Af f(x + 1) + F(x + 2) 
and we calculate: 


fa(2, 0) = $59.45 
fa(2, 1) = $70.85 
fal2, 2) = $73.25 
fs, 3) = $69.90 
Thus, f3(2) = fa(2,2) = $7325. 


Proceeding in this way we can complete the table Tepresenting this 


iteration: 
N S3(N) Xmax 
0 $49.50 2 
1 66.85 2 
2 73.25 2 
3 71.85 1 
4 66.85 0 
5 60.20 0 


The calculations for ff proceed in the s 


: ame way. As an example, the 
equation for f4(2, x) is determined exactly 


as previously and is 
Ji, x) = 25 + .S5f3(x) Affe + 1) + .lff(x + 2) 
Calculating all of the f¥ values gives 


N 3(N) 


Xmax 
0 $73.25 2 
1 90.60 2 
2 97.04 2 
3 95.77 1 
4 90.77 0 


We could continue this process indefinitely but, fortunately, we don't 
have to do so. Rememberin i : 
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optimal as we have extended the planning horizon? The following table 
provides the answer to this question: 


PLANNING HORIZON 


INITIAL STOCK 1 2 3 4 
0 0 20r3 2 2 
1 0 2 2 2 
2 0 2 2 2 
3 0 1 1 1 
4 0 0 0 0 


In the body of the table are given the values of Xmax and these represent the 
optimal policies for the given combination of initial stock and planning 
horizon. Now, we are able to stop the calculations as soon as two successive 
iterations have produced the same optimal policy. This has happened in 
our case for planning horizons of three and four periods. Therefore we have 
completed our analysis. The optimal policy is the one given under the 
planning horizons on three and four periods. This policy is to order two 
units if the stock on hand is 0, 1, or 2 units, to order one unit if the stock on 
hand is three units and to order nothing otherwise. To find the long-run 
expected profit from this policy we must determine the switching matrix 
and proceed as in the last section. It will be discovered that the probability of 
zero stock, at equilibrium, is zero. The equilibrium probabilities are 


pi = .09259 
pa = .44444 
Ps = -31223 
ps = .09074 


Using these probabilities we can calculate the expected long-run profit per 
week as $23.85. This is the largest such expected profit which can be 
achieved with any inventory policy. Thus, the problem we started with has 
been solved. It will be seen that the optimal policy bears no resemblance to 
either of the kinds of policies we have previously considered. For the simple 
problem we have considered, this is the solution to the general question-the 
policy we have discovered is the optimum over all possible inventory policies. 

We did not include the ordering cost in the above example in order to 
make the reasoning as easy as possible. It is, of course, a straightforward 
matter to include the ordering cost. Since the understanding of such an 
algorithm as this one is not complete until the method is tried out the reader 
may want to try including the ordering cost himself. To do so it is only 
necessary to repeat the form of the above calculations but subtracting $10 
from the expected profit each time an order is included. One precaution may 
be noted. In our calculations above we only needed to calculate each 
FAN, x) for x = 0, I 2,. ., until /(N, x + 1) was less than f,(N, x), at which 
point we could stop. We can use the same rule here with one proviso. This 
is that we must treat f((.N, 0) as a separate case. In other words, the fact that 
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i i top the calcula- 
i(N, 1) may be less than fi(N, 0) is not sufficient reason to s Á 
A suede: the procedure is exactly the same as before. It will be 


found that including the order cost of $10 results in the following optimal 
policy: 


Stock ORDER 
0 4 
1 4 
2 3 
3 0 
4 0 


It will be seen that this policy is not one of the simple kinds that we considered 
earlier in this chapter. Constructing the switching matrix for this policy and 
calculating the equilibrium probabilities gives: 


Do = .05229 
Pı = .13943 
P2 = .20370 
Pa = .26144 
pa — .30501 
Ds — .03813 


In accordance with our inventory policy we will make an order in 39.54% 
of the weeks. The expected profit per week from this policy is $16.79. No 
other policy has a larger expected profit than this one. This value can be 


compared to the long-run expected profits of the policies we calculated in the 
last section. 


The methods of this section, then, provide means for determining the true 
optimal policy over all Possible policies. By utilizing computers we could 
apply this method for discrete Probability distributions of demand where a 
large number of levels 


1 of demand are Possible. Furthermore, we can 
mathematically investigate the behavior of 


r continuous probability distribu- 
tions of demand under analogous procedures, However, unless we consider 
only rather sharply circumscribed demand 


rath / ribed distributions we cannot achieve 
any significant general results in this latter case. Nonetheless, this procedure 


is a major step in the directi ds for determining the true 
optimal inventory policy. 


4|. OPTIMAL SELLING POLICY WITH FLUCTUATING PRICES 
Since Section 40 was devoted to a di i 

programming it will be convenient to devote this section to another use of 
these valuable methods. This exa i i i 
preceding one. The problem we are 


and variants of it frequently arise in practice. 
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fluctuating prices.* It can equally well be stated in terms of the problem of 
buying some item or commodity when faced with fluctuating market prices or 
in terms of selling an existing inventory under similar circumstances. The 
same procedures suffice to solve either variant of the problem. We will state, 
and solve, the problem in terms of selling. Suppose we already have an 
inventory which we intend to sell at some time during a demand season. The 
price of the item in inventory fluctuates during the season and we would like 
to sell, naturally, for the largest price we can get. Such problems arise 
frequently, for example, in the case of commodities such as soybeans, cocoa, 
or eggwhites. What is the optimal policy we should follow in order to 
ensure that we get the largest possible price for our inventory of the item in 
question? The other variant of the problem, buying the item would require 
us to attempt to achieve the minimum possible price. The procedure will be 
exactly the same as what follows, with some obvious modifications. 

In order to determine an optimal selling policy we need to have some 
information about the price fluctuations over the demand season. In 
accordance with the underlying theme of this chapter we will assume that we 
have knowledge of the probability distribution of prices. Such information 
would ordinarily come from analysis of historical data concerning the price 
fluctuations of previous seasons. However, there is a question of the time 
basis on which these probability distributions of price should be based. At 
one extreme we might consider simply determining the probability distribution 
of price over the entire demand season. Apart from questions of meaning- 
fulness, this kind of presentation would be of no help to us whatsoever. The 
Whole point of the problem is that there is a time period during which we can 
sell our inventory. We must have information about the price probability 
distribution at different points in time in order to have any hope of finding an 
optimal selling policy in terms of the entire time period. At the other ex- 
treme we might consider determining the price probability distribution for 
each day, say, during the entire time period. There would be nothing 
Wrong with this procedure insofar as usefulness is concerned but practical 
exigencies would generally prevent its accomplishment. The major such 
practical difficulty would be the lack of a sufficient amount of historical data 
to permit the breakdown into a daily probability distribution of price. But 
even if there were sufficient data we would not ordinarily be satisfied with 
such a breakdown. We intend to use probability distributions which ob- 
tained in the recent historical past as predictions of what is going to happen 
in the immediate future. Our confidence in such a procedure depends on the 
existence of some kind of stability in the process so described. In a case such 
as the one we are considering, any daily breakdown would be quite erratic 
and would not inspire confidence in the continuation of the pattern into the 
future, Therefore, what we will generally want will be some intermediate 
breakdown-long enough to show some stability and short enough so that 
several of the periods over which the probability distributions are given will be 


* See William T. Morris, "Some Analyses of Purchasing Policy", in Management 
Science, Vol. V (1959), pp. 443-452. 
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included in the demand season. No set rules can be given to determine the 
best way in which to accomplish this but familiarity with the price fluctuations 
of the item in question will usually help to indicate the time period which 
should be used in determining the probability distributions of price. 

Let us then suppose that for the item we are considering there is a five- 
month selling season and that we have probability distributions of price for 


each month of the season. We can conveniently present this information in 
the form of a table: 


MONTH 
PRICE 1 2 3 4 5 
$4 .10 -05 .05 .05 .05 
5 -10 -10 5 .05 25 
6 20 15 -30 35 -30 
7 30 .25 AS 25 .20 
8 AS .20 "15 AS AS 
9 .10 BI -10 .10 .05 
10 .05 -10 -10 .05 .00 


From these probability distributions we can calculate the expected prices for 
each of the five months: 
MONTH EXPECTED PRICE 
$6.80 
7.30 
6.90 
6.90 
6.30 


[LE 


The question is: Faced with the 
demand season, what would be 
such a policy would consist of r 
actual price exceeded a certain 
termine such rules? 

The method we will use i 
We will reason from the last 
procedure. Suppose that we 


se probability distributions of price over the 
our selling policy? We would expect that 
ules telling us that if in a given month the 
amount, we should sell. How can we de- 


sell in M4 only if the 
distribution for M4 we see that the probability 
moreis.55. This means that the Probability, 
only, that we will sell in M4 is .55 and the 
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M5 is therefore .45. Taking into account the individual prices at which we 
might sell in M4 we can calculate the expected price of the policy of selling 
in M4 only if the price is greater than or equal to $7 and selling in M5 other- 
wise: 

Expected price = .25(7) + .15(8) + .10(9) + .05(10) + .45(6.30) 

= $7.185 
This is the expected price of our policy for the last two months. 

Clearly, since we can do this well in the last two months we will not sell 
in the antepenultimate month, M3 unless we can do better than this. There- 
fore, we will only sell in M3 if the price is more than $7.185, or greater than 
orequalto $8. From our table we see that the probability of this is .35 and, 
therefore, the probability that we will sell in one of the last two months, at an 
expected price of $7.185, is, .65. Again we can calculate the expected price 
for the policy, including M3: 

Expected price = .15(8) + .10(9) + .10(10) + .65(7.185) = $7.770 
We will sell in M2 only if the price is greater than this expected price for M3. 
The probability of this is the probability that the price in M2 will be $8 or 
more. This probability is .45 so the probability that we will sell in one of the 
last three months is .55. We can calculate the expected price resulting from 
this policy for M2: 

Expected price = .20(8) + .15(9) + .10(10) + .55(7.77) = $8.224. 


Finally, we will only sell in M1 if we can do better than this, meaning that 
the price in M1 is greater than or equal to $9. The expected price for this 
policy will be 

Expected price = .10(9) + .05(10) + .85(8.224) = $8.390 


This is the expected price. which we can achieve by following the optimal 
policy we have deduced. The optimal policy can be summarized: 


M1: Sell only if the price is greater than or equal to $9. 
M2: Sell only if the price is greater than or equal to $8. 
M3: Sell only if the price is greater than or equal to $8. 
MA: Sell only if the price is greater than or equal to $7. 


M5: Sell. 

The expected price we can achieve by this policy is $8.39. 

One immediate question concerning this policy arises. We have nct 
considered the possibility of partial sales in different months. We have 
tacitly assumed that the whole inventory will either be sold at once or not at 
all. This seems contrary to the whole philosophy underlying. hedging and, 
therefore, the realism of our analysis can be dispute?. We will answer this 
criticism in two steps: First, we will prove that the policy of selling all or 
None is optimal. Let E(n) stand for the expected selling price per unit over 
n periods. Suppose that we have a total quantity, Q, to sell and that we 
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consider selling some partial amount, q, when there are n periods remaining. 
Let the price at which we are going to sell these q units be P per unit. Then 
the expected selling price under this policy, E(n), will be 


F(a) = EHO (pe zu 


where the right-hand side simply gives the total income which will result from 
the policy, q units sold at P and (Q — q) units sold at the expected selling 


price for the remaining (n — 1) periods, divided by the total quantity sold. 
This can be rewritten as 


E(n) = o [P — E(n — 1] + E(n — 1) 


Now, if P is less than E(n — 1) it follows that Ei 
unless we put q = 0, which means sell none. 
we will maximize the advantage of E(n) over 
the maximum possible amount, which means t 
the stock. Therefore, in order to achieve the 
per unit, and the largest total income, we nee 
For the second step of our answer we will 
given of the optimality of the “all or none" 
of mathematical legerdemain because the fact still remains that in practice 
businessmen frequently hedge. Our proof would indicate that they shouldn’t 
hedge. Are we to believe that the businessmen who d 
The answer isno. We have proved only that hed 


if the decision-maker is governed by expected values. 
is involved our argument m 


(n) will be less than E(n — 1) 
If P is greater than E(n — 1) 
E(n — 1) by increasing q to 
o put q = Q and to sell all of 
largest possible expected price 
d not consider partial sales. 
note that the proof we have just 
selling policy seems to be a bit 


42. VARIABLE LAGS BETWEEN ORDER AND DELIVERY: THE QUEUING 
MODEL 


delivery time that it can be ignored. One sim 
time instead of the average. The kinds of 


tems are frequently of the 
sort that are made to order and, hence, often on order. Typically such items 
are very expensive and, furthermore, the out-of-stock cost on such an item 
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is likely to be very high. Examples of such items might be large compressors, 
or large motors, specialized drilling tools, and so forth. It ts the inventory 
problem for items such as these that we want to consider in this section. 

The major features of such inventory problems from an analytical point 
of view are that carrying costs are very high, out-of-stock costs are very high, 
and demand is likely to be very low. As a result of the first two points the 
optimal inventory policy will usually be obtained by basing the total cost 
equation only on the carrying and out-of-stock costs. The order cost, in 
particular, is so small relatively that it can be ignored. The fact that demand 
is low will typically result in the fact that the probability distribution of 
demand will be a Poisson distribution. This fact has no particular signifi- 
cance if the lead time is constant but it does when there is a probability dis- 
tribution for the lead time. 

Let us first consider the inventory problem under the assumption that 
there is a constant lag between order and delivery. As an example we will 
assume an item which costs $4000 and for which the time between order and 
delivery is four months. We will assume that the carrying cost is 18% per 
year and that the out-of-stock cost for this item is a fixed $50,000. Finally, 
we will assume that the average demand for the item is 1.5 units per month. 
With regard to the distinguishing features we mentioned above, this item is 
more or less typical. Since the order cost is inconsequential relative to the 
carrying cost and the out-of-stock cost we would usually ignore it entirely. 
The optimal inventory policy for this item would be to determine the necessary 
reserve stock and then to order one item each time there is a demand for one 
item. Thus, the analytical problem is simply to determine the optimal 
reserve stock. This can be done immediately by the methods we developed 
in analyzing static inventory problems under risk. When the average de- 
mand is so low it will often be the case that the demand distribution is a 
Poisson distribution. This is the assumption we will make here. The 
Poisson distribution is completely determined when the mean of the distribu- 
tion is known. Further, when a random variable has a Poisson distribution 
over one time period then it will have a determined Poisson distribution over 
any greater time period. Since we know the average monthly demand we can 
determine the demand distribution for the four month period between order 
and delivery. This distribution is given by the equation: 
ezeo) 

i! 


Pe =i)= 


The left-hand side of this equation reads: the probability that demand will 
equal i units. The equation is given for a four-month period so it gives us 
immediately the probability of any specific demand during the lead time for 
the item. Expressing our total cost equation on the basis of the lag period 


between order and delivery we have: 


T.C, = 240x + 50,000 > 


i-r 


e-*(6) 
i! 


The 240 in the equation comes from ($4000)(.18)(1/3) = $240, the carrying 
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cost per unit for four months. This equation can be directly solved by 
reference to table of the Poisson distribution. We want to find that value 
of x for which T.C.,,; is greater than T.C,. This is clearly the minimizing 
value of x. Now, T.C.., will be greater than T.C, when 


240 > (e-9) 6:51 
50000 ^ * ’& xi 


Reference to tables shows that this is first true for our distribution when 
x — 13. This, then, is the optimal amount of stock to be carried. The 
procedure is, as already stated, that an order is placed for one unit each time 
there is demand for one unit. 

Thus, the inventory problem is easy to solve when the delivery time is a 
fixed interval.. What happens when there is variability in the delivery time? 
Obviously, it then becomes necessary to maintain some additional number of 
units in stock in order to provide protection against the variability in delivery 
time. The question, of course, is how many. The answer to this question 
is most easily obtained by having recourse to a different kind of operations 
research model, the queuing model. Queuing theory is a iarge and intricate 
subject in itself. In Part 2 we will again have occasion to utilize queuing 
theory as an important contributor to our Systems analysis. However, for 
our present purposes, we can quickly summarize the information which we 
need in order to utilize a queuing model to solve this inventory problem. 
Queuing theory deals with the problem of providing adequate service facilities 
to handle an arriving stream of things, or people, requiring service of some 
kind. The theory is very general and is equally useful if telephone calls 
requiring telephone wires, customers in a restaurant requiring tables, air- 
planes requiring landing strips, broken machines requiring repair, or any of 
an incredible number of other kinds of servicing needs are under considera- 
tion. Generally, queuing models are classified in accordance with the 
probability distribution of arrivals and the probability distribution of servic- 
ing times. In addition, the number of servicing units-called channels-is of 
key importance. The analogy of such models to our inventory problem may - 
not seem immediately obvious. However, we can easily point out the similar- 


ities. First, many queuing models assume a Poisson distribution of arrivals 
over time. We have 


. We] for items of low demand the 
Poisson distribution is a very likely candidate for being the demand distribu- 
tion. Second, when demand occurs for a unit it is clear that we can consider 
this to be demand for a service-namely, the service of having a unit in stock 
to fill the demand. Further, the number of units in Stock is exactly analogous 
to the number of service channels. Queuing models are concerned with such 
things as the probability of something arriving for Service and having to 
wait because all of the channels are Occupied. In our inventory problem 
this would occur if we were out of stock. Finally, the queuing models are 
constructed to take explicit account of. probability distributions of service 
times. Our service times are the times it takes to replace a unit in stock and 
precisely what we want to do is to take account o 


t f variability in these times. 
Therefore, it appears that queuing models may be just what we need. 
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The particular queuing model which we propose to use assumes an 
exponential distribution of service times. In order for this model to be 
completely applicable to our problem we would have to have an exponential 
distribution of times between order and delivery. Asa matter of fact, this is 
not a bad approximation in many cases and we will assume that it holds true 
of the item we have under consideration. It should be noted, however, that 
it is possible to extend the queuing models to take into account other possible 
distributions of service times if this is necessary.* Adhering to our intention 
to avoid further development of queuing theory in this context we intend to 
simply cite the relevant equation and we refer the interested reader to the 
literature for its derivation.t The specific queuing model we will use is 
called-in the queuing literature-an infinite source, multiple channel model 
with Poisson arrivals and exponential holding times. For this model the 
probability of an out-of-stock can be written thus: 


The relevant total cost equation is, then: 
T.C, — 240x 4- 50,000P, 


This is not a particularly pleasant kind of equation to minimize unless special 
tables of P, are available. However, it can be done without them. The 
expression in brackets in the denomination of P, can be quickly determined 
from tables of the cumulative Poisson distribution. This means that it is not 
too difficult to calculate P, explicitly for various values of x. We want that 


x for which T.C,,, > T.C, or 
.0048 > P(x) — P(x + 1) 


Trying some values we discover that 
P,(15) = .00148 
P,(14) = .00389 
P,(13) = .00964 


Therefore, our inequality first holds for x = 14 and this is the amount of 
Stock to be carried. 

Comparison with our previous result shows that we need only carry one 
additional unit in stock in order to achieve satisfactory protection against the 
Variability in delivery time. Naturally, the additional amount required 
depends on the costs and the specific data of the given problem. Sometimes 
a very much greater amount of stock is required because of the variability in 
delivery times. Other times, as here, the effect of this variability is slight. 


* See Fig. 9-3. a É 3 x 
t See ue Bibliography at the end of this book for literature dealing with queuing 


theory. 
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In any event, it is possible to handle this kind of problem by using the 
methods and models of queuing theory as illustrated in our example. 


PROBLEMS 
1. You are given the demand distribution for one week: 


DEMAND PROBABILITY 


0 2 
1 e 
2 2 
3 -l 


What is the demand distribution for four weeks? 


2. (a) Weekly demand for an item is normally distributed with mean equal 
to 100 and standard deviation equal to 8. Ordering cost is $10 and carrying 
cost is 12% per year. The price per item is $12. There is a two-week lag 
between order and delivery. Assume there is a fixed understock cost of 
$200. Using the approximate method of analysis, find the optimal Q-system 
for this item. 

(b) What is the total cost for this system? 


(c) Use the exact method of analysis to find the optimal Q-system. 


3. (a) For the item of Problem 2, use the a 


pproximate method of analysis 
to find the optimal P- 


system for the item. Make the assumption that the 
reserve stock is carried continuously in calculating carrying costs. 
(b) What is the total cost for this system? 


(c) Use the exact method of. analysis to find the optimal P-system for this 
item. 


4. (a) An item has the demand distribution of Problem 1. 

order placed on the first day of one week is delivered in tim 
first day of the following week. The item is reviewed on the 
week and an order is placed the same day according to the foll 


Assume that an 
e for sale on the 
first day of each 


owing schedule: 
Stock on HAND ORDER 
0 3 
1 3 
2 1 
3 0 
4 0 


What is the switching matrix for this item? 
(b) What are the equilibrium Probabilities for the various states? 


Each item sold produces a profit of 
$25. What is the long-run expected pr. P 
(d) Use the method of Section 40 to determine the optima] policy for this 
item. 


problems 151 


5. An item has a six-month selling period with the following probability 
distributions of selling prices in each month: 


MONTH 
PRICE 1 2 3 4 5 6 
$12 .20 AS -10 05 05 .05 
13 AS 1S 10 .10 25 25 
14 .10 -10 -30 1S .35 .30 
15 .05 .10 .20 .25 .20 25 
16 10 15 ails) -20 10 .10 
17 15 .20 10 15 05 05 
18 25 AS 05 10 .00 .00 


What is the optimal selling policy? 


dynamic invento 
under uncert 


43. GENERAL CHARACTERISTICS 


Dynamic inventory problems under uncertainty are characterized by the 
possibility of placing more than one order and by the fact that we do not 
know the probability distribution of demand. We will not repeat the dis- 
cussion of Chapter 3 here but we will recall the fact that we are including 
under uncertainty not only complete ignorance about the probability dis- 
tribution of demand but also partial information about it 

case which is far more practical and important. We are rarely totally 
ignorant and it is equally rare that we have complete information about 
anything so recondite as a demand probability distribution. This chapter will 
consider solely the intermediate cases-where we have some information but 
not enough to completely characterize the demand distribution. We will not 
consider the case of complete ignorance here at all. There is nothing more 
to say about this case than we said in the chapter dealing with static inventory 
problems under uncertainty and we will not repeat that discussion. The 
reader is referred to that chapter for a discussion of the different criteria 
which may be used in the case of total ignorance. 


As we noted in the preceding chapter, dynamic inv 
risk or under uncertainty constitute the overwhelmin 
inventory problems. The question of which of the two categories a specific 
inventory problem falls in is solely a question of what information we have 
about the demand distribution. In the authors? experience it is far more 
frequent that we do not have complete information than that we do. If this 
is true it follows that the most frequent kind of invefitory problem ds 
the subject of this chapter. 


152 


It is this latter 


entory problems under 
g majority of everyday 
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In our discussions of specific kinds of this type of inventory problem we 
will use the same distribution-free approach we used in the corresponding 
chapter dealing with static problems. The same inequalities which played a 
major role in our analyses in that chapter will be used here. Since we do not 
want to duplicate previous arguments we will refer the reader to that chapter 
for a discussion of these inequalities and a proof of some of them. For our 
present purposes we will assume a knowledge of these basic inequalities. 

One point is worth re-emphasis. In considering the results of methods 
based on partial information it should be borne in mind that it is not reason- 
able to compare them to the results of analyses based on complete information 
and then to conclude that they are not good enough because they are con- 
siderably less efficient. It is obviously the case that we can do better if we 
have complete information. However, if we really only have partial in- 
formation then calculations based on the assumption of complete information 
are meaningless. If we fully utilize all of the information we have then the 
resulting inventory system is the best it is possible to achieve-and that should 
end the discussion. If the resulting policy is not satisfactory then a serious 
effort must be undertaken to get more information so that a more precise 
solution to the given inventory problem can be achieved. These remarks do 
not mean that one should not compare the results of analyses based on partial 
information with those based on total information. Such comparisons are 
always useful in determining the worth to the decision-maker of additional 
information. We are only concerned with defending the methods based on 
partial information against illogical criticism. 

Our general approach in this chapter will be to consider the two simple 
kinds of inventory systems discussed in the last chapter and see what can be 
done with them when we have only partial information about the demand 
distribution. In so doing we must make the same assumptions that we made 
in the last chapter. First, we will assume that the demand distribution, 
whatever it is, is the same in each period and, in particular, that demand in 
one period is independent of the demand in the preceding periods. Second, 
we recognize that the problem of determining the true optimal inventory 
policy over all possible policies is a very difficult one and we will be satisfied to 
find the optimal policy within some subclass of all possible policies. Ob- 
viously, we cannot hope to develop any distribution-free analysis in analogy 
to the switching matrix formulation of the last chapter because this approach 
requires complete information about the demand distribution. Finally, we 
will try to analyze some important special problems in terms of having only 


partial information. 


44. THE MOMENTS OF CONVOLUTIONS 


As in the preceding chapter we will need to consider the convolutions of the 
demand distribution. The reason for this is that we will usually know the 
demand distribution for some given interval of time and we need to know it 
for various multiples of this basic time period. The procedure, which 
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obtains the demand distribution for the longer period, requires taking the 
convolutions of the original basic distribution. This problem may appear 
to have originated with the needs of our analysis of dynamic inventory 
problems. However, this is not really true. The problem is equally likely 
to be involved in the static analyses. We did not introduce convolutions in 
the static analyses but this was purely for pedagogic reasons. , Even in the 
static analysis we might have to take the convolutions of a given demand 
distribution. This would occur, for example, if we knew the demand dis- 
tribution for a one-month period and had to place one order to cover a one- 
year period. In this event we would need to convolute the one-month 
distribution in order to determine the one-year demand distribution. 

The inequalities which we used for our distribution-free analyses of static 
inventory problems, and which we are going to use again for the dynamic 
problems, are based on various moments of the demand distribution. For 
the analyses of the preceding chapter it was necessary to assume complete 
knowledge of the demand probability distribution and it was assumed that 
this probability distribution was the same for every equal time period. We 
will assume, in our distribution-free analyses, that the probability distribu- 
tions of demand for equal time periods are equal but we will not assume that 
we have complete information about the distribution. We cannot, therefore, 
convolute the basic probability distribution. However, we will need to know 
how to reason from the moments of the basic distribution to the moments of 
the convolutions of this distribution if we hope to use our inequalities on the 
various convolutions. Fortunately, the relationships between the moments 
of the convolutions and those of the basic distribution are quite simple, at 
least for the lower order moments which we will be using. Let us suppose 
that the demand distribution is known for some fixed time period. Then the 
ith convolution of the demand distribution, f(y) dy, will be the demand 


distribution for i time periods. Let the moments of the basic distribution be 
2,87, ms, and my. Then it can be 


shown that the corresponding moments of 
the ith convolution will be 
2, = iz 
SEMINE 
mai = ims 
Da = dm, + 3i(i — 1)st 


The equations for the higher order moments can also be written out but they 
become considerably more complicated 


kurtosis, y, and y2, may also be mentioned with regard to convolutions. In 
the Appendix we derive the fact that 


Yi 
yu = = and = 
Lt Vi Y2,i 
Not all of the kinds of information we 
the demand distribution can be expressed 
static analyses we often utilized the inform 


might reasonably have co 
in terms of the moments. 
ation that the demand distri 


ncerning 
In our 
bution 
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was symmetrical. Extending this to the convolutions of the distribution we 
have the fact that if the original distribution is symmetrical then so will be 
all of the convolutions of the distribution. Similarly, if the original distribu- 
tion was unimodal then so will be all of the distribution's convolutions. 
No general expression can be given which would relate the modes of the 
various convolutions to the characteristics of the original distribution. 
However, for the Pearsonian family of distributions if y, and y; are small we 
can derive the following simple approximation: 


iM, = im, — 45 


We will not present here any methods for reasoning from the moments about 
the mode of the original distribution to the same kind of moments for the 
convolutions of the distribution. 

These are the relationships we will need to use in extending our distribu- 
tion-free analyses to dynamic inventory problems. Exactly as in the case of 
the static analyses, we would like to have methods for utilizing whatever 
information we have concerning the demand distribution. The inequalities 
we are going to use seem the most expeditious means for accomplishing this 


purpose. 


45. Q-SYSTEMS FOR INVENTORY CONTROL 


It will be remembered that the Q-system of inventory control calls for a fixed 
order size and a variable order period. In terms of the analysis of this kind 
of system the basic point is that there is need only for reserve stock to protect 
against fluctuations in demand during the lag time between order and 
delivery. In our original discussion of the Q-system we first used some 
approximate methods for determining the optimal Q-system and then 
formulated an exact equation, which we found gave very nearly the same 
solution as the approximate solution. We will follow the same procedure 
here as we proceed to develop some distribution-free analyses of Q-systems. 

The approximate method of analysis consists of determining the expected 
order period for the given item from the optimal lot-size equation and then 
determining separately the reserve stock for the lead time. We will use as an 
example the same basic data we used in the preceding chapter. For this 
item on a weekly basis we have 7 = 50 and s = 5. The price per unit is $5, 
the carrying cost is 12%, per year, and the order cost is $10. The lead time 
is three weeks. Weare not assuming here, of course, that demand i normally 
distributed since such an assumption would preclude the need for distribu- 
tion-free analysis. For this item the optimal lot-size equation gives an 
optimal order size of x, = 294.4, as calculated in Section 37. This is equiva- 
lent to an average order period of 294.4/50 = 5.89 weeks. Our procedure is 
to determine separately the optimal reserve stock as protection against 
demand fluctuations in the three-week lead time period. As a reasonable 


Approximation we can assume that this reserve stock will be carried constantly 
in stock and. therefore, the carrying costs for it can immediately be expressed 
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ona yearly basis. We will be balancing these carrying costs against the cost 
- of being out-of-stock. Alternatively, if the out-of-stock cost is difficult to 
measure we may be satisfied to use some performance standard established- 
genérally intuitively-by management. There are, thus, three cases which can 
be considered: 
(1) Performance standard set by management. 


(2) Fixed out-of-stock cost regardless of the number of units short. 
(3) Per unit out-of-stock cost. 


Let us begin with the first case and assume, as in Section 37, that management 
has set the standard that the level of stock should be sufficient to ensure that 
there is not an out-of-stock more than one time in a thousand lead time 
periods. ` Using such a performance standard does not permit the evaluation 
of the total cost and we can directly utilize our inequalities to determine the 
necessary reserve stock level. Thus, if all we know is the mean and standard 
deviation of the demand distribution on a weekly basis then we know that the 


demand distribution on a basis of a three-week period will have a mean of 150 
and a standard deviation of 8.66. Using Tchebycheff's inequality we know 
that 


P(y — 150 > 8.664) < zB 


We want this probability to be less than or equal to .001. Therefore, 
k = V1000 = 31.62 and we need to carry 8.66(31.62) = 273.8 units in 
Teserve. Now, this is undoubtedly an absurdly high level and we will return 
to some comments concerning it shortly. First, however, we will point out 
that further information about the demand distribution would enable us to 
find a more precise:level for the reserve stock. If we know the demand 
distribution is symmetrical we can immediately set 1/2k? = .001 and 


find k = 22.36 with a resulting reserve stock of 193.6, Suppose we know 


that the measure of kurtosis, y, distribution equals zero. 


for our demand 
Then we have immediately 


[802 > Key] CH acts oT ftia 
[Cy ) UE e senis «001 


With y; — 0 and, therefore, ¥2,: = 0 we calculate that k = 6.76 
Stock of 58.5. Similarly, -16 or a reserve 


s other inequalities if we have 
distribution. 


ẹ in the 


However; this contradi 

ave. 5 adic- 
tion is more apparent than real because we Suggest absurdity on the enam 
the imputed cost of being out-of-stock, not on the mere fact that the reserve 
stock was high. To illustrate the argument involved let us turn our attention 
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to the second case listed above, where there is a fixed out-of-stock cost. To 
analyze this case on a distribution-free basis, and still using the approximate 
analysis, we would set up the total cost equation: 
52 
t 
where z is the weeks per order period, 52/t is the order periods per year, K is 
the fixed cost of being out-of-stock, and P(y > r) is the probability of being 
out-of-stock in the lead time interval. Using the Tchebycheff inequality we 
would write: 


T.C, = rcC, + = KP(y > r) 


1 
T.C, < ks,cC, + 2 Kx 


The expression on the right-hand side of this equation is the :naximum 
Possible total cost for a given k and we minimize this maximum with regard 


to k: 


UD CM 104K _ 

di S,cC, Wane 0 
& is Je 
FN SCG 


From this minimizing expression for k it can be seen that K is a function of 

K and, hence, that K is a function of k in the sense that a specified value of k, 

the other quantities in the expression being known, imputes a value of K. 

For our first example above we found k = 31.62. From this we calculate 

that 

K?ts,cCe 
104 


Now, this is a very large value for K, considering the cost of the item. Of 
course, it is possible that such a value of K is correct but it is certainly 
extremely unlikely. This is the reason we commented on the probable 
absurdity of the determined value of k. Now that we have derived the 
expression for the optimal value of k we can use it directly if we know K. 
Thus, suppose that for our item, K is determined to be $1000, still a large 
value. Then a direct application of our equation for k gives: 


zu y — (04000 / i55 
= A (S:89)(8.66)5)C12) 


= $9303 


with a resulting reserve stock of 129.9. l f $ 
For any one of the inequalities which is appropriate a corresponding 


analysis can be made... If we know both the second and the fourth moments 
about the mean of our demand distribution-summarized by a knowledge of 
Ys-then a repetition of the previous argument produces the following equation 


4k(k2 — 1) ts,cC. 


(a tye Per ^ 3KGuc2 
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This equation cannot be conveniently solved explicitly for k but, for any 
specific values for the other quantities, it can be solved and will give the 
optimal k for the inventory problem in question. For example, if we know 
that y2 = 0 for our item we calculate that k is very nearly 6.3 ora reserve stock 
of about 54.6. À 

Let us now consider the exact solution for.this case. We will use the total 
cost equation based on the Tchebycheff inequality as an example. For the 
exact solution we must write one total cost equation which expresses both 


ordering costs and reserve stock costs. We will write this equation in terms 
of 1, the number of weeks covered by one order: 


TG, < 52C, " tZcC, 


52K | 
7 2 + ksicC. + TE 


with derivatives giving, with respect to t and k 


_ 104K 2 _ 104(C,k? + K) 
Treaa and iiz Rc, 


Thus, we can equate these values for t and solve for k: 


104zcC,K? 
Mec y- = CI? + K) 


Once again, this is not an equation suitable for an explicit expression for k 
but the equation can be solved for any specified set of values for the other 
quantities. Thus, for our example, using K = $1000, we calculate that 


k = 14.04. This gives t = 7.23. Thus, the optimal policy calls for an 
order size of 7.23(50) — 361.5 units and a 


aightforward manner, 
third case, where there i i 


developed in Section 25: This mak 
affect in any way the basic conceptu 


al framework of t 
Using the approximate method 


of analysis and using the Tchebycheff 
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inequality as an example, we have the total cost equation-based on the results 
of Section 25-as follows: 


52C,s, (1 1 1 
T.C, < ks,cC, + xe (z a ac] 
This equation must be minimized with regard to k. We find the following 
equation: Y 


UXOR LV ELS 
266, * = 2k? +2k +1 


The positive root of this equation is the desired optimal value of k. Assum- 
ing that for our item C, = $50, we find that k is very nearly 27.5 or a reserve 
Stock of 238.2 units. This amount of reserve stock would result in a total 


Cost less than or equal to $461.60 per year. 
For the exact analysis of the same example we would start with the total 


Cost equation: 


S2C ARIZ CGE PE pr o ae 
T.C, < 7 + 2 + ks;cC, + SEDES l + 2 + ac) 


This will be a convenient place to indicate a simplification that can sometimes 
be made in this kind of equation. We observe that k was quite large in the 
approximate solution so it appears legitimate to assume that it will be fairly 
large in the true optimal solution. If this is so the last term in the parentheses 
of the total cost equation becomes insignificant. Thus, for k = 27.5 we have 
1/6k? is less than .00001. Under these circumstances a perfectly satisfactory 
approximation can be achieved by dropping the 1/6? term from the equation. 
So doing, taking the two derivatives with respect to ¢ and to k, and per- 
forming some algebraic manipulations gives the following equation: 


26CE [1 , 1M — n x) 
2568 (s + a) = C + Cii (x + gs 


This is another awkward equation which needs to be solved for the specific _ 
In our case, and using C, — $50 we find k — 20.9 or a reserve 


problem. : : 
stock of 181.0, For the solution to the above equation, ¢ is calculated from 
52C, (1 1 
rear (a d e) 


For our example, t = 10.4. Thus, this policy would require average orders 
Ofx — 520. The total cost for this policy would be less than or equal to 


$420.68. i. 
These, then, are the methods which can be used when partial information 


is available and it is desired to determine a Q-system. We have only given 
One example of each of the various approaches but in each case the procedure 
Would be exactly the same if another inequality were used than the one we 
chose for our example. As a general rule, the numerical computations are 
annoyingly lengthy but this is only because we used straightforward numerical 


` 
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methods in zach case. Any of these equations can be solved with com- 
pletely adequate accuracy and quickly if nomograms or ancillary tables cH 
prepared. Obviously, this is not worth doing unless there are a number o 

items for which the same kinds of calculations must be made. But, in this 
event, the procedures are quite rapid and efficacious. 


46. P-SYSTEMS FOR INVENTORY CONTROL 


It will be remembered that the’ P-system is characterized by having a fixed 


order period and a variable order quantity. As was discussed previously, 
the determination of the optimal reserve ‘stock for the P-system should, 
theoretically, require consideration of the complex interactions among 
successive orders. . However, here we will continue to make the generally 
accepted simplifying assumption that the Teserve stock can be satisfactorily 
approximated by basing it on the demand fluctuations for the order period 
plus the lead time. The analysis of this system by distribution-frée' methods 


is quite parallel to the analyses of the Q-system in the Preceding section. 
Therefore, we will not give so many examples. 


We can begin by considering the distribution- 
mate method of calculation. The approximation 
lot-size equation to calculate the order size and 


free analogy to the approxi- 
Consists of using the optimal 
» hence, order period. Then 


, one should round the gi 
nearest integral value-or the | e discussed in 
Chapter 4-and use this for th However, we prefer 
For the approximate 


value and those who 


€ subsequent calculations, 
al order period instead, 
easy to use the rounded off 


r the exact analyses it is necessary to use the exact, 
-non-rounded value to avoid the mathematical horrors w 


; hich otherwise result. 
The use of the exact value in these cases can be considered to be an approxi- 
mation to the use of the rounded values, 

Returning to our example, 
when we discussed P-systems 
the cost of the reserve stock. 
use the simpler method. 
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In this equation 5; = 3s.ss = 5V8.89 = 14.91. This equation, which is 
based on a fixed out-of-stock cost, K, is precisely the same as the analogical 
one in the preceding section. The difference, of course, resides in the longer 
period for which the reserve stock must be protection against demand 
fluctuations. The minimizing expression for k is the same: 


104K 
sj 
is [es 


For our example we calculate, assuming K,— $1000, that k\=10.9.. The 
Teserve stock is therefore 163.0, Total costs for this policy are $324.36. 
Comparing this with the analogous maximum total cost for the Q-system 
when the approximation was used, we find that the latter was $293.82. This 
is in accord with our expectation that the O-systemwwill have lower total costs 
than the P-system. i 

It is not necessary to give an example of, the exact method of analysis for 
this case since we show in the Appendix that the exact analysis gives the 
same expressions for ¢ and k which we, have obtained by the approximate 
analysis. To the degree that coincidences can occur in mathematical analysis 
we can say that this is a coincidence but it does spare us the necessity of 
having to consider the exact analysis for this case. 

The approximate method for per unit out-of-stock costs proceeds exactly 


as for the corresponding analysis of the Q-system. Basing our analysis on 
the results of Section 25, we can write the total cost equation for the reserve 


Stock as JE 1 1 1 
H5 
TC, < kae, + E (E+ ae gio) 


for the Q-system analysis. The difference, of course, 


the same equation as e 
P The equation for the minimizing value of & is also the 


is in the value of sı. 
same 

IcCe ps = 2k? + 2k + 1 

26C, 
This ion i ctly the same in appearance as the corresponding equa- 
tion fos the Q'syitel x The difference, of course, 1S that here ¢ includes the 
lead time and, hence, equals 8.89 instead of 5.89, as in the Q-system analysis, 
With C, = $50. the solution of this equation is k = 22.6. This gives a reserve 
Stock of 337.1. The total cost of this policy will be less than or equal to 
$575.94. ; 

Ed the exact analysis of the same example we would start with the total 


Cost equation: E 52C 
A 


aT UM e 1 1 
yi ^ x = = p 
AiG, =e a Mee + kséCe J sales E +1T (i tat ac) 


i i i is the most frightful and 
Of all o uations we have Written, this one is frightf 
M E n^ ugly. unpleasant, and unesthetic. However, it will give the 
- > 
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optimal inventory policy under the stated conditions. Actually, it is less 
difficult to minimize than many of the others we have used. Probably the 
simplest way is to take the derivative with respect to k and solve for x, giving 


52C, (1 1 1 
x= 2 [26 (tetz) tt] 

Now we can try various values of k, finding the corresponding values of x, 
and work directly with the total cost equation till we find the minimum to a 
sufficient level of approximation. Proceeding in this fashion we discover 
that the total costs for k between 22 and 23 are all less than $577. On 
both sides of this range of values for k the total costs go up. Therefore, 
the optimal value of k is in this range and it makes little difference exactly 
where. Asa result we can assume that k = 22.5, with the same solution we 
found when we used the approximation. 
These examples s^ould suffice to indicate how partial information can be 
utilized in determining optimal P-systems. There can be no doubt but that 
some of the other inequalities which may be used can lead, for specific models, 
to awkward equations-as, indeed, did the Tchebycheff inequality in one `r two 
cases above. However, we will emphasize for the last time that this is a very 
minor matter. Nomograms and similar devices can always be constructed 
to help in quickly and accurately determining the solutions to the equations 
derived. The essential point is that it is Possible to utilize 

ation in constructing inventory control Systems which are 
the bounds of the given information and within the given class 


optimal within 
of systems. 


47. THE USE OF CENTRAL WAREHOUSES 


reserve stocks. 
Some items will typically be stocked by all of the 


The possibility 
Teserve stock to 


amount of carrying charges. 
costs for extra handling and e 


xtra transportation. 
a net saving could result. 


This is the situation whic! 
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The possibility of such a saving results from the fact that the standard 
deviation. of a sum of random variables goes up as the square root of the 
number of variables in the sum. This means that a given level of protection 

. against demand fluctuations is relatively cheaper for a sum of such variables 
than it is if the same level of protection is maintained for each variable sepa- 
rately. We have already seen examples of this in terms of the convolutions 
of demand distributions, and the case of individual warehouses is exactly the 
same. 

We will suppose, then, for simplicity, that the demand at each warehouse 

for the given item is the same, with mean equal to = and standard deviation 
equal to s, both on a monthly basis. We might use any one of our inequalities 
as the basis for our analysis, depending on the nature of our partial informa- 
tion. As a typical example we will assume that we know that the demand 
distribution-the same for each warehouse-is unimodal and symmetrical. 
Finally, we will assume that there is a fixed out-of-stock cost, K. The ware- 


houses use a P-system of inventory control and the policies are determined by 


the approximate method. In other words, the order quantity is determined 


from 


_ PEG 
Xo = A TC, 


If the lead time is LT months, it 


and th = |22/x, orders per year. 
edes DU dn tock willbe based will be 


follows that the time period on which the reserve S 
dac 3E + LT. For each warehouse this means that the standard deviation 


of demand for the order period will be given by 
* s, = svt 
stribution we would use the 


For the stated information about the demand di 
equality 


2 


A= zz ks] < JKE 


A Sto Ex s this directly in terms 
However, it wi e convenient for us to express URDU. 
er, it will be mor in terms of r is: 


Of the reserve stock, 7, The same inequality 


i stock is. of course, the right-hand 

The maxi lity of going of-stock is. of course, g a 
maximum probability of going S A OMEN anc 
Side of this preso We will designate this probability as «, Therefore, 


164 dynamic inventory problems under uncertainty | chap. 6 


The reserve stock would be determined by minimizing 


^ 2 
me Ste (=) (=) 


t JN9r? 


Substituting s; = s/f this becomes 


8Ks?. 
T.C, = rcC; + E 
This is minimized by 
,/16Ks? 
pmo 
3cC; 


which imputes a value to « of 


2 1/3 t cC.s 2/3 
- 6 (C) 
This, then, determines the reserve stock policy which each warehouse will 
follow if left to its own devices. We want now to investigate whether any 
savings are possible of the sort we discussed in the first paragraph of this 
section. Obviously, there cannot be any savings if there is only one ware- 
house apart from the central warehouse. We will assume that every ware- 
house will carry sufficient stock to meet its own average demand because it is 
clear that no savings could result from having the central warehouse carry 
part of this stock. Our analysis will be based on the plausible assumption 
that no warehouse will be entitled to withdraw from the central warehouse 
more reserve stock than it assigned to the central warehouse. 

It is obvious that if a warehouse assigns part of the reserve stock de- 
termined above to the central warehouse then the probability of an out-of- 
stock will increase for the assigning warehouse. "Whereas the probability of 
an out-of-stock was originally « it will now be some probability greater than 
this, «,. If the warehouse goes out-of-stock it will call back its assigned stock 
from the central warehouse. The probability that it will have to do this will 


be designated B. Clearly, 
B= ey — @ 


It will generally be the case that B is small. This being so, the probability 
$(i) that i warehouses will, in the same order period, call back stock from the 
central warehouse will be given by the Poisson distribution: 

Mo-n8 
a) = PE fori = 0,1... 50 


where there are n warehouses, 
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costs. Each warehouse will send an amount of reserve stock corresponding 
to B. The central warehouse must maintain a total probability of being 
out-of-stock of«. Ifthe sum of the probabilities, 4(/), from j to n is less than 
or equal to « the central warehouse will have maintained the necessary level 
of protection and will simultaneously have effected a savings of (m — j) 
times the average number of units sent by each warehouse. Thus, we want 


ian izn 1o-n8 
S y= X0 se 
isi i=j , 

ed for various combinations of values 
as (n — j) decreases. We want to 
hich maximizes the savings. 

its to be assigned to the central 
lar value of $.: From 


This equation will ordinarily be satisfi 
of j and B. In general, B will decrease 
find that combination of 8 and (n — j) W 

We need to know the number of un 
warehouse which corresponds to a particu 


2s? 
eod 
we find 
psi ve 
r= oz = Asi s 


Exactly as r depends on « and represents the total reserve stock which the 
individual warehouse would carry if it carried all of its own reserve, so there 


is some r, corresponding to «; and representing the reserve stock the individual 
i i use carries part of its reserve. 
warehouse will carry if the central wareho p: : 


Obviously, we must have rı < 7- Since «; = « + B we have 


I 
ry = si Ja 


The amount of stock, in units, corresponding to B is, then, 
1 


Rigs ath abe ees) 


The savings in units in reserve stock will, therefore, be 


aes poma Jf 1- i ST) . 


A imi a choice of (n — j) and 8 
It is thi i want to maximize by a chore iir da : 
In LX US tables of the cumulative Poisson distribution and 
ali - 

little calculation. edure with an example. Suppose we have the 


Let us illustrate the proc 


following data: «= 516000 Po pec month 
C. = -12 ge 
C, = $50 n = 10 warehouses 
LE LT = 3 months 


K = $50000 
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We calculate that x = 11.2, £ = 8.6 months, r = 5.18, and a= :0722. This 
means that we want to consider those Poisson distributions for which 


> gli) < .0722 

i=j 
Let us begin by putting j = 1. For what Poisson distrivution is the prob- 
ability of from 1 to 10 successes, inclusive, —.0722. From the tables the 
answer to this is that the Poisson distribution With mean of .075 meets this 
requirement. Thus, 78 = .075 and £ = .0075. Therefore, « + 8 = .0797 and 


1y E aet 18. The total savings in units for this case would 
a « 4 B 


therefore be (n — J)C471)2.93)(.18) = 2.24 units. Continuing in this way 


we find that the maximum savings occur for j — 4, This gives B = 1155 
and a total savings of 13.4] units. 


The expected number of withdrawals 


per order period would be nB = 1.55. 
The amount assigned by each warehous 


€ to the central warehouse would be 


cms) ( T cs Jy) 22.24 


The central warehouse can maintain the 
9.0 units in stock instead of the 22.4 re 
all of its own reserve, This represents 
carrying costs. 


The opposing costs consist of the requisition costs for withdrawals and 
extra handling and transportation costs. 


of withdrawals per period is 1.55, or 2.16 per year, it is possible to determine 
these opposing Costs and see to what de: 


Obviously, if they are greater than the 
into effect. 


given level of protection with only 
quired if each warehouse maintained 
à saving of about $25,700 per year in 


PROBLEMS 


1. An item has average demand of 100 units per week and standard deviation 
of demand equal to 10. Order c 


Ost is $10 and carrying cost is 1257 per 
year. The price of the item is $6. Assume a fixed understock cost of $100. 
The lead time is three weeks. 

(a) Use the Tchebychefr ine 
to determine the optimal Q 
(b) Assume that the deman 


quality and the approxim 
-system for the item. 


ge of understocks was set at .001. 
Se? 
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(e) Suppose it is known that y; = 0. Use the approximate method of 
analysis to determine the optimal Q-system. 

(f) Under the assumptions of (a), use the exact method of analysis to find 
the optimal Q-system. 

(g) Assume a per unit understock cost of $10. Use the Tchebycheff 
inequality and the approximate method of analysis to determine the optimal 


Q-system. 


2. Determine the optimal P-system for the item of Problem 1. Parts (a)-(g) 
of this problem correspond to the same parts of Problem 1. 


aula 
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part two 


implementation phase: the theory of practice 


A properly chosen inventory system will minimize costs by balancing the 
antagonistic cost systems. If an important cost or set of such costs is over- 
looked or purposely ignored, the analysis produces incorrect conclusions. 
Many times the evidence of such errors of omission or judgement is lost- 
hopelessly entangled and absorbed in the amalgamated overhead of non- 
specific costs which are felt but not recognized by the company. 

In particular, the set of costs which we have named systemic costs are 
susceptible to formal analysis but they are likely to be excluded from even 
the most comprehensive inventory analyses. We must ask why this is so. 
Is it the fact that they don't really matter? Perhaps the measurement of 
Systemic costs presents insuperable problems? Or maybe, management 
prefers to use its intuition with respect to such decisions because of habit and 
tradition? Let us for the moment reserve judgement on the matter. 

First of all, we shall explain the structure of Part 2 of this book, It 
consists of three chapters which treat in turn: 

(1) The evaluation study: design of the inventory study; 

(2) The inventory study: design of decision procedures: 

(3) The data-processing study: design of operating procedures. 

We recognize that these three phases coexist in any inventory study. 
The boundaries are arbitrary and since no well-defined dividing lines exist it 
is sometimes reasonable to categorize a topic as belonging with equal right to 
more than one of our divisions. But this fact does not detract from the 
usefulness of the structure. It has the advantage of centering attention on 
relatively homogeneous sets of systemic costs. It is also intended to do away 
with the prevalent notion that the subject of inventory is totally defined by 
listing all possible inventory models. Certainly, models are at the very heart 
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of our inventory study, but without recognition of the phases of the study 
and the way in which theory interacts with practice, the models are like giants 
with feet of clay. That is why Part 2 is called the implementation phase. 
It is concerned with both theory and practice. In the process of studying 
implementation we discover that theory relating to subjects other than 
inventory models concerns us as well as the theory of inventory itself. We 
find that dependencies exist which bind the consequences of decisions in one 
area to the results obtained in another. Having shed some light on our 
direction and approach, let us proceed to the first point-the evaluation study. 

Inventory studies cost money and they haye a definite utility. Un- 
fortunately, both the cost of the study and the utility returned are most easily 
determinable a posteriori. ltis our purpose in this chapter to find out what 
can be done about obtaining a priori estimates of these opposing factors. 
Based on such estimates a decision will be made to study-or not to study-the 
system. Either decision can be wrong. That is obvious. What is not 
obvious is that both decisions can be wrong. It follows then that a dichotomy 
(to study or not to study) is not sufficient. A large range of study possibilities 
exists just asa large range of inventory models, forecasting methods, and data- 
processing procedures exists. We will direct our attention in this chapter to 
the various controls which management can exercise through study design 
over both the costs of studies and the benefits derived. 


48. ELEMENTS OF THE INVENTORY STUDY 


What is entailed in the study of an inventory system? To begin with, a 
decision is required. This is a decision spawned by dissatisfaction with the 
present state of affairs and based on the belief that a substantial savings can 
be obtained by allocating remedial efforts to the inventory area. It is cer- 
tainly apparent that management would turn its efforts in other directions if 
the likelihood of a higher payoff existed in other areas. Investigations to 
improve efficiency and effectiveness are limited by the resources of time, 
adequate personnel, and money which management can call upon. Further- 
more, careful planning and supervision are required to insure that an investig- 
ation will not create operating and personnel problems. The care entailed 
to avoid disruption has a definite associated cost which in its own right should 
be balanced against the costs of disruptions. Such costs are indeed tenuous. 
They are not available from accounting records. One can readily understand 
why management ignores formal analysis and prefers to use its intuition and 
experience in determining which areas of the company's operations will be 
most fruitful for investigation. 

Unless management has definite reason for doing otherwise, it is ad- 
visable that an evaluation of the present system should precede the design of 
a new system. In this way it can be determined whether or not the present 
system should be changed-in what way it should be changed-and to what 
extent it should be changed. 


The cost of the evaluation study is nonrecoverable if at its conclusion the 
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decision is made to stop. This decision to stop is always logical if the total 
cost savings of a new system will not provide a better return on the capital 
invested in the study than on that capital invested in another way. Thus, 


Criterion 1: 


Annual savings obtained from the inventory study sc 
Cost of the inventory study eae 


where C, is equal to the best return on investment that management can get 
if it invests its money in another way. It is the purpose of the evaluation 
study to provide a priori estimates of both of the factors in the left-hand side 
of the equation above. The estimation of C, is management's responsibility. 
It is, however, within the scope of management science to help the executive 
determine an appropriate Ce. It should be noted that this is the same C, 
which appeared in the extensive treatment of inventory models in the first 
part of this book; i.e., an interest rate per unit of time. The savings and costs 
are computed to cover the same interval. 

The only way that the cost of an inventory study is recoverable is through 
the time stream of savings. Therefore, the criterion which is shown above 
may not be at all satisfactory if the savings derived from the study are short- 
lived. Such a condition might prevail if the results of the inventory study are 
not transferable to new product lines which are intended to replace the present 
product mix. Under such circumstances, the company may prefer a different 
criterion, For example, a three year breakeven period may be the objective. 


We can then write Criterion 2: 


Required savings at present worth (for years) zs 
Cost of the inventory study E 


where n = 3. 
This criterion can also be used when the benefits of an inventory study 


are applicable to the company over a long period of time. Generally the 
fixed costs of an inventory study which go primarily to support an investigat- 
ing group, do not have to be repeated. The group determines and sets 
up methods of analysis and rules for decision-making which work for a 
variety of cases-all of which are foreseeable in the company'sfuture. Variable 
costs of the study are likely to be repeated as new items join the product line 
and as presently carried items are updated.* This fact can be taken into 
account by computing the cost of the study as a fixed cost plus the present 
worth (for » years) of the variable components. 

It is also possible to use a very long-range criterion. Here the manage- 
ment states that they will be prepared to accept an inventory study if the 
present worth (for lifetime) savings are as follows, Criterion 3: 


Required savings at present worth (for lifetime) zy 
Cost of inventory study ra 


where f > 1. Here too, we can treat the study cost as being composed of 


* The subject of updating is treated in Chapter 9. 
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fixed and variable components. gat m fixed cost plus the present worth 
i components based on a lifetime stream. : 

s EEA each criterion we have given could lead to different 
decisions.* Our purpose here has been to firmly establish that the inventory 
study starts in the anonymous headwater of management prerogative. And, 
in the exacting tradition of the Order of the Garter, “Honi soit qui mal y 
pense." But on the other hand, it is management’s duty to supply the 
criteria necessary to render their objectives unambiguous. For comparison 
of the different criteria we can make use of the following relations: 


Jj ` 

iteri : 7 52 (Gh 

Criterion 1: Pen c 
UP M NE 

Criterion 2: pan = 
mie pb 

Criterion 3: —T—L 
vds Xi + oMX2 f 


4 = savings per year, 

X1 — fixed study costs, 

Xa — variable study costs per year, 

P» = present worth of $1 obtained at the end of each year for n years. 


Teen 


# = present worth of $1 based on a lifetime stream, 


x ( + 2) 
-(— 


C. = carrying rate per year. 


Once the decision has been made 
inventory study and management has specified its criterion, the remaining 
major elements of the inventory study are as follows: 

(1) A representative sample of items is analyzed with respect to costs, 
demand, lead time, etc. 

(2) Based on the simplest 
with the actual performance. 
and evaluated by management's stated criterion. 

(3) The decision is made to continue or to stop the study. 

(4) A complete analysis, subject to grouping rules (see Section 51), is made 
for all items. 

(5) A minimum but sufficient number of inventory models are designed to 
cover the various company activities, 

(6) The proposed systems are tested. 
satisfactory performance is obtained. 


to enter the evaluation phase of the 


models, theoretical performance is compared 
Expected savings and study cost are derived 


Indicated changes are made until 


* See Problem 1 in the problem section of this chapter. 
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These steps are, of course, only representative. It is not unusual for an 
inventory study to proceed sequentially in both breadth and depth. By 
breadth, we mean that only a portion of the total number of items are placed 
under the new controls and gradually the remainder are added. By depth 
we mean that a simple set of inventory rules is introduced at first. These 
are gradually replaced by more complex rules. 


49. INTUITIVE AND JUDGEMENTAL APPROACH 


The cheapest method of evaluation is by means of executive judgement. Ina 
company which possesses an effective communication system, a well-designed 
record system, and an alert management, it is quite possible that reasonable 
estimates can be made. Management’s experience with understocking, 
overstocking, spoilage, discounts, load on the ordering department, char- 
acteristic lead times, and the effects of their variability on inventory levels, 
must be complete. At the same time, management must be familiar enough 
with inventory theory to be able to estimate the improvement that would be 
possible if different inventory policies were adopted. Based on the experi- 
ence of other companies, it would be possible to estimate how much real 
improvement might be obtained by altering the present system. Lastly, a 
reasonable figure could be assigned to the cost of such a study. 

Usually, management cannot satisfactorily perform the functions above. 
Their attempt to do so has a close affinity to the use of a Ouija board. It 
should be noted, however, that while large* companies with substantial 
investments in inventory can ill afford the services of a Ouija-board approach, 
smaller* companies are even more affected by errors in estimation. Consider 
a company with a million dollar inventory. Assume that they estimate a 57; 
savings per year resulting from the inventory study which it is estimated will 


cost $90,000. Then, 


Savings _ 50,000 _ <55 o 
Cost ~ 90,000 ~ >? 


It is unlikely that any management would ignore this opportunity. Let us 
now compare the result above with that of a company which maintains an 
inventory of $100,000. We will presume that the cost of the study will be 
only $30,000. (Note, economies of scale exist which prevent us from 
estimating the cost of the study at $9000.) Then, 

Savings _ 5000 163% 


Cost ^ 30,000 — 
Thus, although both the large and small companies can effect the same percent 
savings from an inventory study, it represents much less freed capital for the 
smaller company and they must be more precise in reaching their estimates. 


* By large and small in this context we refer to the size of the inventory investment. 
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Another factor which works against the smaller* company is that the 
probable level of savings which can be obtained from an inventory study will 
be lower than that which can be expected by the larger* company. This 
results from the exponential increase in complexity which occurs with increas- 
ing organization size. The executives in a smaller company are closer to the 
total system. In this sense they have relatively more information and can 
exercise greater control. Thus, through a circumstantial, structural ad- 
vantage the smaller company will have less waste and inefficiency which can 
be removed by a formal inventory system. We, of course, are presuming that 
this comparison deals with companies which possess comparable levels of 
executive abilities. 

Since the savings percent tends to be smaller and is applied to a smaller 
base of investment and since the cost of the study has a decelerating increase 
as the size of the inventory investment increases, it behooves the smaller 
companies to exercise greater caution in fixing their decision estimates. 
Consequently, one might expect to find that the executives of smaller com- 
panies have less sanguine attitudes with respect to the extent of untold benefits 
to be derived from inventory studies. They are also more likely to use 
intuition and judgement alone in reaching a decision about undertaking a 
study. The soundness of this position can only be contested by a rational 


procedure for evaluating the benefits likely to be obtained from an inventory 
study. 


50. SIZE OF INVENTORY INVESTMENT 
AND NUMBER OF ITEMS CARRIED 


Reference to the size of a company is too ambiguous to be a genuinely useful 
classification for companies with respect to their inventory problems. At 
the least, we should specify each company’s position in terms of the size of 
their inventory investment and the number of different items which are 
involved. A company which deals with just one item can afford to obtain a 
great deal of information about the demand pattern and lead time for that 
item. It is also likely that executive judgement will be very efficient in 
determining the best possible order and storage procedures for the item 
without having recourse to formal studies. However, if the inventory 
investment in the item is very large, then small errors in judgement will be 
magnified to produce significant opportunity costs. For example, let 


zC, 
cC, 


be the “true” optimal order quantity; i.e., the estimates of the parameters are 
correct. Then, 


Xo = 


T.C; = V2zcC,C. 


* By larger and smallerin this context we refer to the size of the inventory organiza- 


tion. It is also logical that complexity tends to increase as the number of items, locations 
demanding items, and locations storing items increase. 
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Now assume an error in the estimation of C,. Let the estimate be kC,. 
Then, we would derive an order quantity, 

A 2zC, 
IN: CKG, 


x: 


which would yield a total cost, 


TO,- ( ZG) ($) x ( es) EC) 


cC) \ 2 2C, 
ZC, [ES -N ux id 
or Tor see [a5 EL (T.C) 
and 
TC, eee 
TOR 2VE 


also, the potential savings per period would be: 
_ 2Vk ) 
kl 
Figure 7-1 illustrates the way in which the potential percent savings per period 
of time, $,, changes as the error, k, varies in size.* 


TC cnc (1 


100(T.C.,-T.C.g) 


Tos DE 


MET MEIST - 
0! 02 03 04 05 06 07 0809 10 11 12 13 14 15 16 17 18 
ja Ce (estimated) 

Ce (actual) 


FIG. 7-1 Potential percent savings vs. error ratio in estimating carrying cost 
rate, Ce. 


* We have previously performed a similar sensitivity analysis utilizing two errors of 
estimation (see pages 83-84). It will be observed that the results are comparable-as they 
should be-when K;, in the previous analysis is set equal to one. 
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We now see graphically that the potential saving which can be obtained 
from the study of costs is highly insensitive* to the size of the errors which 
exist in the estimation of the cost factors. However, the base size of the 
T.C. varies directly with the square root of zc. Thus, in addition to high 
demand items with high prices, both low demand items with high prices and 
high demand items with low prices can produce significantly high values of 
T.C. When even small percent savings are applied to a large value of T.C., 
the dollar savings can be substantial. Consequently, it is less meaningful to 
talk about large and small companies and more appropriate to classify 
companies by their total zc (called T.zc) and their characteristic level of 
WAR 3 

We can easily extend our analysis of sensitivity to errors of estimation to 
any other parameter which must normally be estimated in the course of an 
inventory study. To be entirely general, we will presume that estimation 
errors can and do occur in C, C,, c, and z. As before, we will let the un-k’d 


factors be the “true” values and the estimates will be k,C,, k5C,, kac, and 
kz. Then, 


xs [aX e) 
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This reduces to our previous result if we set all K's but one equal to unity. 


It is of obvious interest to see the effect of sizable errors of estimation- 
particularly when they are all in the same direction. Thus, let us set allk = 2 


which means that 100% errors of estimation have been committed four times 
and all are positive. Then, 


ATGE Tee, ^ 2V k,kyksks 
$ TG, (100) = (1- EX Fak) (100) 
-h 2 2vOX3O0)) 
[ Dey + aa] 009 


* The sensitivity is greater for underestimation than overestimation, but within a 
reasonable range of underestimation it is fair to say the response lacks Sensitivity: It 
should also be pointed out that the likelihood of severe underestimation is much less 
than of severe overestimation. 


> 
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That is, T.C, = T.C,,, in spite of the enormity of the errors of estimation. 
These errors have completely cancelled each other out. 

Upon reflection, it is obvious that this is the only logical outcome. 
The opposing costs have merely balanced each other, which would occur for 
all equal multiples of the factors. What happens then when the term k,k, is 
different from kak? Let us try the following values: k, = k, = 4 and 
ka = k = 2. 

2V (254) 3 das 
be | d (100) = 53% 
Here we have two errors of 100% increase and two errors whose magnitudes 
are 50% in the direction of decrease. The result is that 53% savings in T.C. 
are obtainable by means of an inventory study which uncovers and rectifies 
the estimation errors. 

But we must note that errors in estimating demand and ordering costs are 
of the same type. Similarly, errors in estimating price and carrying cost rates 
are of the same type. As the differences between these two types of errors 
grow, the percent savings available increases. 

To round out our present discussion on potential savings that can result 
from an inventory study, let us assume that each of the four k factors are 
independent and distributed in the following fashion. 


k P(k) 
1/4 1/16 
1/2 3/16 
1 1/2 
3/2 3/16 
2 1/16 


From this we can compute the distribution of potential percent savings. 
For example, the probability of 


(k = 3(k = 3) = 256 


and the probability of 
(k= pk = H +k = DK =D = Gt? 
Then, 5 


2 GX3XDGD] 199 
«| - eee" 4 


P($ = 0) = (313)? + X P (all other paths leading to $ = 0) 


Continuing in this time-honored fashion,* we obtain the distribution of 
potential percent savings shown in Fig. 7-2. The relative insensitivity of T.C. 


* The reader’s attention is called to the use of the binomial form on page 118 as a 
means of obtaining the convolution of this distribution. 


+ 
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to estimation errors is again apparent but it would be even more so if we had 
not exaggerated the spread of our original k distribution. The pom 
taking an unlikely k distribution was to examine the error response under 
extremal type conditions. Even so, there is greater than a 6577 chance that 
the potential savings will be less than 1077. 


——— — T 
O 5 10 15 20 25 30 35 40 45 50 
$ 


FIG. 7-2 Probability of potential savings percent, ¢, in a system where four 
independent k's are governed by the probability distribution given in the text 
(----- smoothed curve). 


It should be emphasized that the base to which the savings percent, $y, is 
applied is not the total average dollar inventory. It is T.C. and the relation- 
ship between these two is simply derived. With j items: 


i i 2zC, 
I = total average dollar inventory = SS Ge Eze 
z y > 9 25 cC, 


26.2. Vie 


and Tc = im or 2C] = T.C. 
Therefore, when the carrying cost rate is equal to .5, then the total average 
dollar inventory equals the total variable cost factor. Carrying cost rates 
are seldom likely to go above .25. At this latter rate, J = 2T.C. When 
C. = .10, 4 = 5T.C. Thus, even a company which has a total average dollar 
inventory of one million dollars must accept greater than a 65% chance that 
its savings will be less than (.10)2C,(1,000,000) and this will be $50,000 
when C. = .25 and $20,000 when C, = .10. These figures bein, derived 
from our extreme error distribution, it is reasonably evident that fc; average 
situations management cannot look to ordering quantity improvements for 
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the sole justification of an intended inventory study. There are other types 
of savings which we will discuss and when taken together the complete 
picture-which is required by management-will emerge. However, savings 
alone do not provide sufficient information to make the kind of rational 
decisions that we are talking about. Going back to our discussion of a study 
criterion, we must be in possession of both savings and costs so that they can 
be compared according to the criterion. 


5l. VARIANCE OF USAGE AND ITEM GROUPING 


Total T.C. is obviously the sum of the individual item T.C.’s. Thus total 
T.C. = T.C.(Item 1) + T.C.(Item 2) +... + T.C.(Item N), where the 
company stocks N items. Part of the function of an inventory study is to 
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FIG. 7-3 A tri-divisional classification where 25% of the items are responsible 
for 80% of the total dollar demand. 


bring the k factors for each item as close to k = | as possible. (Here again 
we assume a k,, ks, ..., ks, and so forth-each k representing the error factor 
for its appropriate estimate, namely, Gs Cas ts Gus CEN A. well-known 
approach to practical inventory solutions is to separate all of the different 
items which are carried as inventory into two or more classes. The cate- 
gories are distinguished by levels of dollar usage; i.e., zc. It is generally 
true that a small number of the total number of items carried contribute 
Overwhelmingly to the total dollar demand ofa company. This is graphically 
Portrayed in Fig. 7-3, where the items are arranged in rank order of dollar 


usage. 
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The tripart division of this hypothetical curve produces the following 
results: 


25% of the items account for 80% of total dollar demand, these items 
called a have high zc. There are ną such items. : 

25% of the items account for 15% of total dollar demand, these items 
called b have medium zc. There are n, — n, such items. 

50% of the items account for 5% of total dollar demand, these items called 
c have low zc. There are n, — n, such items. 

In a typical case, the a items would be studied individually and treated in 
great detail; the b items would be subclassified into small representative 
groups; the c items would be studied last and would be divided into larger 
subgroups. It is even possible that the c items would not be studied at all. 

Now, we will assume that the cost of an inventory study, x, is some fixed 
amount E, plus a variable component which increases with the number of 
items studied, called n. 

Let vp = the cost of estimating demand characteristics per estimate, and 

v, — the cost of estimating cost factors per estimate. 

Using our tripart system of grouping we will study the demand for each 
one of n items which produces a cost, vpn. However, cost estimates will be 
derived for individual items only in class a and by subgroups in classes b and c. 

Let g, — the number of subgroups in class a, usually this equals 74; i.e., 
each item is treated as its own subgroup. 

Z» = the number of subgroups in class b. 
gc = the number of subgroups in class c. 
Then, the cost of the inventory study is, ` 


X = E + vpn + vga + go + 82) 


For example, assume N = 100. If we agree to study all of the N items then 
n= 100. Further: 


dn Heo CRS 28) pi ah) 
My — Ng = 25 b= 25 Eus t 
Ne — My = 50 c= .50 8 = 5 

n= 100 1.00 


[ga = 1,2, 3, ..., 25] 

[g» = (26-30), (31-35), .. ., (46-50)] 

[ge = (51-60), (61-70), . . ., (91-100)] 
Letting E = $10,000; vp = $10/item; v, = $50/group, we obtain, 


x = 10,000 + 10(100) + 50(35) = $12,750 


Control over the cost of the inventory study is at least in part vested in the 
selection and grouping of the items to be studied. We shall, therefore, 


— 
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investigate the way in which groupings can be chosen a$ well as the effect of 
the number of different items carried by the company. 
The curve in Fig. 7-3 is of the general type* 


max 
where 0 < z < l,andO0 < B < 1. 


r = percent of total dollar demand, and ze(m) = dollar demand for thenthitem. 


n 


> ze(n) 


n=1 


N 
> zc(n) 


n=1 


(Note: 5 zc(n) equals a constant, namely, total dollar usage which we call, 
=1 


Tzc) — 
x = percent of total items, n/N, 


and B = constant. (When B = 1 we have a straight line. As f decreases 
the initial portion of the curve rises more and more steeply.) 
From this we obtain: 


zom) PE e R 
"UTE Tr — Ta-1 
5 NI 
and zc(n) — (5) = (* N ) | T.zc 
- T.zc 


= ^r oy - 0 - 09 


It will be recalled that T.C. for an item is proportional to the Vze. Then 
N. SEPEN, " 
the grand total of T.C. will be proportional to 2 V/zc(n). (We are assuming 


for the moment that V2C,C, is constant for all items. This assumption does 
not impair our argument and it facilitates understanding.) That is, 


Total T.C. = Vze(I)V2C,C. + Vze(2)V2C,C, + ... + Vze(n)V2C,C, 


I 


VIEC. S, Vz) 


-* Under some circumstances a more precise description of this distribution could be 
normal distribution which is suggested by R. G. Brown, 


obtained b ing the lo; $ 
A ea MEM Control (New York: McGraw-Hill Book Co., Inc., 


Statistical Forecasting for In 
1959), pp. 197-216. 
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Expected savings from the inventory study will be proportional to total 
T.C. and thus proportional to z "Vzc(n). Then, 
xe 


Vz = Jg. (ny! — (n — po 
ant 2, V0 = "s 3 loot - e - ye 


We can now write E[/] = expected savings. 


EMI = dac C ^o S (y — (u — rye (A^ 


where d = expected percent savings. 


SAVINGS 
c 
o 
o 


500 


0 5 10 15 20 25 
T.ze (10%) 
FIG. 7-4 E: d savi i 
n. xpected savings as a function of total dollar usage for different levels 
Savings — f(T.zc) 
N — 100 ) 
n= 10 
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all factors except B and T.zc are held constant. This includes the size of the 
study which in this case is limited to ten items. Our conclusion is that the 
more a company's demand is concentrated in a few items the greater the 
potential savings. Thus, for example, in Fig. 7-4, the company with 8 = 4 
must have 2.5 times the T.zc of the company with 8 = 4 to achieve equivalent 
savings. Consequently, in this regard, the size of the company-as measured 
by T.zc-is not as influential with respect to savings as is the company's 
degree of concentration in a few items. It should be remembered that this 
result does not as yet include the cost of the study. We have been talking 
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FIG. 7-5 Expected savings as a function of the total number of items carried for 
different levels of B. 


Savings = f(N) 
(Tz = 10° ) 
n= I0 


about gross savings. What we have found is due solely to the dependence of 


gar Ue Pee 
savings on the term, X. Vzc(1). 
n=1 - : H H 

What about the effect of N on the expected savings? This relationship 
is graphed in Fig. 7-5 for some representative values. We find that the sav- 
ings level drops as f increases. The savings level also falls as the company 
Stocks a greater number of items; i.e., with increasing values of N. Again, 
we point out that the size of the study has been fixed at = 10. We conclude 
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that the combined effect of 8 and N make it very difficult indeed to categorize 
companies as being large and small. To achieve a given level of savings, a 
company stocking a greater number of items must have a smaller B than a 

company stocking a lesser number of 

22 items. Lastly, how does the size of 
the study affect the expected savings? 
Figure 7-6 shows how savings grow as 
the size of the study is expanded. But 
it also shows that for cases other than 
B = 1, the rate of increase slows as the 
size of the study increases. Infact, ata 
given study size for each pair of B-valued 
curves a crosspoint occurs. At this 
point, two companies with different B's 
will obtain thesame savings from a given 
study size. 

What then is8? It is a measure of 
the variance of the distribution of the 
dollar usage, ze, among the items. As 
B decreases the variance-of the distrib- 
utionincreases. When £ = 1 the variance 
is zero. Consequently, while the size of 
a company, as reflected by its T.zc, is of 
obvious importance, the number of items 
9, 2 3 4 5 6 7 8 9 (9 itcarries and the variance of dollar usage 

n among those items must be considered 
FIG. 7-6 d savings vs. n for When a decision about an inventory 
various values of B. study is to be made. 
CIO NSN) Now then, let us return to the subject 
Il ignore the possibility of creating 
ncerns the number of items to be 


3.0 


2.5 


of the cost of the study. First, we wi 
subgroups. Then our investigation co: 
individually studied. We have 


X = E + (vo + v)n 
DEE I AEG O mgr 1)" 


further, Required savings >c 
X 
These relations are shown in Fig. 7-7 based on hypothetical data, 


E = $340, vp = $50/item, and Ve 


as follows: 
= $100/item. Therefore, 
x = 340 + 150n 


C, = $2/order, C, = -l0/year, T.ze = $10/year, N=10 epo: 
and 8 = 4. Therefore, E Why 
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Expected savings = EI] = (.10)(.63)(10%) > [01° — (n = Dispone 


These data have been chosen to permit a simple demonstration with num- 
bers the reader can easily follow. But the principle involved is unchanged 
when other numbers are used. The crosshatched area in Fig. 7-7 is where: 


Required savings > xC, 


The difference between the expected savings and the base line of required 
savings is maximum atn = 5. But our company, according to its own criter- 
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FIG. 7-7 Expected savings, E(/) vs. n and cost of study XC, vs. n. 
i (N= 10,8 — 3) 


ion can study any number of items between and including n= 2and n = 9. 
Below n = 2 and above n — 9, the required savings are greater than the 
expected savings. But at n = 5, the net savings are maximized. Further- 
more, it is clear that the optimal point will be unchanged at n = 5 no matter 
what value of C, is used-even if it represents minimum net loss from an 
inventory study. On the other hand, the breakeven points will be spaced 
further apart as C, is reduced in yalue and, conversely, closer together as C, 
is raised. The maximum value that C, can be allowed to have for our 
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example will be when the adjusted cost line is tangent to the B-curve value at 
n= 5. This would be when 


C, [340 + 150(5)] = 115.92 
and C, zd 


We will now expand our formulation so that it includes the possibility of 
using subgroups. The appropriate formulation of the expected savings is 
quite simply derived. We have three or more classes of items contributing 
to total T.C. They are counted 1...7,, n,,,.. 2n, and ny... Mo 


jzc 


DLC — TCI P D CI EIG 
j=a 


= Š GCI lee 


- 


+ Y (CCD) 


at. 


nc 
+ 2, (QC, C)i^[ze(n)]: 9) 

LI 1 
For any given division of the items into classes, 
value for (2C,C,)}/?. Although more laborio 
divide each class into subgroups and identify e. 
priate costs. As before, for the sake of 

variations in the cost estimates. 

Groups b and c are characterized b 
There are (n, — na) items in group 5 and 
each subgroup can be expressed as if it contained a different number of items, 
it is simpler to assume that (ny — n;)/g, represents the average number of 
items in subgroups of group 5. Similarly, (n, — ny)[g. is the average number 
of items in subgroups of group c. Generally, (n, — n,)/g, is the average 
number of items in subgroups of group k where k > EA 

The expected percent savings, d, derived from studying subgroups in the 


kth class will be lower, generally, than percent savings derived from items 
which are studied in the jth class. Such a relationship might be described 
by:* 


we can associate an average 
us it would be possible to 
ach subgroup with its appro- 
simplicity, we will ignore these 


y subgroupings of different sizes. 
(n. — ny) items in group c. While 


EIL “| [ 1 (= =n; 
S| = Exp ness 
$5 f gx $ P w Ek ))] 
When n, = fa n, = 0 and g, = Na, Subgroups are composed of individual 
items. We obtain 4, = ¢ which is the maximum percent Savings attainable. 
Larger subgroups can only obtain fractions of this maximum percent. 


This leads us to expressions comparable to those we had before. 


* For representational convenience we sometim 


y es denote an exponential relation of 
the type e* in the form exp [a] where e is the natur: 


al logarithm base. 
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x = E+ Dina + (m — na) + (n. — nj] + v«(gs + go + Bc) 
and 


1 812 
E = Tz0( A) HACC? + CGCRI — aye 
+... + OGC) = (a = Dp 


n j 
+ QGC. Ax [Q^ — (n — D^]? exp [-50. -n,-— D] 


+ CCC) S (0 — ( — 1°? exp [50 tms D] 


Moi¢a 


€. + QS) S (y - (n = DI exp [=F im =m, = D] 


D6241 


c1 
LI 


+ 26,C)12 5 [(m)) — (n — 1]? exp [-+ (nz — Ty D] 


+ OGCDP Y toy = e - DP exp [70 = na - 0] 


LEE 


+. Qc S fy = = D'I exp [10s = na = D) } 


Te 


Required savings 
further, ee Ue Sa Ee Ge 


We would like to be able to maximize EI] = xC- 

Let us begin by taking a “reasonable” division; e.g., for N = 10, n, = 2, 
ny = 6, n, = 10 and ga = 2, go = 2, 8: = 1. We will use the data from 
the previous example and in addition, let w = 4. Further, we will assume, 
for computational simplicity, that all cost estimates turned out to be the same 
and that within each class equal subgroup sizes exist. For the cost of the 
-study we can write: 

x = 340 + 502 + 4 + 4) + 100(2 + 2 + 1) 


= 340 + 500 + 500 = $1340 
Then 


Now 
E[)] = (108)2/2(15)!/8(.10)(2:2:7') [1.510 + 1.486e-! 5 4- 1.160e-?5] = $138. 


and 
Ely] — xCc = +4 


esult we can incrementally change the 


if we can improve this ri 
To find out if pP eeu epu the 


size of our classes as well as the subgroup sizes. 
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i i i items. le below gives some 
of the study by including less than N items. The tab 
Senate results for different values of the parameters, but we have held 
the size of the study fixed at 10. 


Hs Ny Ne ga Bb gc xC: EM] Ely] — xC: 
0 6 10 0 3 1 $124 * $124 $0 
1 5 10 1 2 1 124 124 0 e 
2 6 10 2 2 1 134 138 +4 
4 6 10 4 1 1 144 146 +2 
6 10 0 6 2 0 164 168 +4 
10 0 0 10 0 0 184 178 —6 


On the basis of our limited experimentation it would appear that our 
original grouping is about as good a result as we can get. It is seen that at 
least two arrangements of item groupings produce a (+4) net savings and that 
at least one treatment (all items considered as individuals) yields a (—6) net 
savings, or loss. Other combinations may produce better or worse results. 
Furthermore, there is no ready mathematical solution which will yield 
optimum points. Thus, in the fashion that we have formulated this problem, 
the cut-and-try method can be used. When all factors including different 
Cost estimates are included, the computational work becomes very formidable. 
Fast data-processing equipment which would be easy to program would be 
required if all factors were to be considered. The cost of such computation 
would be considerable. 

Nevertheless, in a sizable inventory study, 
can contribute significantly to the success of 
kind of analysis which is only feasible with el 
ment. Each company has its own 
number of items, distribution of dol 
tribution of ordering and carr 
and updating demand, etc. 
be in both formal and pract 


the strategic grouping of items 
the study and may warrant the 
ectronic data-processing equip- 
particular situation to deal with; i.e., 
lar usages, total dollar usage, the dis- 
ying costs among the items, the cost of studying 
Each company’s resolution of the problem would 
ical terms a unique solution, 


52. CONTROLLING THE RESERVE STOCK COSTS OF THE STUDY 


We have now seen that in principle 
possible to control the cost of an i 
estimate study costs and both expec 


-and to some extent, in practice-it is 
nventory study. It is also possible to 
ted and required savings. But we have 
limited the scope of our analysis to the area of economic order quantity. As 
a result, we have understated the size of potential savings which can be derived 
from an inventory study. 

In addition to the losses which result from inefficient ordering policies, 
we must also consider losses stemming from an incorrect reserve stock level 
and losses occasioned by forecasting errors, While these losses are related to 
each other, they are not dependent upon each other. Itis completely possible 
to have pérfect forecasts and still be carrying the wrong reserve stock. Onthe 
other hand, the determination of reserve stock can exactly reflect the desired 
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service level while the inability to forecast will create both over- and under- 
stocking problems. 

We will, once again, attempt to show that the costs of studying these 
problem areas are at least in part under management's control. And as 
before, it is reasonable to balance study costs (weighted by the criterion for 
acceptable gain) against expected savings. 

The service level can be determined by judgment. Or, the cost of being 
out of stock can be estimated and from this figure the appropriate service 
level is derived. We have already shown in an earlier part of the book* that 
the service level, «, can be derived from the carrying costs and the understock 
cost, or conversely, the understock cost can be imputed from the observed or 
selected service level, and a specified Ce, namely, 

al cC, "n I 
Tie Op iC, on en G 
cC, 

Following our previous pattern, let k;C, be our estimate of the actual 
understock cost, C,. Similarly, let kecC. be our estimate of the actual 
carrying cost, cC,. Then our estimated « is «’: 


i kecC. E 1 
S CCEC 1 ee | EC. 
kgcC, 
Let 
(C5; NL 
(oer and pog 
Whence, 
= dan and d= l 
STENA 1+ gp 
Therefore, - i i 
Buca piae in E 
It will be remembered that: 
«= [ fO) d» 


g the lead time period and the 


i 
Where is the distribution of demand durin 
dus erage demand in the lead time 


lower limit y is Kc distant from y. G is the avi 
period and c is the standard deviation.) We observe: 
Perfect estimate: ' 
(a — a«i) - 0 
when 
p-l 
(To translate into our present terms: F(x) 251 — «4; K, = cC, and 


* See pages 44-45. 
Ky = C.) 

t Previously we used s to re 
assume here that we can obtain the true value, c alt 
for s. 


ate of the standard deviation. We will 


present our estim 
hough the approach is equally applicable 
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Overestimate of the protection required: 
(« — 02) > 0 


when ia 
a= [f0d» and p> 
via 
Underestimate of the protection required: 
(a — a) < 0 
when 


a= [fo)d and p< 
y-b 


For almost all shapes of demand distributions which are likely to be 
encountered (this includes, of course, the exponential, Poisson, and normal 
distributions) the distribution is monotonically decreasing at the tail. There- 
fore, for equivalent errors (+ and —) in the service level, from a fixed true «; 


i.e., (x — o5) = («3 — a), we expect that b < a. We can then state that for 
these equivalent errors (+ and —) in the service level, that: 


(K; — K)o > (K — K)o 
The cost of carrying reserve stock is (cC.K;o) for any estimated «;. 


When required protection is overestimated w 


€ obtain a potential savings to 
be made by correcting the estimate of a: 


Potential savings — cC,o(K, — K) 


And when required protection is underestimated by the same amount, We 
have: 


Potential savings = cC,o(K — Ks) 


It is apparent that larger savings potential exists for overestimates that can be 
corrected than for underestimates that can be corrected.* 

It is through this relationship that we gain additional control over the cost 
of the inventory study. Therefore: 


(1) Pick items to study with high cost or price, c, and with large variability 
in their demand. It is no Surprise that these two fa 
analysis as being important. Butit 
Z, has no direct importance here. Of course, the expected usage is reflected 
in the standard deviation of the ex 

of the Poisson distribution. 


ording to 
* This is the reverse of the estimation effect which was observed for ordering costs. 
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our grouping rules, we would not ordinarily treat in an intensive fashion when 
investigating optimum order quantities. 

Accordingly, every company will have its own particular grouping of 
items which it expects will contribute the major share ofsavings. When the 
order cost grouping does not coincide with the reserve stock grouping an 
additional study cost must be accepted by the company. In this case, the 
net savings can be determined for each type of study. 

(2) Pick items to study which are more likely to be associated with an 
overestimate of the protection required. These are the cases where p > l. ' 
That is, where the error in estimating the stock-out cost is likely to be in the 
direction of overstating this cost. Or, at the same time we should select 
items where the error in estimating both price and carrying cost rate tend to 
underestimate these factors. 

At best, these are guide lines. But they formulate conditions with which 
management can structure both its evaluation study and the full-scale 
inventory study. They allow a degree of control, based on the most general 


principles. 
53. CONTROLLING THE FORECAST ERROR COSTS OF THE STUDY 


The subject of potential savings, to be derived from improved forecasting, 
requires extensive knowledge of this subject. A basic structure will be 
developed in Chapter 9. However, for the purpose of rounding out our 
discussion of controlling study costs we will briefly examine some aspects of 
the contribution that improved forecasting can make to savings. 

Estimates of service level affect the K factor in the expression (2,7. + Ke). 
Here 2,7. is the expected demand in the lead time period and Ke is the reserve 


stock level. 
Forecasts, on the other hand, affect the value of Z,.r, and frequently the 


value ofc. A most obvious case of the latter is when the demand in the lead 
time period has a Poisson or exponential form. We have already examined 
the effect of incorrectly estimating demand on the ordering quantity savings. 
We can assume that the error factor, ka, is of the same size when we are 
estimating demand in the lead time period. Then, we find that, in the Poisson 
case, the estimated c, viz. 5, is related to the actual o by the square root of ky. 


Thus: idea A 
s = VE Vir. = oV 
For the exponential case we would have, 
s = kir = ck, 
The expected savings in carrying cost to be derived from correcting the demand: 
estimate for a Poisson type distribution when k, > 1 would be: 
cC,Ko(V ka ESL cC KV iu. (V ka -n 
an the expected savings to be derived from 


which will always be smaller th : ODE i 
for an exponential type distribution, viz: 


correcting the demand estimate 
cC,Ko(k, — 1) = cC. KZ, s (ka — 1) 


194 the evaluation study: design of the inventory study | chap. 7 


Accordingly, forecasting efforts expended on two items which differ only 
with respect to the shape of their demand distributions in the lead time period 
will result in basically different savings levels. In this case, the comparison 
leads us to a preference for items which are exponentially distributed. 

Generally speaking, forecasts concern themselves with anticipated demand 
levels and seldom with the anticipated distribution of those demands in the 
future. However, when c is a function of expected demand, consideration 
should be given to the kinds of distributions which exist and forecasting 
efforts can be directed to those items which are likely to produce larger 
savings. 

Another factor of importance is the size of the time interval for which the 
forecast is made. It is clear that as the time period increases, the size of 
potential forecasting error increases. Therefore, items whose forecasts are 
prepared infrequently are more likely to produce substantial savings. This 
fact must then be weighed against the underlying ri 


easons for such infrequent 
forecasting; e.g., low dollar usage, stable demand pattern, and so forth. 
In practice, it is frequently fou 


nd that forecasting errors account for the 
greatest per cent of total potential savings. Froma representative sample of 


items a good estimate can be made of the extent to which improved fore- 
casting procedures will pay for the cost of studying a problem. For each 


item the forecasted demand F(wj) is compared to the actual demand D(w;) 
where w is the jth interval of length w. 
We let, 


= “FOSS Do) E) 


and e(w;) is the error term which corresponds to the 


d el jth interval of length w. 
It is simple enough to construct a distribution f [e(w 


’)] such that, 
Il Jle(w)] dew) = 1 


and of course, we can obtain the mean value, 

The fact that the mean value may be zero i 
errors do not cancel out. Figure 7-8 illustrat 
all with mean zero. These distributions 4 


Y a Stock is carried. When 
&(w) is negative, shortages result. Improvement in forecasts would result in 


contractions of the distribution on both sides of the zero point. It is better 
to look at the error distribution in terms of the zero scale point than in terms 


of the mean value point, since Passing through the zero boundary changes the 
applicable cost. Then, 


Potential savings = £y(w, L.T.) le] eQw)f[e(w)] in] 
0 


0 
+ (w, LT) fe. ECO e] 


-w 


sec. 53 | controlling the forecast error costs of the study 195 


Where, (w, L.T.) and (w, L.T) are constants for a given size of wand lead 
time. These describe the extent to which improved forecasts produce 
savings for the kind of inventory system which is used, and the extent to which 
forecasts can be improved by the forecasting method employed. The first 
term is the potential overstock savings component which occurs when the 
forecast is greater than the actual demand. The second term is the potential 
understock component which occurs when the forecast is less than the actual 
demand. Itis quite clear that the greatest potential for savings will be found 
with high price items having large understock penalties and having as large 
a c, as possible. 


FREQUENCY 


elw) 


FIG. 7-8 Three different distributions, A, B and C, all with mean forecasting 
errors equal to zero. «(w) = size of forecasting error for an interval of 


length w. 


While it is difficult to positively identify in some specific a priori sense 
those items which have a large error variance, it is quite reasonable to indicate 
a few of the kinds of considerations which might apply. For example, items 
which have a distribution of lead times instead of a constant lead time will 
produce a greater spread in the multiple error distribution. Items which 
are grouped for forecasting purposes-where the total anticipated demand is 
then partitioned across the class members (for color, size etc.)-will yield a 
larger error variance. , (ve dd 

A great deal more would be said about forecasting at this point if another 
even more appropriate niche did not exist for this discussion in Chapter 9. 


It will be desirable to conclude, however, by highlighting the importance of 
When a forecast of the expected demand in the lead time 


the error variance. 4 A 
n estimate of the expected variance 


period is made, it should at least include a i I 
of demand in the same period. This is the basis upon which the reorder 


point is chosen in a reasonable fixed-order quantity system. It is the basis 
upon which the maximum stock level is set in a reasonable fixed-order cycle 
system.* Thus, assume that the correct reorder point, P, has been determined 


by historical data analysis: eiut 
“= Zum. + Kloz r.) 


E The assumption is made that the shape of the distribution is known with some degree 


of certainty. 
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where Z, is the expected demand in the lead time period, and oz) is the 


demand variance in the same period. The reorder point calculation based 
on the forecast we will call P’. 


P’ = F. 


ort 


nF K(c,,) 


F. , is the estimate of demand in the lead time period and o2, is the variance 
Tir 


of the forecast error distribution. Then, summing across a number of fore- 
cast periods: 


Cee) > (Fae, — Zur.) + K2 (ve, — ozp.) 


= > Sp. + K> (o, — C9) 
T n 


If the forecast is set at the level of expected demand, Zz., and the demand 
distribution is properly described and Stationary, then the first term > err. 


t 

will be equal to zero. That is, the errors cancel out. Further, under the 
conditions above, o,, = 9; ,: This must be true since our forecast is held 
constant and the difference between actual and forecast values will be 
precisely the variation of the actual demand around its expected value. 
“Therefore, the sum of the terms (P' — P) over repeated forecasts will equal 
zero and no additional stock costs will result nor will savings be available. 
But, a forecast savings could be realized if o., can be made smaller than o. 


SLT 
by the choice of a proper forecasting system which makes use of all possible 


obtain the zero difference. But, 
For example, if forecasts have 


-intentioned, but uninformed com- 
» it is entirely possible that a simple statistical analysis of 
antialsavings. For this reason, 
me to time and the cost of doing 
ntory study. 


54. SELECTING THE SAMPLE FOR THE EVALUATION STUDY 


take. Companies with such few ite ed. Capitalization 
and sales volume levels are poor guid i i 


of companies which stock few items. Type of industry seems a more ap- 
propriate classification. If we consider the gróc 


* [n particular, sequence of demand information 


where successive values of demand 
are not independent of each other. 
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etc., we realize that even very small retail businesses carry an astounding 
number of items. Small manufacturers producing one simple product 
should think carefully about their maintenance inventory before they place 
themselves in the class of organizations with very few items to worry about. 

Then, we have ample justification for including so prosaic a subject as 
the size of the sample to be used in the study. First, how do we draw the 
sample? At least three different ways suggest themselves. ` We could take a 
catalog of all stock numbers and draw a random sample from these. This is 
an acceptable method as long as we are certain that the sample is in fact a 
random one. We should get a distribution of cumulative zc which approxi- 
mates the curve shown in Fig. 7-3. We then analyze this sample for the 
various characteristics which we have previously been describing. 

Another sampling approach is to randomly select days of the year. All 
items which had a withdrawal ticket on the selected days are listed and the 
frequency with which items are demanded can then be tabulated. This 
sampling approach will produce a sample biased in the direction of greater 
usage. Low usage items will seldom appear. Such a procedure has the 
advantage of representing activity and transactions instead of the overall 
inventory situation. ; 

The third sampling approach must be used with caution. Management 
picks those items which they believe represent the gamut of patterns. Some- 
times an even more direct approach is used. Management selects classes of 
items which conform to their notion of where the important savings can be 
made, Within each class a sample is chosen-not necessarily by sampling 
methods-and upon evaluation of a sample an estimated savings is assigned to 
its class. This last procedure has many pitfalls which are too apparent to 
dwell upon. However, these methods should not be dismissed out of hand 
because situations in which they are applicable do exist. , 

What can we say about the sample size? Let us consider this problem in 
terms of the a-b-c classes which represent different levels of ze. We draw a 
small random sample from the catalog. Each of the selected items is then 
classified according to its annual (or quarterly, etc.) zc, as either a, b, or c. 
More classes can be used where it seems necessary. As a result of this first 
small sample we develop probability estimates po, p», and p,-that is, the 
probability of drawing an a, b, or c item. 

If this first small sample is sufficient, we must have confidence that the 
estimates Pa, Po, and p, each fall within some limited range, such as p, + A. 
The range +A is the required precision interval where A is expressed as a 
decimal fraction. We will call this interval the level of accuracy required. 
Now, we must also choose a level of confidence such that this is the con-- 
fidence we require that the actual values of Pa» p», and p, lie within the specified 


range of accuracy. 
Using the parameters of t 
following relationship: 


he binomial distribution we can set down the 


mnes (S) a — pj) 


198 the evaluation study: design of the inventory study | chap. 7 


where n; — the indicated sample size for the jth group, 
K — the number of standard deviations which are needed to produce 
a given confidence level, 
A = the decimal fraction indicating the specified range of accuracy, 
p; — the observed frequency of the jth group expressed as a decimal 
fraction of the total number of items observed. 


To illustrate the use of this simple formula we will require an accuracy of 
+3%, with a confidence level of 95.427. Assume that our first selection of 
50 items resulted in p, = .60, p, = .30, and p, = .10. We associate K = 2 
with a 95.4°% confidence level. So, 


n, = (2/.03)2(.60)(.40) = 1067 
ny = (2/.03)2(.30)(.70) = 933 
n. = (2/.03)2(.10)(.90) = 400 


It is obvious that at this stage, a much larger sample is indicated where the 
largest requirements, namely, na = 1067 dominates the other classes. How- 
ever, it is hardly sensible to select another 1017 items before checking again 
to learn what modifications in sample size are indicated. 

We will suppose that when the sample consists of 200 items there 
are then 150 items in class a, 30 items in b, and 20 items inc. Once again we 
check to determine the indicated sample size. This time for Pa = .75 + .03, 
Py = 15 + .03, and p, = .10 + .03. We find n, = 833, n, = 566, and 
n. = 400. Continuing in this way, the actual sample taken eventually 
coincides with or exceeds the largest requirements derived from the formula, 

We may note in passing that the required sample size will be largest for 
specified levels of accuracy and confidence when D; .50. Therefore, it is 
advisable to name the classes a, b, and c in a way which will avoid giving 
anyone of them half or nearly half of the total item representation. This 
philosophy is in keeping with the kind of curve represented by Fig. 7-3. 

It is also desirable to mention that the method demonstrated here has 
usefulness as well in determining sample sizes during the actual inventory 


study. And it can be employed to determine the required size of a Monte 
Carlo or simulation run. 


A more stringent specification of accurac 


s y is obtained when the range is 
stated as being some fixed percent of the ** 


true” value. Then we have: 


pil +d) = p, + K [241 — p) 
n; 


MEE 


Using the same specifications as were 
results: 


which gives us: 


previously set, we Obtain these 


n, — 2964, ny — 10,367, n, = 40,000 
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Now the c group dominates the sample size. The rank order of the group 
sample sizes is reversed. The result is entirely in keeping with the newly 


specified ranges, namely: 
Pa = 60 + 018,  p,—.30:.009, p. = .10 + .003 


With this type of specification of accuracy, the required sample size 
grows smaller as the size of the group grows larger. It is not reasonable to 
permit the extremely narrow range of the small p groups to dominate the 
sample size. Therefore, we should either specify larger ranges for low p 
values or else use the first formulation which was given above. 

When the total number of items, N, carried by the company is small, 
neither of the relationships above will properly serve the intended function. 
This is due to the fact that we are sampling the total stock of items without 
replacement, a concition wiich falls outside of the binomial requirements. 
Usually, when N is small, there would not be a sampling problem but for 
those cases where there is, we give the following equation: ' 


pytA= 


K*(N—n K*[N — ny,\]? N-n 
font ERE ER ER RE: Dell 
N-n 
ET 
This formula parallels our first relationship for sample size, since the 


precision interval is stated as a fixed range and not as a percentage of the 
“true” value. When N is large, relative to nj: 


N — n; 
( y= u) si 
and so we can examine without difficulty, the effect of decreasing values of N 
on the confidence level of a specified precision interval and sample size. We 


let 


4 


where c = constant. ; 
When N is large relative to n; K = c. However, as N gets smaller with 


respect to the sample size 74, K grows rapidly in size. Since K is the effective 
multiplier of the standard deviation, its size determines the confidence level. 
Thus, when we specified a 95.4% confidence level we observed that K — 2. 
From our analysis, it is clear that the confidence level increases as N decreases 
-holding the sample size and the precision interval constant. — ; 
Figure 7-9 shows how the confidence level decreases with increasing N 


for our three sample sizes, Ma, "o> and n, when the precision interval is fixed. 


We observe that in general if N/n; = 10, a specified confidence level will not 
be too sorely abused. Below this limit, we will be oversampling, and to 


avoid this situation we can use the more complicated formulation with 
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fixed K, ^, N, and our observed p;. We then solve iteratively for a new ny. 

A word should be said about the classification scheme for groups a, b, 
C,...,etc. Itis not always desirable to group items by zc level. Sometimes 
we might want to classify by variance of the demand, by forecasting character 
(such as seasonal and nonseasonal items), by lead time character, by differing 
service level and so forth. _ All of these classifications are perfectly legitimate. 
The groupings should be designed so that the essential cost and potential 


K = 3.00 


K 72.50 


Jig = 1067 
Mp = 933 


CONFIDENCE LEVEL 


2000 5000 10,000 20,000 
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FIG. 7-9 The confidence level increases as the 


number of it ied b 
company, N, decreases. The precision interv. Sos Aste 


al is fixed at +.03. 
saving factors are laid bare for analysis. 
levels can be used. Such groups should 
of each other and taken as a whole the 
number of items carried. 

Another aspect of the samplin 
cost of the study is the amount of 


Combinations of factors at different 
be designed to be mutually exclusive 
y should be all inclusive of the total 


g problem which strongly influences the 
past history which should be studied for 
eachitem. In general, the amount of data which is to be used in the evalua- 
tion study should be sufficient to reveal seasonal variations and trends- 
normally a two-year period will do. Further, it shuld iol ant pec 
portions of the data which may be lumped wnder a single stock number. 
For example, the item might have b 


í ; i ve been redesigned or received special pro- 
motion at some time during the interval which the data covers. 


Our discussion of sample size reveals, once again, that in an area where 
intuition and judgement are so frequently applied, it is totally reasonable to 
formalize the problem so that intelligent decisions can be made which can at 
least guide management's intuition. Even the intuitive evaluation of an 
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inventory system can proceed on a more rational basis if the executive does 
not rely on a visit to the stock room and a careful flipping through the stock 
cards. If the right (representative) set of stock cards are presented to the 
executive, he can at least spare himself the effort required to generalize from 
some poorly drawn sample. 


55. EXHAUSTION OF STUDY FUNDS 


We have reached a point where we can categorize the intuitive approach as a 
form of gambling. There are so many factors to consider that an evaluation 
study, if pursued to its logical end, represents a large-scale study in itself. 
But if no formal evaluation is used, then the decision to undertake a study is 
based more on the fact that management is willing to risk a sum of money 
with the hope that an adequate return will be forthcoming. The picture is 
not quite as black as we appear to be painting it, because we assume that 
management prefers to bet on situations where the odds are in its favor. Let 
us state this in a somewhat different way. The intuitions and judgement of 
management used in place of analytical evaluation is presumed to produce a 
range of possible returns for a given level of investment in a study. All of 
those returns are considered possible. By intuition, a given probability is 
associated with each possible return. The description we have just given fits 
closely a number of situations in which a gambler might find himself thinking 
in much the same way. The connotation of gambling is one which an 
executive might prefer to avoid. This is somewhat misleading since the 
difference between risk management and gambling is primarily semantic. 
In many respects the gambler's performance is the analog of a series of execu- 
tive decisions which can lead ultimately to executive or corporate ruin.* 

Interesting results can be derived from this analogy. For one thing, we 
find that companies with low capitalization must assume disproportionately 
large risks of exhausting their supply of research and study funds-as compared 
to companies with higher capitalization. To demonstrate this point and 
develop several others, we will make use of the classical problem of the 
gambler's ruin.T 

For our purposes we will interpret ruin as the total exhaustion of a 
company's capital which can be employed in product, process, and operations 
research. We are including inventory studies in the last of these three 
categories. The analysis can begin by providing some definitions of symbols 
which will be used thereafter. Let, 

x = available capital as defined above, 

X = cost of the inventory study, : : 

¢ = «/y = the company's available capital as a multiple of study cost. 

* D. W. Miller and M. K. Starr, Executive Decisions and Operations Research 
(Englewood Cliffs, N.J.: Prentice-Hall, Inc., 1960}, pp. 366-375. 

t See J. V. Uspensky, Introduction to Mathematical Probability (New York: McGraw- 
Hill Book Co., Inc., 19: ^), Chap. 8. Also see William Feller, An Introduction to 
Probability Theory and its Application (New York: John Wiley & Sons, 1950), pp. 
297-303. 
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We know that, ¿(large company) > ¿(small company), since the fixed 
costs of an inventory study form a substantial portion of total study costs. 

On its available capital, «, the company expects to get a return of «C,, 
where C,, as before, is the carrying rate criterion. Thus, at the end of a year 
the company's objective is to have achieved the quantity a, 


eG o (UL C) 


where a is expressed in multiplies of y. 
has succeeded in preserving its capital and 
keeping with its own criterion. 

Lastly, we must explore the probabilit 
might be obtained as a result of our invent. 
largest feasible savings. We let m be expressed as a multiple of y. There- 
fore, when m — 1, our savings exactly equal our cost and we have broken 
even. Obviously, no executive is Boing to underwrite an inventory study 
where the largest likely return is m equal to one. We will suppose that the 
probability distribution of savings is exponentially distributed with a mean of 


(1 + C). Because of its exponential form, the standard deviation is equal 
tothe mean. We will advance m to a position 30 from the mean in a positive 
direction. Thus, 


a 


If a is achieved then the company 
adding to it an amount which is in 


y distribution of savings which 
ory study. We choose, m, as the 


m = Mean + 30 = (1 + C) + 31+ C) = 41 + C) 


The lower limit of our distribution has been chosen equal to zero. This is 
equivalent to losing x dollars since the entire cost of the study has been of no 
avail; i.e., no savings benefit, whatever. We would not ordinarily expect to 
encounter anything worse than this, although it is possible that a study 
might create such confusion and lowering of morale that a loss greater than x 
would result. Such possibilities can be taken into account by modifying the 


ruin formulation so that it correctly represents whatever conditions prevail. 
For our assumptions we can write t 


wo equations* as follows, with roots 1 
and 4: 
at — pu 
up = 
a — 4 
ae Gia oe ee 
Lig ZT yeaa | 
where u; 


= the probability of exhausting the available capital. 


Substituting the expressions we have derived for a, and m, we obtain: 


5 PASE NS) ct at 
FRI II 
d axe) |G 
M 1*C)*8*40. — p 
uos ateata — D 
* William Feller, work previously cited. 
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The solution of these equations requires that.we find the second root, 
4 * l. We can do this by balancing the right- and left-hand sides of the 
equation: 
(1 — 4) = Keel + a++ — gf — gtt) 
Substituting back into either equation yields u;. 
Figures 7-10 and 7-11 illustrate the way in which the probability of 
exhaustion of capital changes with ¢ and with C.. 


02 017 


FIG. 7-10 Probability of ruin as a function of the company’s capital-cost multiple, 
(C. = .10). 


(1) As the ratio of available capital to study cost increases, the probability 
of exhausting the available capital decreases. That is, as £ increases, u, 
decreases, The result, in itself, merely serves to confirm what we expected. 
However, the decrease is very fast initially and slows up as ¢ becomes larger. 
This means that companies with small research and study budgets run large 
risks of exhausting their funds. At the same time, reductions in ruin pro- 
babilities become increasingly difficult to obtain as the capital fund increases. 
A completely literal interpretation of the numbers shown in the figures is 
unreasonable. However, they suffice to give us an approximate idea of the 
risks involved. We may note from Fig. 7-10 that iff = 1; i.e., all available 
capital is allocated in a single study-the probability of ruin goes up to about 
46%. This still assures an edge for success but not a very good one. When 
only half of the available funds are allocated to a single study, the probability 
of ruin drops to the neighborhood of 8%. Thus by doubling the capital to 
Cost ratio, we divide the ruin probability by more than five. This clearly 
indicates the advantage which companies with large capital resources have. 
It also provides a very crude rule of thumb with respect to which companies 
should consider intensive study of their inventory system. Namely com- 
panies whose capital is less than two and a half, u; = .05, or three, uz: .03, 
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times their estimated study costs are exposing themselves to undue risk. 
Of course, if the distribution of probable savings is more favourable, the 
cut-off level will be raised. 

(2) The opposite effect can be observed when the criterion for undertaking 
a study, C.,israised. Thisisapparentfrom Fig. 7-11. It will be remembered 
that the distribution of potential savings was stated in terms of C.. Thus, 
studies with a higher C, were expected to have a better promise of return. 


sl 60 
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FIG. 7-11 Probability of ruin as a function of the carrying rate, (t = 2). 


In spite of this fact, a larger carrying rate increases the probability of ruin. 
Why is this so? It is because the company cannot just skim the cream. 
They must study the inventory system in greater depth in order to obtain the 


return which their more demanding criterion Tequires. This implies that the 
study will take longer and will involve gre 


savings which are obtained in pursuit 
essentially a poorer grade of ore. 

u; ~ Ce effect. First, the negative 
as C, approaches one. Within a ri 
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56. CONCLUSION 


At the beginning of this chapter, we asked why management is prone to 
ignore a formal analysis of certain systemic costs which affect many of their 
decisions. Although, up to this point, we have not discussed all systemic costs 
which fit this category, nevertheless, the answer to the question is sufficiently 
apparent in terms of the preceding material. 

Potential savings are the result of errors in estimation, inefficient decision 
procedures, and processingroutines. The present chapter has dealt primarily 
with the first point-although this is inextricably bound up with the second 
point. That is, the behavior of a company with respect to its inventory- 
whether it is “rational” behavior or not-implies specific estimates in a 
rational system. Thus, in effect, we can transform a conglomeration of 
decisions which are sporadic, changeable, and even whimsical into a system 
of consistent rules by imputing the. values of the parameters which would 
have produced something similar to the actual behavior. To the extent that 
such transformations are possible, we can derive the savings to be gained by 
more accurate estimates of the parameters. We know that potential savings 
are relatively insensitive to errors in the estimation of ordering quantities. 
They are more sensitive to the errors in estimating service level and fore- 
casting errors. We conclude that it is possible to evaluate potential savings- 
but logic tells us that it is not'always feasible to conduct a full-scale evaluation 
study such as that described above. 

Then, what is needed is the kind of rules of thumb which we have developed 
and discussed in this chapter. Such guidelines are based on the number of 
items carried, the variance of dollar usage among the items, the variance of 
usage over time for each item, and so forth. When this information is 
assembled on the basis of a properly designed sample, the need for a full-scale 
evaluation study is eliminated. 

Furthermore, a great deal of control exists over the study costs and the 
probability of ruin. A company with fixed available resources for research 
and analysis can equate their study criterion with the probability of ruin and 
thereby determine at the outset whether or not to undertake a study. They 
can reduce the ruin probability by lowering the criterion value. But why 
should they do this if the risk of investing the capital outside or using it for 
other research projects is lower while the return on investment is equivalent or 
better? x 

Another control exists in fixing the size of the study. Then, for a fixed 
level of x, it is possible to decide whether to study ordering quantity, service 
level, forecasts, or the data-processing system. Perhaps a combination of 
these is in order. Control exists over cost and savings within each area 
by means of grouping and subgrouping and by means of proper item 
selection. eM 

So, we conclude that the answer to our original question is that manage- 
ment has good reason for tending to ignore complex systemic cost estimates 
only so long as the area is underdeveloped. Few companies, if any, would 
See the advantage of spending their study funds developing generalized analytic 
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frameworks such as we have been doing here. However, since the area of 
systemic costs has been receiving increasing attention, it is likely that manage- 
ment will utilize these decision-making aids with increasing frequency. 
Ultimately, the decision to undertake an inventory study will be weighed 
against the advantages to be derived from a new machine, research on a new 
product, or an extra dividend for stockholders. And in addition, more 
efficient studies will result. 

Within the limitations of a totally general discussion, we have shown that 
a great deal of control exists in the hands of the decision-maker with respect 
to the net savings which can be derived from an inventory study. In spite 
of this, management is still in a predicament. First of all, the area of control 
is incredibly obscured by a multiplicity of parameters and variables. Larger 
companies have access to the kind of personnel that can cope with such 
systems. But the smaller companies, which, as we have shown, must be more 
precise in reaching their decisions, are usually unable to draw upon the com- 
pany staff for the purposes of a formal evaluation study. The expense of 
external assistance for evaluation purposes may not be easily justified. Even 
if the executives of the company can undertake a reasonable evaluation and 
produce a meaningful estimate of optimal net savings-this procedure entails 
its own cost which the smaller company may not be in a position to under- 
write. So the odds are that the smaller companies will continue to use 
common sense, comparable industry experiences, and knowledge of how 


things seem to be going. This may be unfortunate but there does not appear 
to be an easy way out of the dilemma. 


Even with large companies the 
pre-study or evaluation should wi 
an adequate sample is a pre-study cost. 
cost for an evaluation stud: 
study to pre-pre 
Decision chains 
management. 


And so we go from pre- 
backwards to oblivion. 


to study a system-i 


The importance of a reas 


onable evaluation procedure, whatever form it 
takes, cannot be overstated. 


t Companies with sound, although nonformal, 
inventory procedures may derive only marginal benefits from a full-blown 
inventory study. It may be th 


€ hat only the forecasting area should be studied, 
or it may be that only a class items should be 


eater the variety of maintenance 
stock, the more complex the production li i 
control, the more likely that an i 
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PROBLEMS 


1. Three executives at a meeting discuss their individual criteria for accepting 
a contemplated inventory study. The first requires that %/(xı + x2) > .20. 
The second indicates his preference for es/(x1 + esxa) = 1.00. The third 
executive refuses to accept either basis and offers his choice, ju//(x1 + x2) 
z 2.00. (The symbols are the same as those in the text, and management 
uses the value C, = .06.) If xy; = $50,000; x2 = $30,000 per year; and the 
expected savings, % = $40,000 per year, whose criterion would accept the 
study? Comment on the results. 


2. How do economies of scale affect the likelihood of small and large 
companies undertaking inventory studies? How does this affect companies 
with subsidiaries ? 
3. If estimation errors of +20%, —30%, and +50% are made in the 
forecast of demand, ordering cost, and carrying cost, .respectively, what 
distortion could bé introduced in the estimate of average price in order to 
balance the errors with respect to the total variable costs? Is the result 
intuitively obvious? 
4. Our company wishes to investigate how many items should be studied 
before embarking on an inventory program. Each item is to be treated 
individually. The relevant data are as follows: 

N = total number of items stocked = 625 items, 

E — fixed study costs — $2000, 

vp = cost of estimating demand characteristics per estimate = $60 per 

item, 

ve = cost of estimating cost factors per item = $100 per item, 

C, — cost per order — $20.00 per order, 
= carrying cost rate per year = .10 per year, 
T.zc — total yearly dollar demand — $4,000,000 per year, 

$ — expected percent savings — .10, 

B = measure of dollar-demand variance among items — 1/2. 
(a) What cost equation describes the study? 
(b) Write the equation for expected dollar savings per year. 
(c) Using the criterion: 

Required savings e 
Study cost ^ ^ 


D 
[ 


Li 


find the acceptable minimum number of items to be studied. 

5. Compare the reserve stock savings for two items, both normally distributed 
with mean of 40 and standard deviation of 5. The protection level for item 
A has been overestimated by the same amount that the protection level for 
item B has been underestimated, namely, .025. Other data are as follows: 


PRICE C: a^ 
A $8 10 050 
B $4 10 .050 


Comment on the result. 
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6. An evaluation study is being undertaken prior to embarking on a full- 
scale inventory study. An a-b-c division of items is used and the first 
sample of items results in the following observed frequencies. 


a — 40 items, b — 20 items, c — 40 items 


We require an accuracy of +.05 with a confidence level of 95.497. 

(a) How large a sample is indicated at this point? Comment on the ad- 
visability of using this particular definition of the groups. 

(b) If the company stocks 10,000 different items, will any change in the 
planned sample size be called for? 


7. Compare the ruin probability of two companies equivalent in every way 
except that one company insists on the criterion for undertaking an inventory 
study that C. = .30, while the other sets C. = .05 as their basis. Comment. 


As we have previously pointed out, the cost of the evaluation study is not 
recoverable if the result of this study is the decision to go no further. Our 
statement must, however, be tempered by the fact that certain positive benefits 
may accrue during the course of the evaluation. But our primary interest is 
directed toward the major savings which can only be realized as a result of 
the actual inventory study. Consequently, we begin this chapter with the 
assumption that a positive result has been obtained from the evaluation study. 
Then, a logical primary procedure is to employ systems analysis which is a 
powerful, analytical means of organizing the problem area. Systems 
analysis is by no means restricted to inventory studies. It is generally 
applicable when an intensive effort is undertaken to improve any complex 


system. 


57. SYSTEMS ANALYSIS 


Our method provides a means for investigating whole systems and integrated 
procedures. It is fair to say that the rapid growth in the use of this approach 
for inventory studies can be attributed to the advantages of designing in- 
ventory procedures which could be handled by a computer. Various 
discussions of the application of systems analysis to inventory problems have 
appeared in recent literature but à good part of these references appear in 
articles primarily concerned with computers and electronic data-processing, 
orEDP. The importance of systems theory to inventory analysis should not 
be predicated on the use of a computer. The benefits which can be derived 


even when electronic data-processing is not involved are substantial. 
209 
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As we proceed, we are going to concern ourselves with several different 
levels of systems analysis beginning at first with overall system views and 
then moving into finer detail until we are finally dealing with the ultimate 
detail required by the computer. 

Systems analysis has been known and used in other fields for a long time. 
Engineers have subscribed to its thinking and have applied its methods in 
many engineering areas. Only of recent vintage however is the broad 
application of systems theory to business problems of many kinds including 
inventory. 

There is nothing startling, revolutionary, or mysterious about systems 
analysis. The approach is best epitomized by the word, “systematic.” Art 
and science have many affinities. The paths appear to diverge, however, 
when the question of systematic elucidation of detail arises. The art of 
executive decision-making is similarly in conflict with the scientific manage- 
ment approach. While the conflict is mostly illusory, it nevertheless is 
responsible for a reluctance on the part of many people-executives are not 
excepted-to be entirely systematic when such behavior is indicated. What- 
ever the underlying reasons may be, the fact is that many people tend to 
avoid the burden of tracing through seemingly endless labyrinths of detail. 
This fact has undoubtedly been a major deterrent to the effective use of 
System analysis in business, institutional, and government operations. 

We can all recognize that Herbert Simon's principle of bounded ration- 
ality* is a reasonable description of man's approach to complex problems. 
Namely, man's rationality operates within the framework of a simplified 
model of a real situation. Man’s brain is not capable of assimilating and 
considering all of the factors which might be relevant to a Biven problem area. 
The problem-solver or decision-maker cannot conceive the totality of a 
complex system and he cannot employ all cogent factors in his cerebral payoff 
matrix. So he discards most factors. He reaches his conclusions on the 
basis of a few factors-somehow carefully chosen because they seemed most 
important. 

There are problems, however, which when tackled in this manner produce 
decidedly poor results. Usually these are Problems in which the entire 
System must be viewed as a whole in order to design the components. For 


interest the executive we cannot. Inven: 
Why is this so? There are a number of 
several of them. 


* Herbert A. Simon, Models of Man, Social and Rational (New York: iley & 
Boos du e ID OC ork: John Wiley 
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58. THE MANY ITEM EFFECT 


One of the major reasons is that most companies stock more than one item. 
We have previously mentioned the effects of grouping items with respect to 
ordering costs, delivery rates, and so forth. It is now desirable to expand 
upon these notions. As we shall show, many kinds of dependencies may exist 
among items-a fact which can be ignored only at the decision-maker's peril. 
The many item effect is felt in a variety of ways. The study cost will increase 
incrementally in a monotonic fashion as more items are included in the study. 
Sharp increases in cost and other discontinuities will be encountered when a 
new model type is required. This includes the cases in which different fore- 
casting routines and different data-processing programs are employed. 
Our discussion in the previous chapter with respect to grouping principles 
emphasizes the fact that dependencies link the characteristics of the items 
with the expected gain from the study. This inhibits treating each item as a 
separate component. 

Another consideration of significance in a realistic situation is that the 
company’s capital is not unlimited. The fact that many items are carried 
influences our decisions with respect to how we should employ the capital 
which is available for inventory investment. When a capital budget exists, 
we must choose between items in a very practical way.* Consequently, it is 
impossible to consider the items as individual components, each of which can 
be separately optimized. Let us illustrate this phenomenon by demon- 
strating our point with two items. The same conclusion will be obtained if 
many items are approached in the same way. The method we are using is 
another form of the dynamic programmingf technique which we have pre- 
viously used in this book. 

We have two items P, and P; with the following parameters: 


c Ce C, z Xo cxo[2 
Py $2 10 $4 10 20 $20 
Pz 5 .10 4 16 16 40 
$60 


cx,/2 = optimal average dollar inventory. If we can afford a total average 
dollar inventory of $60, all well and good. We simply follow the indicated 
Optimal policy of ordering P, and P; in quantities of 20 and 16 units 
respectively. But let's say we have only $40. What should we do? 
Applying our systems approach we recognize that the elements (items) can 
no longer be considered to be independent. The matrix in Fig. 8-1 shows 


* The reader will remember our development of the unknown cost system (pages 93— 
104). The dynamic program which we are about to use will provide the same kind of result 
as the unknown cost system. However, the dynamic programming method provides a 
systéms generalization which is very flexible and applicable to a great variety of situa- 
tions not inherent in the unknown cost system. 

t Richard &. Bellman, Dynamic Programming (Princeton, N.J.: Princeton University 


Press, 1957). 


“ 
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precisely what happens for all possible combinations of total average dollar 

inventory investment for these two items in the range $10 to $90. The 

entrics in the matrix represent total variable costs, i.e., > TG. ‘The 
j 


intersection of the row and column marked by asterisks is the optimal or 
lowest value of (T.C, + T.C;). No matter how we expand the matrix, it 
will always be the lowest value. Note that this lowest value falls on the 
diagonal marked $60. [t is the ordering policy which was derived above 
by obtaining the optimum values individually for each of the items con- 


sidered. Specifically, for P, the average dollar inventory is indicated to be 
$20, and for P, it is $40. 


FIG. 8-1 Matrix of total variable cos 
total average dollar inventory can tal 


ts for two items, P, and Pz, where the 
ke on values in the range $10-$90. 


Each diagonal of the matrix includes all combinations of the average 
dollar inventory investments that can be made in P, and P, and which sum 
to a fixed amount. Consider the line marked $40. That is how much 
money we said we have available for our average dollar inventory investment. 
The $40 total results from combinations of $35 invested in P, and $5 invested 
in P,, $30 invested in P, and $10 invested in P,, $25 invested in P, and $15 
invested in P;, and so forth. Specification for each item of the average 
inventory investment, in addition to the parameters given above, is sufficient 
to determine T.C;, T.C; and X T.C, Thus, 

7 


cxC, z 
ROIS 5l 
oper x e 
An example of a calculation is shown below. 
ex/2 cx x exC./2 zC,/x "RIG. 
Py 30 60 30 3.0 1.3 43 
P2 10 20 4 1.0 16.0 17.0 


Z T.C, = 21.3 
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Each diagonal has at least one dot. The dot is intended to signify the lowest 
value of total cost which can be obtained for a given total average inventory 
investment. Thus, on the $40 diagonal the value of >T.C, is $13.10. This 


j 
value appears at the intersection of average dollar inventory for P, = $15 
and average dollar inventory for P; = $25. Neither value is the optimal 
value for the individual item considered alone. And so we see, in' very 
specific terms, that the system's optimal does not coincide with the sum of the 
subsystems' optimals when there is a restriction on the available capital. 

A few other examples of the many item effect will be given. We have 
previously spoken about the difficulty of obtaining the out-of-stock and back- 
order cost. But the problem is even more difficult than we indicated. 
Consider the fact that a customer who goes elsewhere to buy a particular item 
which our company has run out of may never come back to buy that item 
again. We will assume that he has been buying other items from us as well 
as the one which we could not supply him with. He may never buy any of 
those other items from us again. Stated in a more formal wáy, the inventory 
policy for each item interacts with that of every other item. Thus a high level 
of inventory in cigarettes may assure continued demand for newspapers, 
magazines, stationery, etc. A large inventory investment in a loss leader 
may be essential to normal demand for other items. Dependencies of this 
general type also arise, as we have mentioned in Part 1, when there is limited 
storage space for which all items are competing or when combinations of 
items can be ordered together to obtain discounts or carload shipping rates, 


and so forth. 


59. THE MANY LOCATION EFFECT 


Another factor which accounts for the need to consider the whole inventory 
system as an integrated entity is the existence of many locations, ergo, the 
many location effect. Thus, a company with four or five warehouses ordering 
individually will lose some of the advantages which are inherent in the opera- 
tion of a central warehouse.* At the same time, the company will gain other 
advantages. Some of the disadvantages are additional data-processing costs 
and higher total investment in inventory. Some advantages are lower ship- 
ping costs and greater control. In each case the advantages are compared to 
the disadvantages for different possible arrangements of the organization of 
the warehouses. Forexample, the company could consider having one central 
warehouse, the remainder being branch warehouses. Another possibility 
would be two major warehouses each servicing their assigned set of branch 
warehouses. Accordingly, it can be seen that multiple locations, whether in 
the form of warehouses or factories, prohibit the company from making an 
a priori decision to consider the total demand for an item as the sum of the 
demands at each location. It also prohibits an a priori decision to treat the 
demands arising at separate locations as though they were generated by 


* See our discussion, pages 162-166. 
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individual items. The various possibilities should be considered in terms of 
the whole system. This problem is particularly complicated by the fact that 
the cost parameters at each location will seldom be the same. Thus, an out- 
of-stock cost at a minor warehouse with low sales volume will be appreciably 
less than the out-of-stock cost of a major warehouse with high volume 
accounts. Prices may be different at each location due to transportation and 
tax differentials and certainly the cost of ordering is not likely to be the same 
at each one of the locations. 

So once again we are forced to acknowledge that if we do not consider the 
whole system, but instead install separate inventory plans at each location, 
we are not likely to optimize the overall company inventory performance. 

We could go on at great length showing how the simple inventory 
approach which treats each item as an entity in itself abuses the principle of 
optimality. But if we start considering everything even the most patient 
systems analyst is likely to go beserk. Perhaps eventually we will be able to 
do this but certainly not at this stage in our evolution of inventory practice. 
However, that does not mean we have to swing to the other extreme. Inter- 
actions and dependencies which appear to be important should be treated in 
a system's sense. The methods of dynamic programming permit a great deal 
to be done in this regard. For intensive analysis a computer is essential, 
since the number of alternatives to be investigated is enormous even though 
the method of dynamic programming succeeds in reducing the total number 
of alternatives that would otherwise have to be considered. 


60. THE MANY DEPARTMENT EFFECT 


Now we shall investigate one further major source of component depen- 
dencies. This we shall call the many department effect. Here too, because 
a variety of linkages exist, the inventory 


system, like the missile system, etc., 
cannot be successfully reduced to simple, independent subsystems. As ,we 
have previously noted, in such systems the optimal design of each component 
can totally destroy the effectiveness or workability of the integrated system. 
With respect to many departments the systems Concept is essential since the 
optimal individual design of each department can wreak havoc with overall 
results. Operations research, as applied to inventory theory, has been 
especially cognizant of the many department effect and in essence, inventory 
models treat this aspect of the com 


i aspect ponent interdependencies, Costs are 
balanced which arise in different departments such as the order cost, storage 
costs, and outage penalties. If the models did not cut across the organiza- 


tional boundaries, they would have no value whatsoeve 

Let us consider this aspect of the inventory system in more detail. Using 
Fig. 8-2, we can further explore the question of how the optimum design of 
individual departments leads to conflict, chaos, and a systems monstrosity. 

Figure 8-2 is one’ possible configuration of interdepartmental flow 
patterns. With each component we associate certain measures of effective- 
ness. For example, the sales manager wishes to maximize the quantity— 
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sales dollars minus sales costs-or he might have as an objective the maximiza- 
tion of sales volume. In any case, his performance is measured by his 
organization's ability to sell. The performance of the inventory manager is 
measured in terms of the stock levels he maintains and his avoidance of stock- 
outs. The production manager desires to minimize his cost record and 
therefore the measurement of his performance is related to the number of 
set-ups he uses, his labor costs and the levels of his in-process and raw 
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FIG. 8-2 A master block flow diagram. 


material’s inventories. The allocation of capital is also subjett to measures 
of effectiveness. Here the objective is to maximize the dollars flowing in 
from sales and minimize the dollars flowing out to production, sales, pur- 
chasing, ete. With or without the diagram we sce that the objectives of 
each component are not entirely compatible. We also see that from a 
systems point of view the measures of effectiveness of the components are 
badly misused stereotypes. The objectives of the integrated system cannot 
be satisfied by permitting each component to operate solely in its own 
interests. The sales manager with a fixed sales force may have to undersell 
at certain times in order to avoid the costs of back-ordering, expediting, loss 
of goodwill, costs of overtime, irregular labor force, and so on. Thus, a 
good measure of effectiveness for his performance must include the effect his 
actions have on other departments. Similarly, the inventory manager must 
be prepared to look less than perfect by his own standards. The stock level 
may have to be higher than he would like at certain times so that set-up costs 
can be reduced or labor force requirements smoothed. On the other hand, 
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he may agree with the sales manager when the latter complains that they are 
too frequently running out of stock because top management refuses to 
invest more capital in the inventory. But no matter how he feels personally, 
the well-being of the company must be where his primary loyalty resides. 
So he accepts the fact that at a convention of inventory managers, he cannot 
discuss the magnificence of his service record. The same kind of reasoning 
applies to production, purchasing, finance, etc. We conclude this discussion 
by stating what should now be obvious if it wasn't before. Only systemic 
measures of effectiveness are reasonable in those cases where components are 
not independent of each other but are tightly tied to each other by a network 
of linkages. The character of the linkages is of great significance and we will 
be discussing this subject in a variety of contexts. At this time, however, we 


shall avoid theorizing about system networks and get down to the practical 
utilization of the systems'approach. 


61. A GENERAL DISCUSSION OF FLOW DIAGRAMS 


The key to the systems approach is the willingness to painstakingly explore 
the details ofa system. Later on we shall show how ingenuity is an ingredient 
of successful systems study but in spite of the high value which can be placed \ 
on ingenuity, it is useless without the patient exploration of every nook and 
cranny of the system. Then, we shall also show how quantitative technique 
can be applied to systems analysis. Once, again, however, the efficiency of 


the quantitative approach is totally dependent upon the correctness and 
completeness of the details of the System's network. 
The means we use for re 


many kinds of flow charts. 


recognize that a system, by definition, 
interrelated and mutually dependent. 
chart can provide the necessary level of detail without fulfilling the systems 
concept. At the same time, systems analysis is hard pressed to proceed 
without the utilization of flow charts. 


l 1 So flow charts are a necessary but 
not sufficient requirement of Systems analysis. 


No matter what form of flow chart is used, the basic and distinguishing 
characteristic is sequential flow. For the plant layout flow-process chart the 
sequence may be spatially arranged, while in the operator chart only the time 
dimension is employed. All flow charts indicate a time-ordered sequence. 
Figure 8-2 shows time-ordering, but it is too abstract to provide much useful 
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information. Our purpose in drawing a large-scale flow diagram such as 
Fig. 8-2 is to indicate how a sweeping view of the system helps to prevent our 
overlooking components which affect the system to be studied. It is not 
infrequent that a factor which is ignored, forgotten, or overlooked makes its 
presence known at a later date in a most unpleasant way. 

Let us now note a few particulars about Fig. 8-2. First, the links 
connecting the various kinds of activities do not all transmit the same kind 
ofthing. Through some of the links pass data, through others pass materials; 
still others transmit money. A complete flow would show men, machines, 
decisions, etc. In other words, all of the elements of a system have their 
respective channels. The flow in any one channel can be affected by the 
flow in another channel even though the channels transmit different kinds 
ofthings. For example, the sales department sends a shipping order to the 
stock room. The stock room responds to this information flow with a 
finished goods flow. 

Second, the transmission in each channel is seldom continuous. Usually 
it is either sporadic or regularly repeated at intervals. Note the forecast link 
between production and sales. This may operate only once each quarter of 
the year. On the other hand, when production requests raw materials from 
purchasing: 

(1) The link transmits sporadically if a reorder point (fixed quantity 
inventory system) is used. 

(2) The link transmits periodically on a fixed cycle if a fixed review period 
inventory system is used. 

(3) The link may transmit continuously in a continuous process industry; 
e.g., where the production is that of an oil refinery and the demand for the 
crude petroleum is satisfied by a pipeline connection to the oil fields. 

Third, Fig. 8-2 is one possible mapping of a particular organization's 
linkages. It is not necessarily a good arrangement. It could be a map of 
the present situation or, equally, a map fora proposed system. While patience 
is required to detail the present system, ingenuity is required to rearrange the 
components, change the connecting links, change the frequency and quality of 
transmissions, add new components, etc., so as to achieve improved opera- 
tions with respect to the management's selected measures of effectiveness. 
Among the many objectives which might exist, the removal of duplication 
and the reduction of critical delays are familiar system’s analysis goals. 

Figure 8-2 is a highly compact representation. For example, the storage 
of inventory obtained from vendors does not even appear. Therefore, it can 
be assumed to exist within the production box. If the vendors’ shipping 
link had been connected to purchasing, then it would be assumed that the 
purchasing function subsumed the storage of inventory. An additional link 
would be required to transfer materials from purchasing to production and 
all other places requiring such service. In Fig. 8-2, a great number of 
transactions are obscured by the generalized components and links. We 
have called this a master block flow diagram because complex components and 
multiple flows are not detailed (ergo, master) and are pictured simply as boxes 
(ergo, block). In other words, this kind of chart emphasizes scope rather 
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than depth. There is no specific criterion with respect to the amount of 
detail which should be shown in any flow diagram. It must only be sufficient 
for its intended purpose. When the intention is to utilize programming and 
coding for a computer, it must be very detailed. The master aad its detail 
charts, together, form a package which can be used effectively to study the 
inventory problem. 


62. A GENERAL DISCUSSION OF INPUT-OUTPUT MODELS 


The inventory system study is used for two different purposes and we do not 
want to confuse them. The two purposes are: 
(1) for choosing the best possible decision rules for the system as a whole; 
(2) for increasing the processing efficiency of the system as a whole, once 
an appropriate and satisfactory set of rules have been selected. 


The second point will be discussed in the next chapter-our present concern 
is with the first point. 
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sent, is that when we have designed a device which C: 
market pattern, we can run the equivalent of laboratory experiments. 
Information from the actual marketplace comes to us in real time. That is, 
it takes a year to get a year’s data. With the demand signal generator we 
can effectively collapse time and produce 50 years of data in a few minutes. 

The demand is fed into a rule box. The rule box contains the circuitry 
which is completely analogous to the company's inventory policy. Each 
item has its own rule box and of course its own input demand pattern. 


Another way of stating this, is that the rule box and the inventory models 
used are equivalent. 
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From the rule box we obtain the output which consists of several com- 
ponents’ Each component is a different measure of the effectiveness of the 
rule box for the given demand signal. With respect to the inventory problem, 
the measures of effectiveness would include the service level attained, the 
number of orders which were required, the average investment in inventory, 
and the cost of running the system. This last point is the processing and 
control cost which, as previously explained, is treated in Chapter 9. Figure 
8-3 shows that reports describing the measures of effectiveness are issued by 
the rule box. Accordingly, the measures of effectiveness which are to be 
used are part of the inventory policy. 

An error sensor monitors the measures of effectiveness and reports on all 
discrepancies between the actual results and the criteria or standards which 
are the management's objectives. When testing two systems we have in 
essence two different rule boxes. The same demand pattern is fed into each 
one and the respective measures of effectiveness are reported for each. Let 
us say that one is the present system and the second a proposed system. 
The error sensor, or monitor, will compare the two systems using the output 
of one (generally the present system) as the criteria or standard against which 
the second system can be evaluated. If the error detected is favorable to the 
proposed system, then the proposed rule box will be substituted for the present 
rule box. Perhaps it is not a sufficient improvement or on the contrary, it 
might turn out that the proposed system is an impairment. In that case, thc 
control box should call for further study and redesign. 

If the system is an operating one and is not being tested then, when the 
measures of effectiveness meet the criteria, a zero signal (i.e., no signal) is 
emitted and the control is not alerted to action. The system functions 
continuously in this fashion until some change occurs or until some set of low 
probability conditions arises. Then, the error monitor emits a signal which 
can be likened to an emergency call. The inventory manager is expected to 
quickly look into the matter and determine what it is that shouid be done. 
With a system of this type the executive is free to pursue his executive duties 
from which basic inventory rules can then be omitted. The manager is called 
only when sufficiently serious discrepancies occur. This kind of system is 
frequently called management by exception. It is in effect, a regulator- 
monitored system* which carries on by itself, utilizing rnanagement's 
prefabricated and repeatable policies and decision rules, until the system 
encounters factors which it cannot handle. Obviously, at the beginning of 
inventory systematism the inventory study group is also in the control box. 
Based on what is learned about the measures of effectiveness, changes are 
made in the decision or rule box. These changes continue until a satisfactory 


rule box is designed. 
The closed loop, 


Rule box — Measures of effectiveness — Criteria 
— Control box — Rule box 


is called a feedback loop. Feedback loops are of extreme importance in any 


* A regulator is more carefully defined in Chapter 9. 
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systems analysis. We will become very familiar with them as our discussions 
continue. Frequently the kind of signal which is fed back can be used to 
control the output of the system. For example, the guidance system of a 
plane continually reports discrepancies between the appropriate measures of 
effectiveness (altitude and heading) and the standard which is the guide beam. 
The pilot, who is the controller or regulator, directs the plane so as to reduce 
the reported discrepancies. If an automatic control device is used, then both 
the rule box and the control box function automatically. That is, a control 
rule is built into the control box. Inventory systems of this kind have been 
proposed and we will examine their behavior at a later time. Evenina totally 
automated system, some device monitors the relevant measures of effective- 
ness and treats serious discrepancies as emergency situations which require 
human intervention. Many kinds of loop designs can be used which 
integrate the executive into the decision process. Some require more execu- 
tive participation than others. An appropriate design uses the best capa- 
bilities of the man. vis-a-vis the automated decision-making system. For 
example, a choice might arise when the measure of effectiveness of service 
indicates that back orders are occurring with greater frequency than the 
standard allows. An automated expediting procedure could be called into 
play. On the other hand, ihe discrepancy between the output and the 
criterion might be fed to the automated expediter until a certain level of 
discrepancy is reached. At this point the deterioration would be considered 
to be severe enough to call upon the executive. The executive, in turn, might 
do nothing more than to invoke the automatic expediting routine. But he 
might also use special procedures designed specifically to ameliorate the 
emergency and he might call for a restudy of the decision rules which led to 
the development of this situation, 

In Fig. 8-3, two different dotted lines are connected to the demand 
generator. One line comes from the rule box and the second from the 
control box. Now, we know that some controls (albeit, generally weak ones) 
exist over demand. If one of our criteria is to have a stable work force and 
it is known that the demand generator Produces a seasonal fluctuation, then 
it is possible to prevent large discrepancies between the criterion and the 
measure of effectiveness by increasing advertising at the Tight time. If the 
situation can be formally.anticipated, then it is Possible to devise rules which 
would automatically allocate larger and smaller sums of money for ad- 
vertising promotion, etc. If not, then the executive might be called upon 


from time to time to help stabilize the work force by actions calculated to 
influence the demand generator. B 


oth dotted li 
links which are part of feedback loops. nes are types of feedback 
Some feedbacks loops exist which are not shown i 4 
fact that they are hidden within the boxes can be Mapai ne, BA 
of detail of the flow diagram. We Know when we require the analysis of 
such loops that we can bring them out of obscurity only if we know how they 
work. If we want to test different decision rules they must be explicit, de- 
tailed, and self-consistent. , 


These requirements are the same as those of the electrical engineering 
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field which spawned the input-output model. Electrical engineers call the 
rule box the “black box." This is because the details of the black box 
circuitry are either obscured or else they remain to be specified. That is our 
situation too. Using systems analysis, the relationship between the input and 
the output can be explored and a set of control objectives can be compared to 
the actual outputs. On the other hand, the outputs obtained froma specified 
rule box can be evaluated without knowing anything at all about the actual 
form of the inputs. Further, adequate decision rule and control boxes can 
be designed to permit the achievement of objectives. 


63. TESTING ALTERNATIVE SYSTEM DESIGNS BY SIMULATION 


Let' us, without further delay, design a demand generator. We will examine 
two different types, the first one being the simplest. Assume that a company 
knows with certainty its monthly demand for an item over the period of one 
year. This is a series of 12 numbers. Then, let the demand generator 
repeat this pattern in 12 unit cycles. This data is fed sequentially to the 
decision rule box. Each time a new number is fed into the system the output 
is recorded. This generator is merely supplying what is commonly known 
as an historical forecast.* Let us begin with the simplest possible czse. 
Suppose that the company handles only one item at one location. Suppose 
further that the present decision rule is: order once each month to cover the 
next months’ requirements. If the demand generator precisely duplicates 
the actual demand, then the following table describes the result. 


TABLE OF MONTHLY ORDER CYCLE SIMULATION 
WITH KNOWN FIXED DEMAND SERIES 


RULE Box: 
ORDER x INPUT: OUTPUTS 
MONTH 50 Issues A B C. D E ip 
1 35 50 25.0 25.00 1 100 4 60.00 
2 45 35 17.5 21.25 2 1.70 8 58.20 
3 45 45 22.5 21.67 3 2.60 12 58.40 
4 50 45 22. 21.88 4 3.50 16 — 58.50 
5 35 50 25.0 22.50 S 4.50 20 58.80 
6 30 35 17.5 21.67 6 520 24 5840 
7 40 30 15.0 20.71 7 5.80 28 57.96 
8 30 40 20.0 20.63 8 6.60 32 57.90 
9 30 30 15.0 20.00 9 720 36 56.28 
10 40 30 15.0 19.50 10 7.80 40 57.36 
11 40 40 20.0 19.55 11 8.60 44 57.36 
12 50 40 29.0 19.58 12 9.40 48 57.40 
13 35 50 25.0 20.00 13 110,40 52 57.60 


What we have just done is known as simulation. The general meaning 


* The historical forecast takes account of seasonality but no allowance is made for 
trend. See relevant discussion in Chapter 9. 
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of the word is as good a definition as any. Our dictionary states that “to 
simulate" is “to assume the appearance of, without the reality." No one 
could confuse our rule box and demand generator with reality. They are an 
attempt to assume the appearance of reality. In this way we can observe the 
performance of an analog version of the real thing. And the advantage is 
that we can compress time and observe results that would otherwise require 
prohibitive periods of time. Further, we can experiment without actually 
putting our head into the lion's jaws. No executive likes to tamper with the 
company's policies, particularly when such tampering might invite catas- 
trophe. Butthe simulation procedures of systems analysis permit long shots 
to be tested and encourage a sound experimental program. 


© Order date 


MONTHS 


FIG. 8-4 Simulation result with monthly order cycle and known fixed demand 
series, 


Now, let us look at the outputs obtained from our first simulation. 
The output columns are designated by letters which. should be translated as 
follows: 

A: Average inventory in units, 

B: Running average inventory in units, 

G: E number of orders (L.T. = } month) 

D: Running carrying cost of averas i t — 

das Tam 8e dollar inventory (c — $2.00 per 

E: Cumulative order cost (C, — $4.00 per order) 

F: Total cost (sum of D + E) adjusted to yearly basis. 

An executive in thc control box would study the outputs, that is, the 
various measures of effectiveness (henceforth called moe) Consulting a 
visual interpretation of the results, as in Fig. 8-4, makes it somewhat easier to 
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understand what has happened. The executive would undoubtedly be very 
satisfied with the status of the average inventory. He would have no com- 
plaint about the stock-outs since none occur. But he should be dissatisfied 
with the size of the ordering costs. He observes that the carrying cost tends 
to be much smaller than the ordering cost, which indicates to him that he 
might be doing a better job. Further, the carrying cost moves closer to the 
ordering cost as the order size increases. Believing that a lower total cost 
could be obtained, he calls for study of the situation and he receives the 
following advice: set the order quantity by means of the economic lot size 
formula: 

j 2(470)(4) 

ab 2(.24) 
where the demand per year equals 470 units and the remaining parameters are 


the same ones which were used before. 
Then the number of orders per year will be: 


= 4/7833 = 88 units 


z 470 
n ord 5.3 orders per year 
h t= B — 2.25 months between orders 


Furthermore, a reserve stock will be carried. Previously, the demand was 
assumed to be known with certainty. The demand generator merely did what 
it was told to do. But the inventory analyst is skeptical. He believes that 
precautions must be taken since demand in the future will vary and will not 
exactly duplicate the previous 12 month series. Consequently he mixes up 
the order in which demand was experienced and obtains the following 


distribution. 


CUMULATIVE 
IssUES PER MONTH FREQUENCY PROBABILITY PROBABILITY 
30 3 .250 .250 
35 2 .167 417 
40 3 .250 .667 
45 2 .167 .834 
50 2 .167 1.001 
12 1.001 


We are intentionally using a distribution with an irregular shape. In 
practice such distributions are frequently encountered. Various assumptions 
can be made to smooth them or place them in a family of known characteris- 
tics. For this distribution then, the expected number of issues per month is 


found to be: vt 
220—130 
The standard deviation of monthly demand is: 


om = 7 
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"Lead time is constant at one-half month. Therefore, the expected 
demand in the lead time period is: 


Se d92. 1916 


2 
The standard deviation of demand in the lead time period: 


mg. mm 
DM 7 m l4 
A service level of about .05 is desired; i.e., « = .05. If we assume that 
the Poisson family approximates our distribution, then we can estimate that a 


Order date 
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MONTHS 


FIG. 8-5 Q-model simulation with fixed demand series. 


value of 27.4 will cut off the tail of the distribution leaving a ili 
! robability of .05 

of exceeding that value. Consequently, the reserve ick en c E to 
a = .05 will be 27.4 — 19.6 = 7.8 units (K = 1.56 units). 

Our rule box is completed and can be summarized: 

(1) Order 88 units when the reorder point is reached 

(2) The reorder point will be reached approximate] f i 

(9) The reorder bolas pp ately 5.3 times per year. 


P = zy Reserve Stock 
and 


P = 19.6 + 7.8 = 274 units 
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` 


We will now run through the simulation of this model which we recognize 
to be a Q-type model as described in this text. We use the fixed demand 
pattern of the historical forecast. The results are shown in Fig. 8-5. 

It is usually helpful to have a simulation diagram accompany the sequence 
of computations, but it is not a necessity since the output measures, which are 
the results we require, must still be calculated in order to evaluate the model. 
The steps to derive the table follow directly from the definition of the rule 
box. The moe are computed from the accompanying table of the Q-model 
simulation. 

TABLE OF Q-MODEL SIMULATION 
WITH FiXED DEMAND SERIES 


MoNTH S.O.H. ISSUES ORDERS RECEIPT 
0 95.8 

1 45.8 50.0 50 

*1.526 274 184] 35 88 

2 10.8 16.6 

2.026 9.6-97.6 1.2) 45 88 
3 53.8 43.8 

*3.586 214 264) as 88 

n Í i 

4.086 4,5-92.5 43 so 88 
5 46.8 45.7 

"5,554 274 19.4] 4s 88 

6 11:8 15.6 

6.054 10.2-98.2 1.6} 30 88 
7 69.8 284 

8 29.8 40.0 40 

*8.080 274 24 88 

$580 12.4-100.4 150» 30 88 
9 87.8 12.6. 

10 57.8 300 30 
*10.750 274 304 88 

m 17.8 9.6) 40 

11.2 7.8-95.8 10.0 88 
ex 65.8 30.0f 40 
*12.768 274 38.4) 88 

13 15.8 11.6, °° 

13.268 6.4-94.4 24) ss 88 


S.O.H. — stock on hand. * — reorder point 


(1) Begin with stock on hand (S.O.H.). 
(2) Subtract issues of the first month. 
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(3) If the reorder point is not reached, subtract next month's demand. 
Continue subtracting each month's demand until the reorder point is either 
reached or exceeded. 


(4) When the reorder point is reached, place an order which will definitely 
be received .5 months later. . 

(5) Adjust stock on hand when delivery is made and continue to withdraw 
items from stock at the specified monthly demand rates. 

What are the results of this simulation? We will compute only the end 
of year moe and none of the interim values. Further, we will not bother 
to report moe A since it is implicit in the derivation of moe B. 

B: Running average inventory in units = 54,5. 

C: Cumulative number of orders — 5.6. 

D: Running carrying cost of. average dollar inventory — $26.16. 
E: Cumulative order cost — $22.40. 

F: Total cost = $48.56. 


The number of orders is quickly counted either from the diagram or the 


table. The fractional amount expresses the fact that the last order of the 


year does not occur on the last day of the year. The cumulative average 
inventory is obtained as follows: 


(95.8 + 45.8)/2 x 1.000 = 70.8 
(45.8 + 10.8)/2 x 1.000 = 28.3 
(10.8 + 9.6)/2 x 026= 3 


(97.6 + 53.8/2 x .974 = 73.7 
(53.8 + 8.8)2 x 1.000 = 313 
et. — X—12000 6540 
654 
T= 54.5 
D, E, and F are computed in the usual way once we have been supplied with 
B and C. 


Apparently, 
for the year has f -56, which is a 15.4% 
improvement. The i i i 


ase both in the number of 
ders ar c At the same time the average number of 
units in inventory increased from 19.58 to 54.50. The carrying cost of this 
inventory increased from $9.40 to $26.16, which is about a 175% increase. 
ff the mark. With the new plan, as was 
d. The reserve stock level 


ed one other time. 
Let us stop for a moment and 


: compare these two models and their 
respective rule boxes and demand Patterns. Our first model could only be 
realistic if the company has contracts which permit the exact estimation of 
monthly requirements. But obviously, by following a monthly ordering 
cycle, the company is not using its prize possession-certainty of demand-to 
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its own best advantage. The company does not even do as well as it could 
have, had it thrown away the time-sequential information and proceeded as 
though it was operating under risk conditions. We know from our previous 
discussion in the text that a dynamic program could be used to produce the 
best possible ordering policy.* So this additional alternative presents itself. 
The dynamic program, if applicable to many different items, would be quite 
onerous for manual computation but could be efficiently performed on a 
computer. 


64. MONTE CARLO SIMULATION-THE Q-MODEL 


The second kind of demand generator that we will discuss is more elaborate 
than the fixed series type. It also does away with the contract restriction 
which we specified in the previous section. We assume that the company 
has the same one year of data to work with. Ordinarily, no one would be 
particularly happy with such a small sample but, on the other hand, sometimes 
even less than a year's supply of data are all that is available. 

The probability distribution of monthly demand obtained in the previous 
section is shown in the first three columns below: 


ISSUES PER PROBABILITY CUMULATIVE MONTE CARLO 
MONTH PROBABILITY NUMBER 
30 .250 .250 000-249 
35 .167 417 250-416 
40 .250 .667 417-666 
45 .167 .834 667-833 
50 .166 1.0001 834-999 


We hypothesize that no sequential demand dependencies exist. In other 
words, each month's demand is independent of the demand that occurred in 
the preceding month. Then we want our demand generator to produce a 
random series of monthly demands which we can use as input to the various 
rule boxes that we are testing. If we simulate enough sequences and observe 
the moe which are obtained, we can then evaluate the various alternatives with 
confidence that each system is closely described by the results which we have 
obtained from the simulation. 

The procedure of generating a demand series from a demand distribution 
requires the assignment of Monte Carlo numbers. This is the last column 
in the table above. It will be noted that exactly the right proportion of 
different numbers has been assigned to each issue level. Thus, 250 different, 
three-digit numbers are used to represent the expected frequency of occurrence 
of 30 issues per month. It does not matter which numbers are used in each 


* The use of the dynamic programming method produces a substantial reduction in 
the T.C. We suggest that the reader perform the necessary computations as an exercise. 
+ We have adjusted the probability of 50 issues per month in order to obtain unity 
summation. We can always carry more decimal places if greater accuracy is required. 


In this case, the added precision is not warranted. 


228 the inventory study: design of decision procedures | chap. 8 


category as long as no number is ever used more than once and as long as 
each category is correctly weighted. The assignment of Monte Carlo 
numbers in the table above meets this description. The (issues — 35) 
category is weighted with 167 Monte Carlo numbers out of the total of 1000 
which cover the whole distribution. 

If we find a way to generate three-digit numbers so that any number is 
equally likely, we can then take this random number and match it against the 
assigned Monte Carlo numbers. If sucha random number was 643, we then 
tead directly from the table that the Monte Carlo number 643 is equivalent to 
40 issues per month. Since any number, 000-999, js equally likely to appear, 
then a category containing 250 Monte Carlo numbers is expected to be chosen 
five times more frequently than a category which contains.50 Monte Carlo 


numbers. In this simple Way we can continue to take samples from the 
distribution. 


However, a table of random 
manual computation. We 


present below an illustrative set of such random numbers.* 


470 881 121 684 388 833 845 472 647 728 
129 553 402 157 902 618 870 098 099 588 
116 610 118 022 636 726 493 167 879 065 
293 534 399 781 511 765 222 263 465 896 


This table can be directly translated into the sample 


of usage rates, 
namely, 
40 50 30 45 35 45 50 40 40 45 
30 40 35 30 50 40 50 30 30 40 
30 40 30 30 40 45 40 30 50 30 
35 40 35 45 40 45 30 35 40 50 


We group these 40 sample results and obtain their distributio: 


ISSUES PER MONTH 
30 


n. 
PROBABILITY 


-275 

35 -125 
40 -300 
45 -150 
50 -150 
1.000 


* A table of random numbers will be found on page 337. 
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Even with the small sample that we have used, the derived distribution is 
quite similar to the original distribution. And we now have the advantage of 
a sequence of demands which are independent of each other. We will use 
the first 12 randomly generated demands as the input to our two previous 


rule boxes. 
For the monthly ordering policy rules we obtain: 


TABLE OF MONTHLY ORDER CYCLE SIMULATION 
WITH RANDOM DEMAND SERIES 


MONTH S.0.H. ISSUES ORDER RECEIPT 
0 50-10 40 35 ps 
1 10-45 50 45 35 
2 (—5)-40 30 45 45 
3 10-55 45 50 45 
4 10-60 35 35 50 
5 25-60 45 30 35 
6 15-45 50 40 30 
7 (—5)-35 40 30 40 
8 (—5)-25 40 30 30 
9 (—15)-15 45 40 30 

10 (—30)-10 30 40 40 
11 (—20)-20 40 50 40 
12 (—20)-30 a is 50 


Figure 8-6 presents the sad picture, but to precisely evaluate how bad it 


e Order date 


FIG. 8-6 Simulation result with monthly order cycle and randomly generated 
demand series. 
really is, we must derive our moe. (The items in the stock-on-hand column 
> : 
which bear minus signs and are enclosed in parentheses are stock-outs.) Our 
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computations for all the moe except service level percent are not shown since 
they require no different procedures from those which were previously 
employed. 

There are several different measures which can be used to describe the 
kind of service rendered. For example, we could use the number of months 
in the year that any kind of stock-out occurs. In our case, this would be 7 
out of 12 or 5875. It will be recognized that this is equivalent to « since an 
outage resulted in 7 out of 12 lead time periods. This is more than ten times 


the « which management had specified. Another possible service moe is the 
percent of time that stock-outs exist. This is: 


3.09 18 115% 30) 20m T2) 
so * so * 40 * 40 ^ 45 + 39 ^ = >> 


and 


We obtain in this way further confirmation of the fact that a monthly ordering 
policy which is preset on the basis of an historical forecast is a bad policy 
indeed—when, in fact, the demand is randomly generated. Of course, when 
the executive sees what is happening (if he sees what is happening), he would 
certainly modify the historical forecast. Yet if he had adjusted the forecast 
at the end of the second month, he would have only helped to increase the 
high inventory levels which occurred in the fourth, fifth, and sixth months. 
But by not adjusting the order quantity at the end of the seventh month-a 
rash of serious Stockouts occurred. Thus, if there is even a chance that 
random generation of demand applies, the first model or rule box must be 
rejected. 

Another measure of service would consist of the average number of items 
that are back-ordered. This measure would be calculated as follows: 


INTERVAL OF AVERAGE SHORTAGE 


Propuct 
SHORTAGE (MONTHS) 
19/2 0.0 0.00 
5/50 2.5 25 
5/50 2.5 25 
5/40 2.5 31 
15/40 2.5 7.5 2.80 
30/45 15.0 10.00 
20/30 10.0 6.70 
20/40 10.0 5.00 
12 25.31 


e Mi eu average number of units back-ordered at any time. 
€ can also find the average number of units back- ing an 
outage exists. This is: ordered assuming 


25.31 
COD 10.15 units 
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If all demands are not made in unit quantities, then it would be possible to 
determine the percent of total demands that cannot be filled immediately 
which is another possible variant of a service moe. 

A more precise statement of the outage measures given above will shed 
additional light on the meaning and dimensions of such measures. Consider 
the outages which occur at the end of the second month. We have: 


NUMBER OF UNITS LENGTH OF TIME UNiT-MONTHS 

SHORT (MONTHS) SHORT 

1 1/50 1/50 

2 1/50 2/50 

3 1/50 3/50 

4 1/50 4/50 

5 1/50 5/50 

15/50 


We will have occasion to use this kind of measure again in an unexpected 
context so let us be certain as to its meaning. If a shortage of 2 units 
persisted over the period of one year, it would result in a service measure of 
2 x 12 = 24 stock-out unit months. The penalties paid for shortages would, 
in many cases, increase in proportion to the stock-out unit months rather 
than in proportion to any of the previous measures we have discussed. For 
our example, the total stock-out unit months is computed to be 26.56. This 
figure is more precise but comparable to the 25.31 stock-out unit months 


previously obtained. 


End of month 2 7 8 9 10 I 12 TOTAL 
number 

Stock-out unit 15/50 15/50 15/40 120/40 465/45 210/30 210/40 26.56 
months 


constant shortage of 2.21 units over the course of an 
entire year. Viewed in this way the stock-out situation does not seem so 
serious. Clearly, the correct outage measure is the one which reflects the 
basis upon which the outage penalty is levied. Our first measure indicated a 
very serious situation-i.e., 58^, of all lead times experience atleast one outage. 
Our second measure, outages exist 21°,, of the time, 1s certainly not a good 
showing. It reflects the fact that at least E of the time some customer is 
unhappy. Our third measure, an approximate constant shortage of two 
units does not strike us as forbidding. But if many irate customers share in 
the creation of the two-unit outage, then this small number may mask great 


penalties. 4 
How about the other moe? There are 12 orders, as before, costing $48. 

s 20 units with an average yearly dollar carrying cost 

bout the same investment cost which was experienced 

and was able to be predicted. 

of the simulation procedure have become 


This is equivalent to à 


The average inventory i 
of $9.60. This is just a 
when the actual sequence of dem 

At this point, the advantages 
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much clearer. We will take our analysis a step further by applying the 
random demand generator as an input to our O-rule box. Figure 8-7 
pictures the results we obtain this time. 


TABLE OF Q-MODEL SIMULATION 
WITH RANDOM DEMAND SERIES 


MoNTH S.O.H. TssuES ORDER RECEIPTS 
0 95.8 
55.8 40.0 40 

*1.509 27.4 28.4) so 88 

2 5.8 21.6] ? 

2.009 5.5-93.5 Sim 88 
3 63.8 297 

*3.810 274 364 88 

4 18.8 8.6f 45 

4.310 7.9-95.9 10.9 88 
5 71.8 24.1f 35 

*5.987 274 44.4 8 

6 26:8 ‘eho d 

6.487 2.4-90.4 24.4 

7 64.8 25.6f 50 E 
*7.935 274 374 

8 24.8 26f 40 s3 

8.435 7.4-95.4 17. 

9 72.8 226] 40 de 
10 27.8 45.0 45 

*10.013 274 

10.513 12.8-100.8 THES m 88 
11 85.8 15.0 

12 45.8 40.0 40 

al 


The number of orders can be approximated at 5.8. The average number 
of units carried in the invento 


1 Ty is equal to 639/12 = 53,3, So we can sum-, 
marize our results: 


B: kunning average inventory in units — 53.3. 

C: Cumulative number of orders = 5,8. 

D: Running carrying cost of average dollar inventory — 25.58 
E: Cumulative order cost — $23.20. Yon Mss 
+: Total cost = $48.78. 

As we would have expected these r:suits are v 


{ ery similar to those pre- 
viously obtained fcr this same Q-model rule box, This mo ‘el was designed 


or. Consequently, while 


erage out in the neighbor- 


hood of the theoretical moe. The fact that the first series was fixed by a 
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management decision does not influence the fact that it represents just one 
possible random sequence which could by chance have been produced by the 
demand generator. Asa matter of fact, unless more than one year's data are 
available, it is best to assume randomness. Of course, contracts or similar 
assurances of fixed sequences would nullify the remarks above. In our later 


e Order date 


FIG. 8-7 Q-model simulation with random demand series. 


discussions of forecasting we will be able to amplify a good deal on these 
conclusions. Such amplification is dependent upon the development of 
certain notions which we will not introduce at this time. as 
One further point deserves mention. No stock-outs occurred in either 
simulation run although the rule box had beeu designed to permit an outage 
one time out of every 20 iead time periods. Since only five orders were placed 
in each simulation it is not surprising that no stock-out was experienced. 
This indicates the need for lengthy simulat;ons-easily accomplished on a 


computer. 


65. DETAILED FLOW DIAGRAMS 


Each individual demand input requires a new computation to be made. 
And each set of computations is called an iteration. Detailed flow diagrams 


l 
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are generally used by systems analysts to represent the iterative procedures 
used for simulation as well as for other kinds of computations which require 
that a series of calculations be repeated. The purposes served by such flow 
diagrams are at least threefold : 


(1) Clarification of points that may not even seem to exist is forced upon 
the analyst. 

(2) The effects of feedback loops can be investigated as well as other 
systems characteristics. The flow diagrams can be used to specify such 
characteristics. 

(3) Computer flow diagrams can be drawn up and computer programs can 
be written which relieve the systems analyst of the incredible burdens of 
iterative computations. 

We shall first of all set down the appropriate flow diagram for simulation 
of the Q-model which was used in the previous section. To achieve com- 
pactness a lot of detail in Fig. 8-8 is shown in an abbreviated form. A few 
things should be pointed out. First of all, the flow chart applies to only one 
item. This would be the kind of operation that would occur when on-line 
data-processing is utilized. By on-line we mean that the transaction is 
handled on real company time and not after hours. But a further qualifica- 
tion is required. Namely, when the first record is made of the issue trans- 
action, it is transmitted immediately to the data-processing center where 
appropriate adjustments are made on all the appropriate records. Systems 
of this type are employed by transportation companies and hotel chains for 
customer reservations. Continuous processing industries also make use of 
on-line data systems. Methods for achieving on-line clearance of bank 
checks so that customary delays can be done away with are available. The 


appropriateness of on-line data-processing is clearly related to the nature of 
the inventory items. 


In this case, the issue transaction (and/or the receipt transaction) must be 
matched against the appropriate records so that entries and adjustments to 
stock level, stock on order, etc., can be made. 

On the other hand, if a batch of transactions applying to many items are 
saved up,* thena typical data-processing run will involve matching each item 
against its appropriate record and providing loop sequences which will 
terminate the operation when all transactions have been processed.| This is 
themore usual case. But it does an injustice to the Q-model which in theory 
is a perpetual inventory system requiring on-line, immediate data-procedure. 

Figure 8-8 indicates that two tests are made with respect to the stock on 
hand plus the stock on order. The first test is whether or not the reorder point 
has been reached or exceeded. The second test is used to determine how 
badly depleted the stock position is. If a serious shortage appears to be 
imminent then the routine calls for-an expediter, 


* See discussion on optimum run sizes in Gregory and Van Horn, Automatic Data- 
Processing Systems (San Francisco: Wadsworth Publishing Co., Inc., 1960) pp. 590-593. 
f The appropriate flow diagram will be found in Chapter 9 


zn : i at which point the em- 
phasis is on processing rather than decision characteristics. 
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A most important component of our flow diagram is the updating routine 
which is used. Updating can take place with every transaction. It could 
take place with every twentieth transaction. Another possibility is that 


r Perpetua! inventory 
Issue transaction Bx aab 


item / item numbers : 1—7 


Demand 
generator 
item / 


Match 
item / 


4 
Adjust stock card: E 
(Stock on hand) - (Quontity issued) - (New stock on hand) 


Return to file 
Return to file 


Test reorder point: 
(New stock on hand) + (Stock on order) = P’ 
P'» reorder point? 
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" 


Lead time 
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item / 
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Iso 


als 
(Stock on hand) + (Quantity received) =(New stock on hand) 


FIG. 8-8 Detailed flow diagram of the Q-model simulation. 


whenever the reorder point is reached our rule box calls for updating on the 
basis of everything which has previously transpired. Still another possibility 
is to update every day, every week, every month, every six months, and so on. 
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Presumably, no matter what updating system is chosen it best fits the process- 
ing routines used and the stability characteristes of the items involved. In 
effect, updating is equivalent to monitoring the reorder point, the order 
quantity, and the reserve stock. Changes in these factors are introduced 
automatically by updating which in itself can be an automated procedure. 
Schematically, we have designed a self-repairing machine. 

The moe are reported out in boxes 13 and 14. Such reports can occur 
with every transaction or periodically. It should be remembered that they 
are the inputs to the executive and form the connecting link of the man- 
machine system. In Fig. 8-8 we have introduced a lead time generator in 
addition to the demand generator. The lead time generator constitutes 
another source of variability. Usually it is independent of the demand 
generator, but this is not always so. For example, assume that demand for 
an item increases beyond the supply available. Then, clearly, demand 
influences delivery time. We can run simulations with both generators 
operating, and this is one example of a major advantage of system simulation 
which is difficult to match with analytical methods. The mathematical 
problems which crop up when both kinds of variability are present are usually 
so involved that simplifying assumptions must be employed if the analytical 
methods are to be used at all. Most frequently, the vendor delivery records 
are analysed. A distribution of lead time periods is derived. But the ex- 
pected value is seldom used and instead a reasonable maximum lead time is 
chosen. „More often than not, this may be a perfectly legitimate assumption. 
When it is not, recourse can be had to a queuing model-as long as the con- 
comitant characteristics of the situation permit. In any case, the simulation 
approach can employ the full distribution of lead time values to test any model 
whatever. No matter how the model is formulated, testing the efficacy of 


iid rule box by simulation is an intelligent precaution which can always be 
taken. 


66. SIMULATION OF THE P-MODEL e 


We shall now explore a number of different inventory models. The first one 
we will simulate is the P-model which has a fixed ordering cycle. We will use 
the same data which we used before. 


The rule box definition is required: 

(1) From our previous work we know that 5.3 orders per year are 
indicated, which is equivalent to 2.25 months between orders 

(2) Having fixed the ordering frequency we calculate the maximum level. 
It must be sufficient to protect against stock-outs for a period equal to the 
lead time plus the review period. The lead time was one-half month. 


Therefore, the total period to be covered is 2.25 + .50 = 2.75 months. The 
expected demand in the total period will be: 


Zup.«nm. = (2.75)Zn = (2.75)(39.2) = 107.8 units 


We will use the normal approximation to the Poisson distribution since 
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the demand is large enough to warrant this assumption. For « = .05 we 
obtain a K factor of 1.64. The standard deviation of the Poisson distribution 
is equal to the square root of the expected value of the distribution. In our 
case, this is 10.4 units. Therefore, the reserve stock required to achieve the 
stated protection level will be: 
(1.64)(10.4) — 17.1 units 

(3) The last element we must specify for our rule box is M, the maximum 

stock level, and 
M = 107.8 + 17.1 = 125 units 


We will use the randomly generated demand series. Figure 8-9 illustrates 
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FIG. 8-9 P-model simulation with random demand series. 


the result of the simulation. Once, again, no stock-outs have been experi- 
enced, There is no question about the number of orders. They were preset 
and controlled at 5.3 orders per year. To the eye the average inventory - 
seems to have increased slightly. Let us now examine the moe. 


B: Running average inventory in units = 61.4. 


238 the inventory study: design of decision procedures | chap. 8 


C: Cumulative number of orders — 5.3. 

D: Running carrying cost of average dollar inventory — $29.47. 
E: Cumulative order cost = $21.20. 

F: Totalcost — $50.67. 


There has been a small increase in the average inventory, but since the 
number of orders is held constant, the rise in the total cost will not be severe. 
Nevertheless, we recognize that the P-model has not performed quite as well 
as the O-model.* The use of the P-model would be justified by savings 
realized from a fixed order period and the abolition of a perpetual inventory 
system-which is required for the Q-model. The simulation procedure with 
the P-model rule box and the random demand generator imposes no new 
difficulties. But it is desirable for the reader to follow the steps of the 
simulation or, even better, by utilizing a different series of random numbers, to 
run through one of his own making. The procedure helps to clear up any 
uncertainties as to the differentiation between Q- and P-models. At the same 
time, variations can be introduced which are of particular interest. The 
computations for Fig: 8-9 are presented in the accompanying table. 


"TABLE OF P-MODEL SIMULATION 
WITH RANDOM DEMAND SERIES 


"MONTH S.O.H. Issues ORDERS RECEIPT 
0 105.5 

1 65.5 40.0 40 

*1.75 37.5 28.0 87.5 

2 155 220] W 

2.25 8.0-95.5 7.5 87.5 
3 73.0 22.5] 30 

4 28.0 45.0 45 97.0 

4.50 10.5-107.5 17.5 

5 90.0 17.55 35 t 

45.0 450 45 

*6.25 32.5 12.5 

6.75 7.5-100.0 25.0) 50 PS 92.5 
7 87.5 12.5 

8 41.5 40.0 40 

*8.50 21.5 20.0 

9 7.5-105.0 20.0f 49 35 97.5 
10 60.0 450 45 

*10.75 37.5 22.5 

il 30.0 Tsp 30 Jp 

11.25 20.0-107.5 10.0 

12 71.5 30.0; 40 M | 


* See relevant discussion in Chapter 5. 
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67. SIMULATION OF P-MODEL WITH VARIABLE LEAD TIME 


We introduce one new variation in this simulation. Namely, a lead time 
generator is applied to the rule box. We want to observe the outputs of the 
system when this new condition is added. Let us assume that lead time is 
distributed in the following manner: 


CuMuLarIvE L.T. Monte CARLO 
L.T. (MONTHS) L.T. PROBABILITY PROBABILITY NUMBERS 
0 .00 .00 
1/4 23 .23 00-22 
1/2 .60 .83 23-82 
3/4 .10 .93 83-92 
ji .07 1.00 93-99 


1.00 


Thus, lead time has an expected value of one-half month. This is the 
same value as the constant lead time which we used before. The standard 
deviation of this distribution, ou.. = l month. Two alternatives present 
themselves. On the one hand, we could attempt to combine the distributions 
of demand and lead time, but this is not always possible. When it is possible 
the computational burden is large and the results not always useful. Instead 
of dealing with the product function of these two random variables, we can 
select a value, L.Tmax, Which would be .50 + Ko,,7..* This succeeds in 
increasing the reserve stock and preventing stock outages which might arise 
when the lead time-by chance-takes on one of its larger values. The adverse 
effect is obvious. If we choose too large a value for L.T max, We then incur 
excessive carrying costs. Differentiation between practical and theoretical 
systems is always in order. Overanalysis of the L.T. distribution can be 
pointless in view of the variety of other uncertainties and the lack of precision 
which pervades the inyentory decision field. Simulation offers a relatively 
inexpensive substitute for large investments in analytical studies. For 
example, we will choose LT,,, = } month, Our simulation produces the 
relevant output moe. If we think we can better these results we select 
another value for L.T max Proceeding in this 


and run another simulation. 
manner, it is possible to approach an optimal solution. 
We generate the following random number series: 
90 26 18 87 00 98 09 95 88 


These correspond to lead times of: 
ee ee rae wee 
It is immediately obvious that the sequence contains low probability 


ince of K with respect to protec! 
ad time reserve s 


tion is lost however since neither the 
tock A identify the cutoff value of the 


nilica 
demand reserve stock K nor the le e 
multiple distribution of demand and lead time. 
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events. Although it is rare, it is nevertheless a situation which can arise and 
must be expected. Reference to Fig. 8-10 shows what occurs when the P- 
model experiences such a run of lead times that deviate considerably from 
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FIG, 8-10 P-model si i it 
HS ode! simulation with random demand series and random lead 


the expected value. Remember, we have made an additi 

As ^ , tional safe llowance 
by obtaining the demand in a longer lead time period cT ) 
Consequently, our rule box is: Jes ge 


(1) n = 5.3 orders per year (unchanged), 
(2) t = 12/n = 2.25 months between orde 
(3) M = Zup. cur. + Kopp irr, 

= 39.20.25 + .75) + 1.64[39.2(2:25 + ME EI 
E = 117.6 + 17.9 = 135.5 units 


TS (unchanged). 
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(We have again assumed that the demand distribution can be adequately 
represented by the normal approximation of the Poisson distribution.) 

(4) And from the above, the reserve stock — 17.9 units. The flow of 
computations which parallel the diagram in Fig. 8-10 are shown in the 


accompanying table. 


TABLE OF P-MODEL SIMULATION 
wiTH RANDOM DEMAND AND RANDOM LEAD TIME SERIES 


MONTH S.O.H. ISSUES ORDERS RECEIPT 
0 106.0 

1 : 66.0 40.0 40 

*1.75 28.5 37.5 107.0 

2 16 | 12.5) 50 | 
2.50 10-1080 | 15.0] 30 107.0 

3 93.0 15.0 

+4 48.0 450 45 87.5 

4.50 30.5-118.0 17.5) 35 87.5 

5 100.5 17.5} | 

55.5 45.0 | 

*6.25 43.0 12.5 92.5 | 
6.50 20.5.1230 12.55 50 925 | 
7 i 0) 

8 58.0 40.0 40 

*8.50 38.0 20.0 97.5 

9 18.0 20.0) 4° | 
9.25 6.75-104.25 11.25 97.5 

10 70.5 35345 | 
. 48.0 22.5) 87.5 | 
ee 40.5-128.0 Thee, 87.5 

12 88.0 400 40 | | 


We see plainly enouglrthat the general situation has deteriorated but that 
there is nothing at all that we can do about this. It is nature that is extracting 
its payment. The increase in the variability, as a result of the lead time 
generator being hooked into the system, causes some periods in which a 
stock-out almost results, while in other periods the inventory level is higher 
than one would normally like. Judging from the results of our very limited 
simulation, a value for L.Tmax of three-quarters of a month is just about right. 
As previously stated, we could try other values if we thought we could do 

final decision on the basis of a twelve- 


better. Certainly we would reach no non 
month EU Twenty years might be more like it, But the essence of 


s 
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what we are talking about is conveyed by even a twelve months’ sample. We 
will sum up for this simulation by looking at the moe which are: 


Running average inventory in units — 69.1. 
Cumulative number of orders — 5.3. 
: Running carrying cost of average dollar inventory — $33.17. 


Cumulative order cost — $21.20. 
Total cost — $54.37. 


al eS) CMS 


In view of the low probability lead time series which was generated by 
chance, our rule box appears to be quite effective in coping with the existing 


situation. Of course, even worse situations are sure to arise-if we wait long 
enough. 


68. SIMULATION OF INVENTORY QUEUING MODEL 


i expected lead time 1/1 to obtain an engine 
replacement is one-half month. The replenishment time distribution func- 


tion which denotes the probability that the lead time will be longer than a 


time, t, is of the exponential type. From this we derive the pure number, p, 
which is the utilization factor of o 


» the ur queuing model, assuming that x units 
are carried in stock. 
1 
2) 2 
2 OG) i 
xp M Ty 


Assume that one time in 20 years a shortage is to be allowed. The 
expected demand in a 20-year period would be: 


20 years x 12 months/year x 2 units/month = 480 units 


Thus we require protection against more than 1 Outage in 480 demands. 
P, is the probability of an outage per demand,* so p, = 1/480 = .002. For 
the theoretical analysis we solve the queuing equation for various values of x, 


* See page 149 for the appropriate mathematical statement, 
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which represents the number of items to be maintained in stock, until our P, 
criterion is realized: Thus, 


x21 B-2(D321 


Wl 


x=2 P =[l+(1+D>= 


ue Es 
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Un 
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i 


[i+ 4s 141454243) ee 
2 gor 261 


ll 


f= ! Ly cw e ees cx T 
ase [i +s (1+14+5 +6 +29 m3] = 163i 
Therefore, if stock on hand plus stock on order equals six units at all times, 
we expect to meet and pass our criterion. 

Now let us hook our symbolic demand and lead time generators into our 
rule box which is: 

(1) S.O.H. + S.O.O. = 6 units. 

(2) Place an order to replace each issue as each issue occurs. 

Since the expected demand per month is equal to two units and follows the 
Poisson distribution, we will obtain the expected demand per week and utilize 
the Poisson distribution of weekly requests. The demand generator will then 
sample the following distribution-which has mean and variance equal to .50. 
(We assume 4 weeks per month and that the demand always occurs in the 
middle of the week. If the assumptions are too inaccurate or restrictive they 
can be modified at the expense of additional computation.) 


NUMBER OF ISSUES PROBABILITY CUMULATIVE Monte CARLO 
PER WEEK oF i ISSUES PROBABILITY NUMBERS 
0 .607 .607 000-606 
1 .303 .910 607-909 
2 .076 .986 910-985 
3 012 .998 986-997 
à 002 1.000 998-999 


random numbers as before, we will obtain the following 


lean If-year period of time. 


demand series covering a ha 
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WEEK NUMBER RANDOM NUMBER DEMAND L.T. (WEEKS) 
1 470 0 on 
2 881 1 1 
3 121 0 Be. 
4 684 1 0 
5 388 0 E 
6 833 1 4 
7 845 1 0 
8 472 0 
9 647 1 0 

10 728 1 1 
11 129 0 

12 553 0 

13 403 0 

14 157 0 T 
15 902 1 1 
16 618 1 3 
17 870 1 1 
18 982 2 2-0 
19 099 0 

20 588 0 

21 116 0 + 
22 610 1 0 
23 118 0 

24 022 0 ie 
25 636 1 1 
26 726 1 4 


14 

Total demand equals 14, as shown. The last column gives the lead times 

which are to be associated with the order that is routinely placed when an 

engine is demanded and taken from stock. The lead time column was 

obtained by methods which should be “old hat" by now. Namely the lead 

time generator samples the replenishment time distribution which is described 
by P(L.T.21)—e-" = e-?*, Accordingly, 


CUMULATIVE 
f(MoNTHS) | e-? P(t) P(L.T.«1) M.C. NUMBERS 

0 1.000 -393 -393 000-392 
1/4 .607 .239 .632 393-631 
1/2 .368 .145 177 632-776 
3/4 .223 .088 .865 711-864 
1 .135 .053 .918 865-917 
5/4 082 032 -950 918-949 
3/2 .050 .020 970 950-969 
7/4 -030 -012 -982 970-981 
2 018 -007 -989 982-988 
9/4 O11 004 .993 989-992 
5/2 .007 .003 .996 993-995 

11/4 .004 .002 .998 996-997 
3 .002 .002 1.000 


998-999 
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There were 14 issues and, correspondingly, 14 orders placed and, necessarily, 
14 individual lead times. We continue generating random numbers and in 
this way we obtain the lead time column of the next table, which is also shown 


above. 


ISSUE NUMBER RANDOM NUMBER LEAD TIME (WEEKS) 
1 493 1 
2 167 0 
3 879 4 
4 065 0 
5 293 0 
6 534 1 
7 399 1 
8 781 * 3 
9 511 1 

10 765 2 
11 222 0 
12 263 0 
13 465 1 
14 896 4 


(We assume that 0 means that a delivery of the unit is made almost immedi- 
ately.) Figure 8-11 illustrates the result of this simulation. 
We see that by specifying such a very high protection level, the stock on 


0 1955 


WEEKS 


FIG. 8-11 Simulation of the inventory queuing model. 


hand has not dropped below two units in the half-year period. Consulting 
our previous calculations for the determination of stock level for the queuing 
model. we find that if we had chosen x = 3 units, P, = 1/11. This means 
i Two demands occur per month; there- 


on leven demands. ccu 
€ outage every eleve This is roughly the period 


fore, eleven demands are expected in 51 months. 
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which is covered by our simulation. It is apparent that if we had carried 
three instead of six units, we would have experienced the expected outage. 
As a matter of interest, let us compare this queuing result with that of a 
O-model designed to be analogous. The reorder point is the sum of the 
demand in the lead time period and the reserve stock. We will take L.T. 
equals one-half month. Then Zp. = l unit and 9. , = Vi=1. With 


this Poisson distribution, when K = 4.0, we obtain a protection level 


WEEKS 


FIG. 8-12 Simulation of the Q-model analog to the queuing model. 


approximately equivalent to .002. This gives us the reorder point: P = 1 


+ 4(1) = 5. We must design the order quantity, x, so that when one unit is 
demanded the reorder point is reached. A reorder quantity of two units will 
satisfy this requirement, one unit being the expected demand in the lead time 
interval. For x, = 2, and 13 four-week months per year, we have: 


2(26)C, 4 1 
QUE ECU. C, 
cC, and IS—-—ur 


Perated lead times as was 


formerly used. Figure 8-12 is the diagram of the Simulation. We see that 
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seven orders were placed, slightly exceeding our expectations. While the 
number of orders relative to the queuing system has been reduced, the average 
inventory investment appears to have increased. It is inadvisable to rely 
bun our eyesight in this matter so we compute the six-month moe and we 
ind: 


QueuING MODEL Q-MODEL 
B: 5.42 units 5.88 units 
Cs 14 orders per half-year 7 orders per half-year 
D: SeC.(5.42) $cC.(5.88) 
E: SC,(14) $C,(7) 
F: (5.42)cC. + 14C, (5.88)cC. + 7C, 


The Q-model has a slightly higher average inventory and a lower order 
frequency. The two models are equivalent when: 


5.42cC, + 14C, = 5.88cC, + 7C, (half-year totàl costs) 
Letting C, — .05, since only a six-month period is covered, we find: 
c/C, = 304 
Thus, for these data the queuing model is preferable when c/C, > 304 and 
the Q-model is preferable when c/C, « 304. This at least establishes a 
dividing line for us in terms of these two models. It also emphasizes the 


point that queuing models of this single-order type can only be used for high 
price items. All of which naturally leads to the question, “What about the 


P-model?” Let us frame the P-model as follows: 


(1) The review period is one week. 
(2) E Tas =) 4 month — 2 weeks. 


1 1 2 1 ibus 
(3) M = gp. +u.r. + Kopp vr. = 2 4 Eis 2 TK 4 at 3] 


L5 + KV1.5 


LU 


(4) When K = 3.7, « © .002. 
(5) Therefore, M — 6.0 units. 
(6) And reserve stock — 4.5 units. 
(7) There will be 52 review periods per year. 
(8) But the expected number of orders per year, n = 26. 
(9) Thus x, — z/n — 26/26 — 1 unit. 
Simulation of this P-model will produce exactly the same results as those 
we obtained from the queuing model. They are identical and Fig. 8-11 
applies equally to both. Let us then find that value of ¢/C, which would 
produce optimal results for both the P and queuing models. This is easily 
derived since, 
2(26)C, 
or Fa 
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and letting C, = .10 we obtain c/C, = 520. Comparing these c/C, values we 
recall: 


Q-model optimal: c/C, — 130 

Q, P and queuing model are equivalent-based on the simulation result: 

c[C, = 304 

P and queuing model optimal: c/C, = 520 

This is an example of some of the things we can learn from simulation. 
It must be remembered that because of the variable lead time factor, an 
analytical solution was avoided. Longer simulation runs should be required 
and then, on the basis of an adequate sample, relevant comparisons between 
models can be made. Many other factors can be introduced and varied such 
as discounts, expediting costs, and price changes. They are comparatively 


simple to include in the simulation although many times they are forbiddingly 
complex in mathematical form. 


69. THE MANY ITEM SIMULATION 


We have already introduced the notion that individual item optimization is 
almost guaranteed to destroy the collective, system-wide optimization. This 
important systems concept was explained in terms of the many item, the 
many location and the many department effects. We will now consider a 


simulation based on the many item effect. Because of the complexity of this 
“system a flow diagram is particularly useful. Figure 8-13 supplies the map 
we require. 


Demand 
generator 
A 


[Customer 4 


V's lead 
time 
generator 


Quantity 
issued 


Customer 2 


Demand 
generator 
8 


FIG. 8-13 Flow diagram of the many item simulation. 
$.O.O, stock on order for jth item 

S.O.H, stock on hand for jth item 

P, reorder point for jth item 


OH +! No Vendor U/ 
f $.0.0; 


generator 
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We can read this flow diagram directly. It tells us how things work and 
what must still be specified. For the sake of simplicity the number of 
customers is limited to two. Similarly, the number of items is fixed at two 
and the demand quantities are limited to 0, 1, and 2 units. Only two vendors 
are used. Each has his own lead time characteristics. We will assume 


constant lead times: 


Lead time of vendor V for item 1 — 2 weeks 
Lead time of vendor U for item 2 = 4 weeks 


Further, item 1 sells for $140 per unit; item 2 sells for $210 per unit. And, 
item I costs $100 per unit; item 2 costs $150 per unit. Let C, = .10 per 


year. 
The demand generator will produce an A and B sample for each day. 
So that it is possible to follow this example with relative ease, each customer 
is permitted to buy either quantities of item 1 or of item 2 on any one day-but 


not both. Then: 


CUSTOMER ITEM QUANTITY PROBABILITY M.C. NUMBERS_ 
A none 0 40 00-39 
A 1 1 20 40-59 
A 1 2 10 60-69 
A 2 1 .20 70-89 
A 2 2 10 90-99 
B none 0 .50 00-49 
B 1 1 10 50-59 
B 1 2 .05 60-64 
B 2 1 45 65-79 
B 2 2 .20 80-99 


e of obtaining the system's parameters and 


From the above, for the purpos J s paral 
btain the distribution of total 


then designing appropriate rule boxes, we can o 
daily demand for each item: 


A B A+B P(ITEM 1) P(ITEM 2) 

0 0 0 10 x .85 2.595  .70 x .65 = .455 
1 0 1 20 x .85=.170  .20 x .65 = .130 
0 1 1 40 x.102.070 .70 x .15 = .105 
1 1 2 .20 x .10 = .020 .20 x .15 = .030 
2 0 2 10 x .85.— .085 — .10 x .65 = .065 
0 2 2 70 x .05-—.035  .70 x .20 = .140 
2 1 3 10 x .10—.010 .10 x .15 = .015 
1 2 3 20 x 05 =.010 .20 x .20 = .040 
FE Wank} 4 “10 x .05=.005 .10 x .20 = .020 


1.000 1.000 


250 the inventory study: design of decision procedures | chap. 8 


Which reduces to: 


DEMAND PER DAY PROBABILITY DEMAND PER DAY PROBABILITY 
ITEM Í Item 1 ITEM 2 IrEM 2 
0 595 0 .455 
1 .240 1 .235 
2 .140 2 .235 
3 .020 3 .055 
4 .005 4 .020 


the expected demand per day for item 1 is .60 units. The expected demand 
per day for item 2 is .95 units. We have been told that item | costs $100 
per unit and item 2 costs $150 per unit. Now we must raise two conditions 
of great importance. First, the company wishes to limit its inventory invest- 
ment to no more than $2500 invested in the combined average inventory of 


the two items. (Note the budget limitations in Fig. 8-13.) Reorder points 


designed to give about 95%, protection are calculated; i.e., P, = 6 + 2V6 


= ll units and P; = 19 + 2V19 = 28 units. For the first item the resérve 
stock is about five units, which is a yearly inventory investment of $500. 
For the second item the reserve stock is nine units at $150 per unit or $1350. 


The combined investment is then $1850, which leaves only $650 to be spent 
on the combined average order quantities; i.e., 


Cita) Xa 
2n UE) 


Ordinarily we would determine X, for each item and proceed on our merry 


way. Thus, if the cost per order for either item was $5.00 and a business 
year consists of 240 days: 
— (2 x .60 x 240 x 5)12 : 
x(1) = Smee) = 12 units 
and 


x,Q) = e x .95 x 240 x 2 


150 x 10 — 12.3 units 
Hence, 

[100(12) + 150(12.3 

2) + 150012.3) = $1523 


This is over $800 in excess of the budgeted amount, 

A number of things can be done. We can reduce reserve stocks in either 
item or both. We can order smaller quantities of either item or both. 
But what should we do? The systems concept can be applied by systematic- 
ally experimenting with various approaches. Before we begin we will 
complicate our situation with the second condition which Was not explained 


but mentioned above. Namely, an Outage experienced by customer A shifts 
all his business away for a two-week period. 


sines ) 4. If experienced by customer B 
it vesults in his buying everythi ent source for three weeks. 
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TABLE FOR MANY ITEM SIMULATION I 


251 


RanpoM NuMBERS| DAY DEMAND ITEM 
A B 

A B 
1 2 1 2 1 2 
47 57 1 1 0 1 0 2 0 
08 90 2 0 0 0 2 0 2 
81 26 3 0 1 0 0 0 1 
12 18 4 0 0 0 0 0 0 
16 87 5 0 0 0 2 0 2 
84 09 6 0 1 0 0 0 1 
38 82 7 0 0 0 2 0 2 
88 09 8 0 1 0 0 0 1 
33 95 9 0 0 0 2 [3 2 
84 88 10 0 1 0 2 0 3 
54 T m 1 0 0 0 1 0 
72 66 12 0 1 0 1 0 2 
64 10 13 2 0 0 0 2 0 
77 T 14 0 1 0 0 0 1 
28 80 15 0 0 0 2 0 2 
12 22 16 0 0 0 0 0 0 
95 63 17 0 2 2 0 2 2 
53 67 18 1 0 0 1 1 1 
40 26 19 1 0 0 0 1 0 
31 14 20 0 0 0 0 D 9 
08 19 21 0 0 0 0 0 0 
69 34 22 2 0 0 0 2 0 
28 50 23 0 0 1 0 1 9 
72 34 24 0 1 0 0 0 1 
37 69 25 0 0 0 1 0 1 
87 67 26 0 1 0 1 0 2 
87 92 27 0 1 0 2 o 3 
90 TI 28 0 2 0 1 © 3 
16 68 29 0 0 0 1 o 2 
29 55 30 0 0 1 y il g 
72 70 31 0 1 a i 9 2 
18 27 32 0 0 0 o 9 o 
43 85 33 1 0 D 2 1 E 
a E ad o 0 1 0 1 0 
53 97 35 1 0 o 2 : 2 
95 44 36 0 2 9 9 D 2 
14 27 37 0 0 0 9 W 9 
46 88 38 1 0 g 2 | 2 
79 09 39 o 1 9 9 2 ] 
43 40 | 40 1 3 p G i : 
i 7 6 27 18 44 
edam) GL OI T) 

29 33 62 
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The first set of rule boxes to be tried will be: P; = 11, xi = 5, Po = 28, 
X2 = 5. This meets the budget restriction. Let us see how it affects the 
company’s position, bearing in mind the limited sample size that we will use. 

First, we let our random generator produce two months supply of input 
data. The previous table with the Monte Carlo numbers is used to derive 
the accompanying simulation table. 

Figure 8-14 presents the simulation based on the inve 


ntory strategy, 
Py = 11, Pp = 28, x, = 5, x2 = 5. 


We find that item 2 requires time to 


25 t- * Reorder point for item 1 
n- 4 Reorder point for item 2 
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FIG. 8-14 Many item simulation |. 


settle down. It continually decreases until the orders which have been placed 
begin to take effect. Such initial phenomena as oscillations, rapid growth, 
and rapid decay are not unusual in simulations. A sufficient period should 
always be allowed for stability to set in. Even so, in real life a system has to 
be introduced at a point in time and the system actually experiences many 
forms of transients. It is useful then to be able to simulate these initial 
conditions for at least three reasons. First, so that deteriorations which 
occur immediately after a new system has been introduced should not be 
misinterpreted. If they are anticipated no emergency sessions will be called 
to cancel the program for the new system which is being installed. Second, 
so that we are able to change the system’s design if undesirahle initial condi- 
tions are observed. After all, the initial conditions are a means to an end and 
there is little point in allowing the means to destroy the possibility of ever 
reaching the end. Third, mathematical analysis of system transients is 
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forbidding. Most of our strong analytical methods are based on the system 
achieving a steady state. As in this case, it can take a while. 

x We will calculate relevant moe beginning with the twentieth day so as to 
eliminate the transient responses. But the transient response patterns are 
available if the need exists to use them. We find for plan 1, which is our 


first strategy: 


moe(MONTHS) IrTEM I ITEM 2 TOTAL 
B 9.1 9.8 19 
C 2 5 7 
D $7.58 $12.25 $19.38 
E $10.00 $25.00 $35.00 
F $17.58 $37.25 $54.83 

Sales volume 9 22 31 
Sales cost $900.00 $3300.00 $4200.00 
Total cost $917.58 $3337.25 $4254.83 
Dollar volume $1260.00 $4620.00 $5880.00 
Profit $342.42 $1282.75 $1625.17 
Profit/unit $38.05 $58.31 $52.42 
Stock-out cost none none none 
Fjunit $1.95 $1.69 $1.77 
F|dollar-unit .020 .011 .013 


The record looks better for item 2 in spite of the fact that it has a higher 
total cost. We must remember that we are comparing the effect on two 
different items of a single strategy. Therefore, we have divided the F- 
measure (which is the total cost), by the number of units demanded. We 
have also divided the F-measure by the dollar value of the units demanded. 
Both measures indicate that item 2 is performing more efficiently. At the 
same time, a higher profit per unit is derived from item 2. — 

Obviously, we can work through many different feasible* simulation 


programs. A few such feasible programs would be: 

Ky Kz xi ee 
Plan 1 2 2 5 5 (Fic. 8-14) 
Plan 2 1 2.4 5 5 
Plan 3 4 1.93 4 12 (Fic. 8-15) 
Plan 4 0 2.60 4 15 (Fic. 8-16) 
Plan 5 2 2 7 4 

ted above. Its effect is felt in the reorder 


Consider the second plan sugges 
point. The revised reorder points W 


P,=6+ V6 = 9 units 
P295 244/19 = 30 units 


at the budget restriction: 


100)(V/6 /9)K; + 100x,/2 + 150x2/2 
COO OK a as iT 950K, + 615K + 50x: + 75x, = $2500 


ould be: 


Nx 


is satisfied. 
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Since no stock-outs result, at least with the sample obtained from this 
particular run of our demand generator, we can evaluate the results by 
lowering the item 1 curve by two units everywhere and by raising the item 2 
curve by two units everywhere. The revised moe for plan 2 will be: 


moe(MONTH) ITEM 1 ITEM 2 TOTAL 
B 7.1 11.8 19 
C 2 5 7 
D $5.92 $14.75 $20.67 
E $10.00 $25.00 $35.00 
E $15.92 $39.75 $55.67 
Sales volume 9 22 31 
Sales cost $900.00 $3300.00 $4200.00 
Total cost $915.92 $3339.75 $4255.67 
Dollar volume $1260.00 $4620.00 $5880.00 
Profit $344.08 $1280.25 $1624.33 
Profit/unit $38.23 $58.19 $52.40 
Stock-out cost none none none 
Flunit $1.77 $1.81 $1.80 
F/dollar-unit .018 .012 .013 


This plan does not seem to offer any advantage since it has a slightly higher 
total cost and a commensurately lower profit. Of course, it must be remem- 
bered that over the long run we should Observe more item 1 Stock-outs and 
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FIG. 8-15 Many item simulation |l. 
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fewer item 2 stock-outs with the second plan than with the first plan. Since 
each kind of stock-out does not have the same effect-it is possible that the 
second plan would, in fact, be preferred. With these thoughts in mind, let us 


simulate two more plans. 

Plan3: P, =7, P= 27, x, = 4, Xx; — 12 (Fig. 8-15) 

Plan4: P; = 6, Pols x, =4, Xo; — 15 (Fig. 8-16) 
Both plans satisfy the budget restriction of $2500. But we have intro- 

duced another complication; plan 4 takes advantage of a discount which is 


available for item 2. Namely, with orders of 15 units or more the price per 
unit is reduced to $120. Figures 8-15 and 8-16 graphically portray the 
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í i level of item 1 is zero during 
i ns. In the former, the stock 1 
vacas And dy but no stock-out results and a reasonable recovery is 
made aft hat Plan 4 (Fig. 8-16) produces a stock-outage. Reference to 
E ; stomer A who experiences the shortage and 


that it is cu $ > à 
OR hd This occurs between the twenty-third and the thirty-third 
day during which time he shifts all his business to a competing firm. Let us 


see what happens to the plan 3 moe, again using only the data of the second 


month. 
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moe(MONTH) ITEM 1 ITEM 2 TOTAL 
B 5.1 13.0 18.1 
LE 2 2 4 
D $4.25 $16.25 $20.50 
E $10.00 £10.00 $20.00 
F $14.25 $26.25 $40.50 

Sales volume 9 22 31 
Sales cost $900.00 $3300.00 $4200.00 
Total cost $914.25 $3326.25 $4240.50 
Dollar volume $1260.00 54620.00 $5880.00 
Profit $345.75 $1293.75 $1639.50 
Profit/unit $38.42 $58.81 $52.89 
Stock-out cost none none none 
F[unit $1.58 $1.19 $1.31 
F/doilar-unit 016 .008 -010 


This plan appears to be the most profitable yet, but we are skeptical and 
would insist on a very long simulation run. Our intuition tells us that stock- 
out costs which would eventually occur in our simulation would overpower 
the minor gains in profitability that have been achieved with plan 3. How- 
ever, when we examine plan 4 we discover a rather surprising result. 


moe(MONTH) ITEM 1 ITEM 2 TOTAL 
B 4.1 23.8 27.9 
C 2 1 3 
D $3.42 $23.80 $27.22 
E $10.00 $5.00 $15.00 
16, $13.42 $28.80 $42.22 
Sales volume 9 16 m25 
Sales cost $900.00 $1920.00 $2820.00 
Total cost $913.42 $1948.80 $2862.22 
Dollar volume $1260.00 $3360.00 $4620.00 
Profit $346.58 $1411.20 $1757.78 
Profit/unit $38.51 $88.20 $70.31 
Stock-out cost 0 $529.20 $529.20 
F]unit $1.49 $1.80 $1.69 
F/dollar-unit .015 .015 015 


In the first place, in spite of the outage, which customer A experiences, the 
profit level has risen to the highest point of all of the four plans. This occurs 
even though an outage occurs. The cost of this outage in foregone profit 
is $529.20. Itis apparent that the discount for purchasing item 2in quantities 
of 15 or more units is responsible. The effect of the discount is noticeable in 
the increased per unit profit of item 2. Meanwhile, the per unit profit of 
item 1 remains essentially unchanged. 

The stock-out situation occurs when customer A places an order for two 
units of item 1 at the beginning of the twenty-third week. The first unit is 
immediately delivered. The second unit is back-ordered and shipped the 
next day to customer A. But A, according to our rules, has been lost as a 
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customer of the company for a period of 10 days. Now, an interesting fact is 
that if A had continued to buy from our company, taking no notice of the 
stock-outage, he would have bought no units of item 1, but he would have 
bought six units of item 2. Thus, although the outage occurred as the 
result of a shortage of item 1, item 1 suffers no penalty whatever. Item 2 is 
the loser. The usual inventory approach which ignores the total system of 
dependencies would penalize only item 1. No thought would be given to the 
effect on item 2. 

It would seem that this example drives home our point about the inter- 
dependencies of systems and the need for systems analysis more effectively 
than a thousand words. Other interesting facets of the simulation are 
available from the moe tables. They reinforce the fact that complex situa- 
tions can be very difficult to intuit. Bounds on rationality lead one naturally 
to fragment the problem and find good solutions for the parts. But the sum 
of many good solutions for the parts does not in any way foretell the good- 
ness of the whole. Think then about how much complexity can be treated 
by the patient and detailed approach of systems analysis. We must also 
consider the fact that this system which we have used might have beca much 
more complicated and it still could have been simulated. We could have, 
for example, used a distribution for lost sales resulting from outages instead 
of a constant, expected value. We could have considered various vendors 
supplying the same item, the advantages of expediting orders, ways and means 
to recover lost customers more quickly, many customers, many Items, and so 
forth. 3 

We have simulated the many item effect. Other simulations can be 
designed to handle many locations, many departments, etc. Our Ed 
has presented just a brief review of a few different problems which can i 
most effectively approached by systems analysis and the simulation laus 
Obviously a computer is a big help in running through a variety of comp ay 
policies with the purpose of selecting the best one. But even hand CORRETA 
simulations can provide worthwhile benefits if properly conceived as a gl 


to decision-making. 


70. CONCLUSION 
: : A to inventory 
It will be remembered that we dichotomized our apptosckin of decision 


systems analysis. The first path was directed to the investigati PAES 
rules. We have now followed along that path a reasonable € sofa 
Reasonable, that is, in terms of our purposes and the inherent ine p 
textbook. We have tried to demonstrate that while the formes PLoS 
tems analyses remains the same, the breadth of its possibilities enon 
Ingenuity must be called upon to devise the program of E iis 
Very exact and detailed simulations of poorly conceived d ossibilities. 
enable us to choose the best from a totally undesirable set OPEN which 
Intuition and judgement can help to eliminate those SEHE ‘ement and 
would be a waste of time. Analytical aids can bolster sugh ia g 
frequently can spark the native creativity of the decision-ma er. 
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There should not be confusion here. Simulation and analytical methods 
of solution work hand in hand. When the latter is available the former can 
be used to test the conclusions under circumstances which are closer to real 
life. No analytical solution is free from premises and assumptions. The 
simulation can be used to observe the effects obtained when some of these 
assumptions are relaxed. When no analytical solution is possible the 
program of experimental simulation can be used. While such procedures 
do not even hold the promise of producing an optimal or best possible 
solution they do lead us in the right direction. Meaningful results can be 
obtained, frequently, by holding all factors but one constant and then varying 
that one until a best point is reached. Using that best point, another factor 
is then varied. If interaction exists it will sometimes be apparent. In any 
case, the rules for intelligent experimentation apply here as well as in the 
physical laboratory. 

Simulation is only one aspect of the systems analysis approach. Analy- 
tical methods exist as well and we shall be considering some of these as we 
continue. To a great extent the use of simulation is a nonrecurring cost 
factor in the inventory study. It is also a sizeable component of such costs. 
The justification for such expenses should be evident by now. But there are 
additional benefits which result directly from the other parts of our inventory 
study. 


PROBLEMS 


1. In the text, a dynamic programming matrix was developed and set forth. 
Two items were involved, P, and P}. The objective was to minimize the 
total cost, TC, of these two items, subject to a budgetary restriction. 
Extend this example to three items as follows: 


c Ci C, z 
Py $2.00 10 $4 10 
Pa 5.00 .10 4 16 
Ps 20.00 10 4 4 


(a) If the budget allows an average dollar inventory of $100, what is the 
optimal allocation of the budget among the items? [ 

(b) If the budget is fixed at $50, what is the optimal allocation among the 
items ? 

2. Construct a master block flow diagram for the materials management 
function. Describe as many components as you can. Then, on the basis 
of the master, segment and expand components-such as purchasing and 
inventory management-by detailing their flow and decision systems. 


3. Design a demand generator to simulate a horizontal distribution and a 
triangular distribution whose upper and lower bounds are 100 and 40 units 


per month. Using the same random number sequence (which appears 
5 3 
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below) for both distributions, generate a sample of 25 demand values for 
each type of input. (Read left to right.) 


(06 58 04 62 85 07 88 48 39 28 77 41 05 
48 80 55 94 80 88 09 21 14 41 96 01) 


Comment on the demand series which are generated by observing the dif- 
ferences between the theoretical distributions and the sample results. 


4. Feed the demands generated above into a properly designed Q-model and 
P-model. Comment on the comparative results obtained by simulation. 
The following data apply: 

c = $14 per item. a= .10. 

C, = $5 per order. L.T. = 1 month. 

Ce = .02 per month. 


I 


5. How will the queuing model fare? 


6. Draw a flow diagram for the simulation of an Ss model (see text, page 115- 
116). 


7. Work out the results that would be obtained if plan 5 (as presented in 
Section 69 were to be used. 


Our concern in the previous chapter was with the design of satisfaciory 
inventory rules. We now turn to the problem of designing a satisfactory 
operating system. We shall show that these two areas cannot be treated as 
being independent of each other. A variety of systemic costs tie these study 
phases together. Since both the decision rules and the data system represent 
a single functional entity, the systems approach is the only approach which 
can be trusted when a nontheoretical inventory study is being undertaken. 


7|. THE COST OF AN ORDER 


In our inventory models we rather blithely talked about the cost of an order. 
We called this C, and it appeared in the Q-model and in the P-model. We 
also showed that rational inventory policies were available even though the 
order cost was unknown. The cost per order was assumed to be very small. 
or at least relatively so, with respect to the queuing model. Everything that 
was said was reasonable as far as it went-but some things were left unsaid. 
We now propose to remedy that deficiency. ` 

What is the order cost? It is composed of: 

(1) the cost of handling issue transactions, 

(2) the cost of handling receipt transactions, 

(3) the cost of making and sending the purchase order, 

(4) the cost of expediting, 

(5) the cost of updating, 

(6) the administrative and overhead costs, 


other costs. 
0 260 
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The question then arises, are these component costs independent of the 
quantity ordered? After all, we use C, to determine the optimal order 
quantity, Xə This is true of the Q-model. In the P-model we use C, to 
obtain the optimal review period. Is C,, in this case independent of the size 
of the review period? The answer is that C, is not independent of x, in the 
first case and it is not independent of the optimal review period in the second 
case. 

Various kinds of dependencies exist, but the one that we will concern 
ourselves with is the issue transaction cost. Rather than indulge in 
circumlocution let us set down a general form for the cost of an order. 


C - Ve FRA r, 


where V, — the variable cost per order, A 
F, = the cost of handling a single issue transaction, 
G, = the fixed costs per order, 


v = the average number of units per issue transaction. 

We can determine G, by using work sampling methods. Most of the 
above listed costs can be determined in this way. Each item would be 
characterized by its own v. For some products the average number of units 
Withdrawn at a time might be a dozen; for others, one unit might be char- 
acteristic. 

First, let us consider the Q-model. It is a perpetual inventory system. 
Therefore, each transaction, including issue transactions, are handled one by 
One as they arise. The total quantity issued between successive reorder 
points is x,. Thus, if the average number of units per issue transaction is 
equal to one, then x, different issue transactions must be processed. If. on 
the other hand, t = Xo, then only one issue transaction must be processed. 
Obviously, the cost per order varies with the size of x,/r. But, this does not 
affect the determination of the optimal order quantity. The cost component, 
which increases linearly with x, produces a constant, the derivative of which 
is zero. That is, 


diri o al | ¿į (a k K) E 


GAS rb t 


So it is F, which we have been calling C,. ) s 
With the P-model, issue transactions can accumulate during the review 
period. At the review date they are gathered together and added to obn 
the total quantity issued. The work load is obviously smaller since the Wu 
card must be matched only once with the transaction slips and only a singe 


" 3 ; he 
entry has to be made. In spite of the lower cost per issue transaction of t 


4 f 
P-model as compared to the Q-model, there is nevertheless a COPPA AE 
the order cost which varies with the number of transactions and ne Ja th 
of transactions which occur in a period will be directly related to the teng 
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of the period. Therefore, our comments with respect to issue transactions 
and the Q-model can also be applied to the P-model. 

Two conclusions can be drawn. First, the cost per order which we 
normally apply in deriving optimal order quantities and order periods is only 
part of the total order cost. It is the fixed part of the cost per order. Looked 
at another way, it is the variable component of the total order cost. Since 
this last point may cause a little confusion, let us restate the situation. Costs 
which are independent of the size of the order quantity and the number of 
orders per year; e.g., zG;/v, are variable cost components of the cost per 
order and fixed components of the total costs. It is usual to name the cost 
component fixed or variable in terms of the role it plays in the total cost. 
Accordingly, it is clear that part of the order cost never appears in the ordinary 
inventory formulation. It isn't needed. But it certainly is a factor of 
importance since it appears in the total cost equation. Its importance lies in 
the comparison between systems. 

Second, the P-model is less expensive to operate. The cost advantage of 
the P-model is hidden in the fixed costs which do not ordinarily appear in the 
inventory formulation. In fact, at first glance the P-model looks more 
expensive to operate since it is likely to have a slightly higher C, (variable 
cost) than the Q-model. Since the kind of costs which do not appear are 
those which are invariant to order frequency or size, they must measure fixed 
responsibilities of the ordering system. The remainder of the total order cost 
must measure the variable responsibilities of the ordering system. Together, 
they measure the overall demands which the ordering system must satisfy. 


72. PERPETUAL VS. PERIODIC DATA-PROCESSING 


Look again at zG,/v. .z and v are characteristics of each item. For a more 
general representation we can add a subscript j. We then have: 2jG,/v; 
where j stands for the jth item. And: 


>; = = total number of issue transactions per year 
7 Us 
Now let G, equal the cost of handling an issue transaction with the Q- 

model and let G, equal the cost of handling an issue transaction with the 
P-model. The latter cost, Gz, will be very much smaller than Gy. It 
consists only of adding an issue quantity to a running total or entering the 
issue quantity on the keyboard of a machine. The cost of adjusting the stock 
card, of analyzing the results, etc., are variable costs depending upon the 
number of review periods in a year. These costs are then carried over to the 
F, (or C,) factor for the P-model. On the other hand, with the Q-model the 
F. factor is smaller since the issue transaction costs per year are independent 
oh the interval between orders. What effect does this have? Replacing F, 
with our familiar C, and referring to the economic lot-size formula, 


22€, 1/2 
vor GE) 
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we observe that x, will be larger for the P-model than for the Q-model, 
everything else being equal. Let us demonstrate this with a simple example. 
For the Q-model, assume that z — 1200 units per year, v — 12 units per issue 
transaction, G, — $.10 per transaction. (This includes finding the appro- 
priate stock card, decreasing the stock on hand, and determining whether the 
reorder point has been reached. If the reorder point has been reached, it 
does not include the cost of the purchase order and other cost components 
that are a function of the number of orders placed.) Let $2.00 equal the 
total variable order costs. Further, c = $4.00 and C, —.12. We then 
have: 


. .. /2(1200)2) _ 3 
Z= a) ^ 100 units 


and 


S 1200 20 | = $34 
Total order cost [ 1 (.10) + 100 E 


For the P-model everything remains the same except that Gz = $.01 per 
transaction. (This includes only the cost of storing the transaction and adding 
it to other transactions.) However, we must increase the variable cost 
component to account for the procedure of locating the stock card, de- 
creasing the stock on hand, etc. We will use the G, figure given above as a 
good approximation of this amount. We then have: 


. . [x12002:10 — : 


= = .5 unit 
X; rap) 102.5 units 
and 
1200 2.10(1200)] ~ 595.60 
Total order cost = [i (0D + —31025 |^ Fa 


There has always been a great deal of confusion about the meaning of the 
Order cost and this discussion is intended to go to the heart of the matter to 
Prevent such confusion from arising here. It is also intended to present ti 
Point of view that the major practical feature which differentiates one in- 
Ventory model from another is the data-processing routine which is required 
by the model. : 

. What happens, we might ask, if by mistake some fixed costs are included 
in the variable cost figure? Previously we have shown that errors in these 
estimates are considerably diluted and produce only relatively small changes 
in the total variable cost. This is true until we take a systemic point of view 
which requires consideration of both fixed and variable costs. Then, as we 
See above, the cost differences from a planning point of view can be very 
misleading if we do not take fixed costs into account. Using our uu 
We observe that the variable component of total order cost is $24.00 Oe 5 
O-model and approximately $24.60 for the P-model, a small increase WAIC 


t the 
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causes a somewhat longer period to elapse between orders. That is, 


12 2 DG 
tO ee ee x» DES r 
ge TE c 
TUAAS 12 r i2, /A& + A) 
Np z CG.Z 


and H3 


whence tp > lo 


where fg = the expected interval in months between orders using the Q-model, 
tp = the interval in months between orders using the P-model, 
Ng = the expected number of orders per year using the Q-model, 
np = the number of orders per year using the P-model, 
A = the additional variable cost resulting from the use of the P-model. 

How can we interpret this result? We can interpret the longer interval 
between orders of the P-model as a net gain for the data-processing depart- 
ment. The gain is obtained as a result of an increased requirement for capital 
invested in the inventory. We know that the additional ordering cost, A, 
which appears in the P-model equation given above is something of a fiction 
since it actually represents a transfer of cost from the fixed to the variable 
category. It is implicit in the design of fixed order cycle systems that as 
many costs as possible will be converted to the variable type of cost com- 
ponent where they can be controlled. Control increases as we eliminate 
random demands on the processing system and instead regiment these 
demands to a previously specified schedule. The ordering costs which we 
can control may then be balanced against those opposing cost systems which 
are also under our control. There is no point in balancing costs over which 
we have no control. The cost of increased control can be traced to additional 
inventory investments of two kinds: (1) the increase which occurs in x, when 
a fixed order cycle is used, (2) an increase in the reserve stock requirement. 
We will handle these separately. Our initial assumption, which we will later 
relax, is that the reserve stock requirements of the P- and the Q-model are 
sufficiently close so that they may be ignored. 

Obviously, the company would not want to accept these additional costs 
unless an overall gain could be shown. The overall gain which results from 
increased data-processing control can be sizable, but it is by no means guaran- 
teed. On the contrary, a substantial negative gain, or loss, can be the result. 
For our example, the total variable costs-including inventory carrying charges 
and order costs-increase from $48.00 to about $49.20 when we switch from 
the U-model to the P-model. But this increase of $1.20 is more than offset by 
the decrease in the fixed cost component of the total order cost, which changes 
from $10.00 to $1.00. The total benefit, ignoring additional reserve stock 
costs that results from increased control over the data-processing function, 


is $7.80. That is, 


Saving in fixed order costs cas 
Increase in variable order costs J60 
Increase in inventoi y carrying costs c vn 


Increase in total variable costs 
Net savings (before reserve stock costs) $7.80 
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The percent savings to the company (before reserve stock costs) is about 13%, 
namely, ($58.00 — $50.20)/$58.00. The percent savings of the data- 
processing department are naturally more substantial, approximately 25%, 
namely, ($34.00 — $25.60)/$34.00. If this one item can be considered close 
to average for the total line of items that are carried by the company, 
then substantial savings might be available. But they might not be available, 
depending upon the reserve stock situation which we will now investigate. 

The reserve stock effect is usually of considerable importance. It is 
non-existent only under very special circumstances. The P-model is ob- 
viously superior from the point of view of ordering and processing costs, and 
the savings to be derived from scheduling work are hardly ones to be missed 
by an alert executive. Then why should we ever use the Q-model? The 
answer is that, in general, the P-model requires a larger reserve stock than the 
Q-model does for the same level of service efficiency. Thus, the net saving of 
$7.80 per item per year must be further reduced to account for the additional 
carrying costs that are attributable to reserve stock. The added reserve 
Stock cost is: 


cC.K(on.p. «v.m. — Our.) 


Therefore, depending upon the price of the item, the carrying cost rate, the 
service level required, the character of the demand distribution, the length of 
the lead time period (L.T.), and the length of the review period (R.P.), a net 
gain or loss can result. For our example, let us see under what conditions 
the saving of $7.80 might be overshadowed by the additional reserve stock 
Cost. We have: 


4(12)K(on.p. i1. — Gur.) = $7.80 


J K(op.p.+u-r. — Our.) = 16.25 
Assume that o,,, = 35 units; whence, 
= ter 5 35... 10 units 

Omonth = V12 VIZ À 
Let L.T, = 1 month, R.P. = 1 month; therefore R.P. + L.T. = 2 months; 
then 

op tier, = 2omontns orp. sir, = V2 Omontns Oi, T. = Fmonth 
and 
(cnp. iL. — St.) = Cmon V2 — 1) = 10(.41) = 4.1 units 


From this we find that: 


K= 16.25 SH 
4.1 
The K value is quite high indicating that this is an item which oe 
unusual protection. Greater than average levels of protection is one of the 
Conditions which leads the executive to favor the use of a perpetual inventory 


System; i.e., the Q-model family. 
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Now, let L.T. = 4 month, and hold everything else fixed, as before. We 
obtain: 


gp. Lor. = V1-5¢montn = 12 units; Sy. = V.S Gmonn = / units 
Then, (orp. +L.. — Orr.) = 5 units 
In this case, 
K = 1825 325 


We see that the required protection has decreased and still the savings 
derived from more efficient clerical procedures are balanced against the 
reserve stock costs, so that we are indifferent as to whether we choose the Q- 
or the P-models. The factor which accounts for this is the greater size of 
the review period as compared to the lead time peric” For the general case 
we derive: 


9& p, = R.P.oronn3 ofr. = L.T.o%, nn 
where L.T. and R.P. are given in months. Then, 
oR.P. +T. = (R.P. + L.T.) hanth 
and (orp. +m. — onr.) = (VRP. + LT. — VIE Tonerth 


Going back to our original balancing equation, we can now write: 


K(VR.P. + L.T. — VL-T.)omontn = 16.25 


It is simple enough to generalize from the expression above. The reserve 
stock effect is negligible when: 

(1) K tends to zero-meaning that almost no protection is required against 
stock-outages. 

(2) The lead time is much greater than the review period. 

(3) The demand variance is very low-indicating a good deal of certainty 
as to what the demand will be in each period. 

It is quite clear that the offsetting reserve stock cost may not be zero or 
negligible, but still less than the savings. In this circumstance, it is reasonable 
to use periodic ordering. 1 

The decision as to the type of inventory policy which is to be used requires 
further analysis in terms of the developments above. To pursue this we will 
name three characteristics that play an important part in our systems 
analysis. These are capacity, load, and delay. 


73. CAPACITY AND LOAD 


The sum of the fixed and variable order costs-which is the total order cost- 
represents the data-processing load, expressed in dollars, for any given model. 
This expenditure of money is required for the operation of the inventory 
system. Thus, referring to our previous example, the Q-model load for the 
one item was $34.00. For the same item handled by the P-model the load 
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was $25.60. Perhaps it is easier to think in terms of more than one item. 
Therefore, let us presume that the company carries 1000 different items and 
that the item used in the example is close to the average. Then, the total 
Q-model load is $34,000 per year and the P-model load is $25,600 per year. 

These figures tell us nothing whatever about the capacity of the company's 
clerical staff. The data-processing department might have a payroll of 
$50,000. Or, it might in turn have a machine-time assignment equivalent to 
$100,000 per year ofthe rental cost. The difference between the load and the 
capacity is idle time. Let us review for a moment the way in which the fixed 
and variable ordering costs were obtained. The job that had to be done was 
Studied. The time required to do the job-composed of many individual 
elements-was measured. Normally, each type of job element has its own 
pay scale and so the individual times are multiplied by the appropriate pay 
Scales and a total ordering cost is derived by summing across all of the 
individual time elements. The figure which we obtain in this manner is the 
dollar load. The labor load would be specified by adding together the num- 
ber of Processing hours required within each pay scale group. We could 
then derive either the total hour load or else a multiple category description 
Showing the way in which the load was distributed. The fact is then that a 
Company may not be in a position to take on the load which is indicated. 
On the other hand, the company may find that it is over-staffed or over- 
mechanized for whatever load is indicated. Before we continue to discuss the 
relationships of load, capacity, and idle time let us detail the meaning of these 
terms. 


MANUAL ROUTINE 


Data-processing step 1 2 3 4 
Expected frequency per week f: fa fa h 
Hours required per step hi hz hy hs 
Total hours required per week Ah hz fa hafa hafa 
Hours available per worker per week 40 40 40 40 
Number of workers required per week — /n fi/40. 45/2/40. In fr 40h fa/40 
Labor skill wage rate per hour Pa Pa Ps Pc 


All steps having the same labor skill rating and consequently the same 
Wage scale can then be grouped together, yielding the following moe. 


COMBINED LOAD 
Total hours required per week: 
Pay scale 4: Ay fi + hsfa = 
Pay scale B:  /nfa 
Pay scale C: Afi = 
s Grand total: nfi + hafa + hafa + hfa = G 
Total number of workers required per week: 
Pay scale 4: D,40 
Pay scale B: E 40 
Pay scale C: F40 
Grand total: G/40 


D 
E 
F 
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Total dollar load: 
Pay scale A: DP, = 
Pay scale B: 
Pay scale C: 
Grand total: 


COMBINED CAPACITY 


Number of workers: 
Pay scale A: Wa 
Pay scale B: Wa 
Pay scaleC: We 


Grand total: W4 + Wa + We 
Number of worker hours: 

Pay scale A: 40W, 

Pay scale B: 40W, 

Pay scale C: 40We 

Grand total: 40(W, + Wa + We) 
Payroll per week: 

Pay scale A: 40W,P, 

Pay scale B: 40W,P, 

Pay scale C: | 40Wc Pc 

Grand total: 40(W,P, + WsPs + WePc) 


EP, — I 
FPe =J 
H+I+J=K 


COMBINED IDLE FACTOR 


W, — D/40 

Ws — E/40 

We — F/40 e 

Wa + Ws + We — G/40 


40W, — D 
40W» — E 

40We — F 

40(Wa + Wa + We) — G 


40W,P,— H 

40WaPs — I 

40WcPc — J 

40(WA4P, + WaPo + WePc) — K 


As we would expect, the computer routine is similar. The only significantly 
different feature is that equipment is involved instead of workers. It should 
therefore be sufficient to merely indicate the basic structure of the computer 


routine. 


COMPUTER ROUTINE 


Data-processing step 
Expected frequency per week 
Hours required per step 

Total hours required per week 
Equipment class required 
Equipment cost per hour 
Total time assigned 


COMBINED IDLE FACTOR 


The difference between the capacity 
measures and the load measures. This 
is broken down by equipment classes. 


The translation from one system to another can be done rapidly. 


COMBINED LOAD 


Total hours required per week broken 
down by equipment classes. Total cost 
for time required per week broken down 
by equipment classes. These separate costs 
are summed for grand total cost. This 
is the dollar load factor. 


COMBINED CAPACITY 


Total hours available per week broken 
down by equipment classes. Total cost 
for available time per week broken down 
by equipment classes. These are summed 
for grand total cost. This is the dollar 
capacity factor. 


Variants of the procedures above are certainly called for in particular applica- 


tions. 


However, being loyal to the systems philosophy we have attempted 


to furnish a general description of the kind of detail which is required in an 


actual study. 
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74. UNDERLOADED DATA-PROCESSING SYSTEMS 


The question now arises, given an expected load which is less than the fixed 
capacity of a data-processing system-or, more specifically, the ordering 
department-what effect does thecost of idle time have on the overall optimiza- 
tion of the system?  Stated another way, how does underutilization of the 
data-processing system resources affect the inventory policies of our company? 
It is important here to note that capacity is assumed to be fixed and unchange- 
able. This is not an unusual condition. While the company has some con- 
trol over the size of its ordering department, its reflexes are slow in adjusting 
to new requirements that cut down on the size of the system. Many ex- 
planations can be given but the most obvious one is the unpleasant aspect of 
wholesale firing. Company morale is affected. Community relations are 
affected, and if a union exists even more pointed arguments are raised. So 
the company will gradually absorb the idle capacity by shifting workers to 
other jobs as opportunities present themselves and, at the same time, normal 
turnover attrition does the rest of the job. Inflexible as this may seem, a 
computer-based system is even more rigid. The company invests in or rents a 
computer. After all possible assignments have been made on the computer 
there may be excess or idle time. The only way of removing this idle time is 
to offer computer time to other companies. This, of course, is a business in 
itself and many companies do not enjoy the prospect of becoming computer 
service companies. One alternative is to leave it idle, but, with respect to the 
inventory system, is this the best possible alternative? The answer 1s, 
generally, no. 

Working with the same numbers which were used in our previous chapter, 
let us explore the importance of unutilized capacity. Our data-processing 
Organization will be assumed fixed at $50,000 per year including overhead 
Costs. Since our previous load figures were $34,000 and $25,600, we have 
idle time costs of $16,000 and $24,400 for the Q-model and the P-model 
respectively. Now, we must work backwards for we want to learn how much, 
if anything, can be saved by fully utilizing the data-processing capacity. 
There are a number of advantages in assuming for this example that an 
average cost per hour exists to describe the pay of the clerical staff, each of 
whom will be said to work at the same average rate. The same kind of 
assumption will be applied to the equipment classes of the computer system. 
In this way we can avoid the multilabor-class or multiequipment-class de- 
rivation of load, capacity, and idle cost. Were we to introduce these, it 
would inhibit the clarity of our exposition and tend to obscure the main lines 
of our analysis. Therefore, we are either assuming that the $50,000 per year 
Is the payroll of a homogeneous clerical staff or that it represents machine- 
time assigned on a general purpose computer whose component operation 
times are roughly comparable. 


We have already defined load, capacity, and cost of unutilized resources, 
namely, 


` 


Data-processing load = Fixed processing costs + Variable processing costs 
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and 


Data-processing capacity — Data-processing load 

+ Cost of idle facilities, (ID.) 
Thus, 
2G, 
EN 
For the Q-model, ID. — $16,000 and for the P-model, ID. — $24,400. Our 
objective is to bring these idle costs to zero. To achieve this we have only 
one control which can be exercised and that is to decrease the size of x until 
the term zC,/x has absorbed the idle cost. In this way we are assigning the 
idle cost to the variable cost component. Our control over the idle cost stems 
from the ability to order more frequently. Thus, by increasing the frequency 
of the variable operations, we succeed in using more and more of the un- 
utilized capacity of the data-processing facilities. Our total cost equation, 
including fixed and variable ordering costs, carrying costs, reserve stock costs 
and idle costs is: 


$50,000 = =2 + Ko + ID. 


Total cost = aon F e T sce + cC.K(c) + ID. 


We can quickly determine, for the average Q-model item with L.T. = 4, 
K = 3.25, and c month = 10 units: 


Total cost (Capacity = 34) 
2 200120) 209-109 F U20000) 2090) ab Atco) + 4(.12)(3.25)(7) + 0 
= $68.92 
And for the P-model: 
Total cost (Capacity = 25.60) 
= I2 COD + we) a ssc + 4(.12)(3.25)(12) + 0 
= $68.92 
This result merely restates our previous derivation when we balanced the 
Q-model against the P-model so as to be indifferent in our choice of systems. 
The idle cost was zero since the data-processing capacity was assumed exactly 


equal to the load. But now, we recalculate the total cost for the case where 
the capacity is larger than the load; i.e., fixed at $50,000. Then, for the 


Q-model, 
Total cost (Capacity = 50) = $68.92 + $16.00 = $84.92 


and for the P-model, 
Total cost (Capacity = 50) = $68.92 + $24.40 = $93.32 
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We are no longer indifferent in our choice of systems. For the 1000 item 
case, the cost of the P-model is $8400 per year in excess of the cost of the 
Q-model; i.e., (93.32 — 84.92)1000. However, we must still investigate the 
effect of utilizing the idle time by increasing the frequency of the variable 
(controlled) processing functions. We then have for the Q-model: 


50 = 2G, n zC,  1200(.10) A 1200(2.00) 
v x 12 x 
whence, E url = 60 units 


and for the P-model: 


3 zG, xi zC, 1200(.01) y 12000510) 
v x 12 x 


50 


= 51.4 units 


1200(2.10) 
TI Luar n 
hus, x 45 


Substituting these new x values back into the total cost equations we obtain: 


; 1200(2) , 4(.12)60 
Q-model: Total cost (Capacity = 50) = i T ont ) * CD 


+ 4(.12)(3.25)(7) = $75.32 


and for the P-model: 
1200 
x=514; n=2/x= aq 


and R.P. = 12 = 


12(51.4) _ 
n 1200 


= .514 months 


Therefore, 
Cupane, = VRP. F LT omontn) = V.514 + 500(10) = 10 units 
Then, 


1200(.01) 4 1200(2.10) 


Total cost (Capacity = 50) 12 51.4 


a: KAELA + 4(12)8.25(10) = $78.14 


Our result plainly demonstrates that when part of the data-processing SAP 
goes unutilized, savings can be obtained by moving away from the optima 
order quantity solution. We tabulate the results below: 
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Torar Cosr Q-MODEL P-MODEL ORDER QUANTITY 
(1) Complete utilization: $68.92 $68.92 Optimal 
Load = Capacity 
(2) Underutilization 84.92 93.32 Optimal 
Load < Capacity 
(3) Complete utilization: 75.32 78.14 Non-optimal-decrease 


The load is increased to order size; increase order 


absorb idle capacity. 


frequency 
(4) Overload: T 88.52* 72.93* Non-optimal-increase 
Load > Capacity order size; decrease order 
frequency 


* See the section which follows for both the derivation and discussion of this row. 


Recapitulating, we started out with a situation in which we were indifferent 
to the choice of P- or Q-models (I). But then we recognized the fact that 
idle capacity was going unnoticed. Once we included this additional cost, 
the Q-model was preferred (2). We then absorbed the idle cost. The 
Q-model still retained its advantage, but a substantial saving was made for 
both models by operating without the optimal lot size criterion (3). This 
result should not, however, be construed to signify that the full utilization of 
capacity is a desirable goal in itself. Other costs, which we have not yet 
discussed, become influential when the extent of a system’s utilization ap- 
proaches 10077. These costs reflect an inability to handle fluctuations and 
growth in demands. 


75. OVERLOADED DATA-PROCESSING SYSTEMS 


As long as the actual demands made on the data-processing facility are 
constant and unchanging, the full utilization of capacity isin order. But few 
companies would look with favor on the prospects of experiencing absolutely 
no growth in demand over a long period of time. If the processing capacity 
can be augmented as required, then the company can increase capacity as the 
load grows. Such adjustments of capacity are never easy to accomplish. 
It is likely to be more difficult to achieve with a computer-based system than 
with a predominantly clerical system. If immediate adaptability is not 
feasible then planning ahead to anticipate the company’s future needs is 
another possibility. However, good long-range plans based on accurate 
long-range forecasting would be required. Seldom can reliance be. placed on 
predictions of long-term capacity needs. Too many factors intervene and 
the longer the time period the more unexpected the results can be. Never- 
theless, it is clear that there is a need for some unused capacity to cover the 
growth of data-processing requirements. Let us investigate the effect of not 
having sufficient capacity to handle ihe load. Again, returning to our 


~= 
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previous example, we will suppose that the capacity of the data-processing 
system is exactly $20,000. Then, for the Q-model: 


2G, , zC, _ 1200(.10) , 1200(2.00) 


a v F 23 12 x 
and x- Dm (2) = 240 units 


So the total cost would be: 


= ze COX | cC K(o) + ID. 


2 


 1200(10) , 1200Q) , 4(.12)240 
-AO ET * 3 — t 4128257 


$88.52 


The cost has increased to the largest value we have obtained for the Q-model 
so far. The perpetual inventory system continues to operate as it did before. 
The fixed cost component is unchanged and so, in order to satisfy the $20,000 
budget, the order quantity has been increased substantially, thereby reducing 
the number of purchase orders. For the 1000 item company an increase ın 
Payroll or machine-time of $14,000 per year will produce a net saving of 
$19,600 per year. Now for the P-model: 


zG, , ZC, | 1200(00) , 1200.10) 


= v x 12 x 
and x= moe = 133 units 


Next, we determine the review period: 


R.P. = E eI (133)(12) L 1.33 months 
n z 1200 
Therefore: 
"noon. = VRP. + L.T.[omonn] = V1.83(10) = 13.5 units 
and « 
T.c, = 1200601) , 1200.10) , 4C12X133) | 4 19)(3.25)(13.5) 
i2 1357-203 Du 
= $72.93 


This cost, we may note, is not unfeasonably high in comparison to the 
Other costs that we previously derived. Since the P-model has a smaller 
xed cost component, it is more flexible than the Q-model when the available 
Capacity isexceeded. A new schedule is set up with a somewhat longer review 
Period to compensate for the lack of data-processing facilities. Of course 
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there is a cost for unanticipated demand. The Q-model is only more 
vulnerable than the P-model in this regard. For the 1000 item company, an 
increase in payroll or machine-time of $5600 per year will produce a net 
saving of $4010 per year. 


76. FLUCTUATIONS IN LOAD 


Up to this time we have been talking about capacity and load, etc., in dollar 
terms. This was convenient and satisfactory for our previous needs. But 
the question arises, “ What effect do fluctuations in demand have on systems 
that operate at different percent utilizations of capacity?" To properly 
discuss this we can no longer restrict our analyses to dollar terms. We must 
begin to consider the rates at which demands are made and the rates with 
which such demands can be serviced. 

Let us first consider operations which are independent of the order 
frequency, for example, issue transactions as processed by the Q-model. 
We have z/v or 1200/12 — 100 issue transactions expected per year for our 
average item. This is true no matter what the order frequency. There 
would be 100,000 issue transactions for 1000 items. Referring to our 
previous load and capacity charts we could call the treatment of the issue 
transactions, data-processing step 1. The expected frequency per week is 


100,000 _ 
f= = 1923 


The hours required per transaction might have been h, = .08. Thus the 
total number of hours required per week would be h, fı = 154. Assume 
that four clerks are assigned to the task. Together, they provide an available 
supply of 160 hours per week. This leaves an excess capacity of about six 
hours. By our definition, this is idle capacity or unutilized data-processing 
resources. Should we then get rid of this excess? We can do that by assign- 
ing the fourth clerk to part-time operation at another task. The answer to 
our question can only be supplied by examining the arrival rates and the 
servicing rates of the issue transactions. 

If arrivals were evenly spaced, a new one would appear every 40/1923 
= .021 hours = 1.25 minutes. Another way of looking at this is to say that 
1923/40 x 48 evenly spaced issue transactions are expected to arrive every 
hour. Now, it is evident that only the most unusual circumstances would 
foster such regularity. Some hours, 50 transactions may arrive-other hours 
may find 45 transactions coming in for processing. But we can say that there 
is an expected arrival rate of 48 transactions per hour and then specify the 
variance of the arrival distribution. The same reasoning applies to servicing 
The expected rate is .08 hours per transaction and conversely, 
1/.08 = 12.5 transactions per hour. Following the accustomed notation of 
queuing theory we will name the arrival and service parameters, A and p. 
respectively. We have, AÀ = 48 transactions per hour and p = 12.5 trans- 
actions per hour. We let M = 4 clerks, each of them capable of providing 


rates. 
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service at the p rate. This gives us p, which we have previously identified as 
the utilization factor of our system. For our example, 

ONDES dS en 

= mM 0257 

In queuing theory terminology, we categorize the situation as one having 


the possibility of an infinite queue and with multiple channels. The queue 
length can be infinite because there is no limit within reason to the number of 


Queue z 
Input rate, à —> o o o o Dee tl Output rote, i 


FIG. 9-1 Single-channel data-processing system. (Infinite queue length is 
possible.) 


96 


demands which can be made upon the system. Practically speaking, we 
know that an infinite queue would never form. On the other hand, to state 
that there are only a finite number of issue transactions which could (not 
would) wait-in line for servicing is not accurate. The problem has four 
channels as we have stated it. A single channel problem would have only one 
clerk assigned to the job of clearing the issue transactions. Figures 9-1 and 
9-2 schematically represent a single and multiple channels system, respectively. 
Having categorized our problem, we can now find the appropriate formulas. 


Dala processing t rote, 
e l | soup 
Data processing tput rote, 
QUEUE facility 2 = OUR 5 
Input rate.’ — > o o o o 


Data processing te, 
facility o Outputs rate; e 


FIG. 9-2 Multiple-channel data-processing system. (Infinite queue length is 
Possible. Arrival transaction goes to first free data-facility.) 


References to queuing literature which present many such formulas can be 
found in the bibliography of this book. CEN 
.. Before we proceed to the analytical resolution of our problem, it will be 
illuminating to discuss the forms which the arrival and service distributions can 
Possess. For the application of queuing theory a specific family of dis- 
tributions is used. It is called the Erlang family. The basic building block 
of the Erlang family is the exponential distribution. It has the important 
attribute, which we have had occasion to mention before, that successive 
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events are independent of all preceding events. This means complete 
randomness of arrivals. In this case, the number of arrivals per unit time 
will be assumed to follow the Poisson distribution. Similarly, for the service 
distribution we have complete randomness of servicing times. The dis- 
tribution of servicing times will also follow the Poisson distribution. 

The latter assumption (i.e., exponential service) would not be true for a 
computer since its service times could be almost constant-within any mean- 
ingful precision limits. It also might not be true for the clerical staff. 
Clerks can be quite flexible in adjusting their work rates to accommodate small 
fluctuations in the number of arriving transactions. When 50 transactions 
are received, they can speed up their pace and when 45 are received they will 
tend to slow down. This kind of flexibility is a human attribute and not one 
shared by a computer. On the other hand, the expected variance of the 
human operator, even when he is fed work at a coastant rate, is likely to be 
quite large. The Poisson distribution will frequently provide an excellent 
description. If the distribution of servicing times is not of the pure Poisson 
type, then it is very likely that another member of the Erlang family will 
provide a sufficiently good description. Actually, the various members of 
the Erlang family represent varying degrees of randomness. The exponential 
case is categorized as pure random behavior, but what is really meant is 
that the mean and variance of the distribution are equal. This, of course, 
is the Poisson attribute. Distributions which have larger variances than the 
mean are called hyper-exponential. As the variance tends toward zero the 
constant service-time, such as the computer servicing rate, is obtained. 
For our example we will make the assumption that both arrival rates and 
service rates are of the pure random or Poisson type. However, we will first 
compare a k = 2 Erlang distribution with a k = 1 Erlang distribution. 
The latter, i.e., k = 1 is the Poisson case. Mathematically, the general 
form for the Erlang family is: 


So(t) = e-*" X (kyt)* 


y n 


s 
Therefore, the Poisson service distribution is given by: 
So()i= ez" 
while the k = 2 service-time distribution is found to be: 
So(t) = e-?"(1 + 2pt) 


ote that S,(f) is a cumulative probability 


ith respect to the above we must n iulative pi t 
T bability that the service-time interval is 


distribution which expresses the pro 


reater than f. i bol? Ae ! 
E Figure 9-3 pictures the service-time distribution k — 2, and compares it 


i ice-ti istribution, k = 1, which is the pure random case. 
aie EEE y 2 lies above the Erlang 1 until a cTosspoin is 
reached This indicates that less variability and less PEE eps um : 

2 case. There is a higher probability for Erlang i an on r] aget 
a A time is greater than the low values of t. There is also a 
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probability that the service-time is greater than the higher values of £. As we 
tend toward the limiting case, the higher Erlang numbers move more and more 
of the area under the curve into the region to the left of the expected value 7;, 
where T, = l/pg. Ultimately we would have a rectangle bounded by t = 0, 
t = T, and S,(1) = 0, So(t) = 1.00. This represents the case of constant 
service-time equal in value to 7,. It should also be noted that the area 
bounded by the rectangle is equal in value to (1 x 7;) = 7;. This is not 


R= +=0.08 


all 
k 


Erlang: #=2 


Erlang: += 1 


DN 


0 1 1 E Aue 
0 ormo - 03770:0499805.5.06 2107/7108 109 MON Ne 
TIME 


FIG. 9-3 Issue transaction cumulative service-time distribution. (So(t) = 
Probability that service time is greater than t.) 


peculiar to the constant service-time situation. The area under all of these 
Curves is equal to the expected service time. 

Figure 9-4 shows the cumulative arrival-interval distribution which is of the 
Poisson type. As before, 


A(t) =e (=) 


Where Ag(t) is the cumulative probability distribution which describes the 
Probability that the interval between arrivals is greater than t. Here too, 
the area under the curve is equal to Ta, where Ta = 1/A and is therefore the 
expected value of the interval between arrivals. Each of the cumulative 
distributions can be restored to its equivalent probability density distribution. 
Figure 9-5 illustrates these density: distributions, which can be obtained 
Uam the cumulative distributions by subtracting successive values from each 
other, 

Having prepared some background for this analysis of our data-processing 
system, we sre ready to answer the question which we previously raised; 
namely, should four clerks be employed to handle issue transactions OT. 
More generally, at what percent of capacity should we operate our system P 
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The relevant queuing equations are (for p approaching 1): 


i (1 — p)M! = 
GJP F =e e the probability that no transactions are in the 
system, either waiting or being processed. 
P 
(ODE E (ss) = the expected number of transactions which are 
waiting to be processed. 
Cll = LE pM = the expected number of transactions which are 
waiting and being processed. 
E 
(4) W, = p = the expected waiting time of a transaction before it 
begins to be processed. 
E 
(5 W = à — the expected total time that a transaction spends in 


the system, waiting and being processed. 


0:015 R022 03.) 104 005280625072: 50822.09 89/10, 
TIME 


FIG. 9-4 Issue transaction arrival-interval distribution. (A(t) = probability 
that an interval between arrivals is greater than t.) 


First, we solve these equations with M = 4clerks and then with the M = 5 
clerks. It should be noticed that when p = 1.00 the system is fully utilized. 
When p > 1.00, the load is greater than capacity and when p < 1, the sys- 
tem's capacity is greater than the expected load. For p > 1.00 the waiting 
line will grow indefinitely, and our equations do not describe this condition; 
e.g., with M — 3, we have p = 1.20. It serves clear warning that to overload 
the fixed processing elements is absurd. Even when we operate the system 
at almost full utilization we are risking catastrophe unless our decision to do 
ased upon a comprehensive analysis. There is always the risk of 
load even by a small amount-with the prospect in 
n order to regain control over the 


so is b. 
underestimating the actual à 
store of requiring emergency measures ! 


ocessing system. 
- The fable ee tells us that even when our estimates are accurate and the 


system is operating at underload conditions a waiting line will form. With a 
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system utilization of 96%, which we achieve with four clerks, we find that each 
transaction will, on the average, wait untouched for one-half hour. 


Service, 4-2 


0 — 
0123456789101112 
TIME INTERVAL (7) 


FIG. 9-5 Issue transaction density distributions. 
P(t) = probability that an interval of time equal to t will elapse between 
arrivals or between the beginning and completion of a servicing operation. 


NUMBER OF CHANNELS M=4 M=5 M=6* 
P (Utilization factor) .960 -768 .640 
Po (Probability of total .004 .008 019 
idleness) 

Ly (Transactions waiting) 24 3.3 .04 

L (Transactions in system) — 27.8 74 3.88 

W; (Hours waiting) .50 .07 .0008 

Ww (Hours in system) .58 AS OSB 23 


* These measures had to be obtained in a different way since p is not close to 1.00. a 
condition our formulas required. The reference given here presents formulas which 
will handle this case. In addition, tables of values are given which are quite simple to 
Use. See Philip M. Morse, Queues, Inventories and Maintenance (New York: John 
Wiley & Sons, Inc., 1958). 
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This does not appear to be an unreasonable waiting time. Since the time 
to process a transaction is .08 hours, we add this amount to the waiting time 
in order to estimate the total time that a transaction will be expected to remain 
in the system; i.e., prior to being filed away. Thus, assuming immediate 
transmission of the issue transaction to the data-processors, the delay in 
processing will have an expected value of .58 hours. We also observe that 
.0047; of the time all four clerks will be simultaneously idle. This is about one 
hour every six weeks. Now, let us turn to M — 5. When an additional 
clerk is added, the system utilization is considerably reduced. It is operating 
at only about 75% of full capacity. The five clerks can now be expected to 
be simultaneously idle one hour every three weeks, but the number of 
transactions waiting for service has been reduced from 24 to 3.3. The waiting 
time has been cut from about 30 minutes to 4 minutes. The expected time 
in the system is reduced from 35 minutes to 9 minutes. 

Do we want this additional clerk? If yes is the answer, then we are 
prepared to operate at lower utilization. In all of these capacity problems 
we are trading one thing for another. Here it is the cost of additional idle 
time for the data-processing facility versus the cost of less waiting time per 
transaction. Let us derive the appropriate costs. First, when M = 4, if 
clerks are paid $50.00 per week, then the payroll is $200.00. Only 96% of 
the payroll goes to productivelabor. The remaining 47; is an idle-time cost. 
Thus (.04 x $200 = $8.00) per week. The opposing costs are more difficult 
to define. The issue is clear enough, however. The perpetual inventory 
system requires the instant recognition of the fact that the reorder point has 
been reached. Delay in taking action-ordering the replenishment quantity 
x-increases the probability of a stock-outage. The allowance for demand in 
the lead time period is incorporated in the reorder point. Thus, if a delay of 
one day occurs between the actual time that the reorder point is reached and 
the recognition of this fact, then we must add this one day's demand to the 
expected demand in the lead time period. Figure 9-6 illustrates how delay 
shifts the lead time period and in turn delays delivery with the resultant 
effect that the probability of running out of stock increases. 

This is the effect of delay. How can we determine its cost? The ex- 
pected time in the system-waiting for service and being processed-for each 
issue transaction is .58 hours. This includes all those transactions which 
trigger reorder point ordering activity. For those transactions which do not 
reach the order point, the delay is of no significance. But for those which do, 
an additional amount of stock must be carried. Then, the expected unit 
demand in the additional ..58 hour delay period would be (.58)(100/160) 
— .3625 units, where 100 units are demanded per month, and we assume 160 
hours per month. This reduces the effective size of the reserve stock by a 
very small amount, namely .3625 units. If this amount is added to the 
reserve stock the additional carrying cost per week would be: 


C. — 4(12).3625) — 
X (S) (3125) = ANSE) L 5.00335 


This is a very low cost, even when multiplied by 1000 to account for 1000 
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hypothetical items carried by the hypothetical firm. This total cost of $3.35 
can then be added to the idle-time cost of the clerks namely, $8.00 per week. 
The grand total is $11.35 and clearly indicates that a fifth clerk would not be 
a useful addition in this department. With five clerks the idle-time cost will 
be $58.00 per week. Therefore, even if the transaction delay costs went to 
zero with five clerks, the four-clerk total cost would always be preferred. 
Let us see, however, what would happen if we had specialization of work- 
loads. That is, each of the four clerks handles transactions for a particular 


Data 
| delay 


Reorder point actually reached 


——+ Reorder point 


ee 


Recognition that reorder point has 
been reached, the order is placed 
cbe stock 


ihe dola delay 


| 
oi 
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l oL 
012345 "n. lan. 
| | TIME level 
ke LT. +i | Stock-outage caused by 
| | 
| | 


RU LT 
» di L.T. resulting from dato delay 
FIG. 9-6 The effect of delay on the probability of running out of stock. 


ermal delivery would be made at t = 7. The delayed delivery occurs at 


set of the company’s total line. We will assume that each clerk carries 4 of 
the load. Then our queuing problem becomes one with infinite queues but 
single channels. The arrival rate is quartered; À = 48/4 = 12 transactions 
per hour. The servicing rate remains the same; i.e., 12.5 transactions per 
hour. We now derive: s 
124 1 
1212750 
which is the same utilization factor as before. Certainly it must be. But 
We now have different queuing equations since an arrival cannot be shifted 
between clerks. An arrival of type A must wait for clerk A. The equations 
We require are: 


P, =(1— p) =.04 


-96 


2 
a z — 23.04 transactions 
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Jp E — 24.00 transactions 
(1 — p) 

W, — = = 1.92 hours 

W = E — 2.00 hours 


The notation is the same as that used previously; it is apparent that specializa- 
tion introduces rigidity and that the system's performance has deteriorated. 
Let us examine the relevant costs. We have found that the expected waiting 
time of each issue transaction is almost 2 hours. Then the expected unit 
demand in the additional 2-hour period is (2)(100/160) — 1.25 units. To 
counter the reduction in the effective size of the reserve stock, we carry this 
additional amount. The added carrying cost per week would be: 


4(.12)(1.25) _ 
are en e $.01154 


The delay cost has risen to $11.54 with this arrangement. The total 
idle-time plus delay cost would be $19.54. This is still clearly superior to a 
system with five clerks, but specialized work teams appear less desirable. We 
do not wish to dismiss specialization. Sometimes, there is good reason for 
it. The p rate of providing service might be considerably faster when speciali- 
zation is employed. For example, four clerks working their own particular 
items with which they are familiar may have p = 12.5 transactions per hour. 
Nonspecialized, this rate might be halved; i.e., »’ = 6.25. Then, eight 
nonspecialized clerks working at the p’ rate would yield the same utilization 
factor and there would be additional delay cos boot. 

Now one more point should be made. The balance we have been 
investigating is noticeably sensitive to many factors including price. Thus, 
consider items which cost $400.00 instead of $4.00. For the unspecialized 
four-clerk system we would have found that the additional reserve stock cost 
was $.335 per week. The 1000 item total would have been $335.00 per 
week. This amount plus the $8.00 idle-time cost would be $343.00 giving a 
clear mandate to investigate the advantage of extra clerks. With five clerks, 
the cost would become: 


100 
(15) (iz) = .09375 units 


and 
(400)(.12) (=) = $.08654 


For 1000 items this is $86.54. Adding the clerical idle-time cost associ- 
ated with five workers we have $58.00 + $86.54 = $144.54 per week. 
Thus, here five clerks have a lower total cost than four clerks. How about 

Lie ks? Our previous table lists the required moe. Idle time cost would 
he ($300 x 36) = $108.00. Delay costs would be $46.15 which yields a 
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total cost of $154.15. Therefore, five clerks is the closest integer-clerk 
solution. 

Now, let us briefly consider the problem of those data-processing func- 
tions which are dependent upon the order quantity or the review period. We 
will think in terms of the P-model. The input is now constant. There are 
exactly » items to be reviewed-no more and no less. The only variable factor 
is the number of transactions which have accumulated between reviews and 
which must be added together. These are a minor portion of the total 
processing time. When the P-model is processed by a computer almost all 
processing delays* have been removed. The computer furnishes constant 
servicing times to an input which is essentially a nonfluctuating, nonvarying 
load. Thus, this kind of delay can only arise as a result of fluctuations in the 
number of transactions to be added together-and as we have pointed out, the 
very essence of the P-model is that such operations use upa negligible percent 
of the system's capacity. - Consequently, with an almost constant input load 
and a constant processing time derived by means of computer operation-the 
fixed reorder cycle model permits exact scheduling of the use of facilities. 
An additional boon is the close to 100°, utilization of facilities and an end to 
bottleneck problems. 

Certain operations are prone to bottlenecks. Bottlenecks create a 
waiting line at one point in the system. They may very well create idle-time 
at other locations. Thus, with a perpetual inventory system, part of the 
purchasing department may be idle while issue transactions join a waiting 
line at the data-processing center. An important question in our systems 
analysis is whether the flow through the system becomes more or less erratic 
as the data units advance through the system. 


77. REGULATION OF DATA FLOW 


While analytical methods will sometimes resolve the question we have just 
Taised, simulation will always provide us with a usable answer. Furthermore, 
if a sufficient sample is taken, simulation can frequently be more accurate 
than the mathematical approach. Our queuing models were flexible to the 
extent that the Erlang family could describe with sufficient precision the 
Prevailing situation. But the fit may be too far off to be used. Some 
distributions simply defy description in Erlang terms. This is no deterrent to 
Simulation procedures. Another reason exists for the increased accuracy 
that can be obtained with simulation. Many theoretical distributions have 
infinity as an upper bound. Although the probability of occurrences in the 
Tegion of infinity are very small, nevertheless, the theoreticai possibility 
influences our mathematical results. In reality. events in the vicinity of 
infinity would not be tolerated and would never occur. Therefore, actual 
distributions tend to be truncated at their upper tails. On the other hand, 


* This does not mean that transmission delays have beer removed. That is, 2 
necessary information may not reach the right place in time. We will consider suc 
types of delays later. x 
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the mathematical description of a system's behavior is sometimes a better 
representation of the true situation that prevails when accurate observation 
is costly, time consuming, difficult, or impossible. Certainly, each approach 
has its advantages and its pitfalls which the systems analyst must weigh in 
choosing his course of action. 
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FIG. 9-7(a) A detailed block flow diagram of materials management. 


The flow diagram pictured in Fig. 9-7 is too complex to analyze mathe- 
matically. By simulation techniques such an analysis is possible. ` We can 
write mathematical and statistical descriptions that relate the various flows 
in the network. But, in order to do so we must become more detailed. 
Figure 9-8 makes a good start in this direction. Here we have the various 
processing steps revealed. By studying such a flow chart it is possible to 
discover better ways of arranging sequences. It is also possible to associate 

s ration with a cost per unit time and with the distribution of times 
End to complete the operation. Abbreviations and symbols which 
r 
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appear on the diagram are also explained there. Figure 9-8 has expanded a 
small portion of Fig. 9-7. It describes only those flows which are concerned 
with a part of the processing routine for receipt transactions. Similar flow 
diagrams can be drawn for all of the other segments of the network. 
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FIG. 9-7(b). 


We have included Fig. 9-9 to present the reader with an example of an 
€ven more detailed flow diagram. This general type of flow chart is employed 
when computer systems are to be designed to handle the data-process flow. 
It is certainly not our intention to instruct the reader in computer flow- 
charting, coding, and programming. Nevertheless, some acquaintance with 
this ultimate degree of detail is useful background for the understanding of 
how basic the elements must be when the systems analysis is carried into the 
Computer stage. Simulations by computer also require these excursions into 
the heartland of detail. Here, we have indicated the nature of an element by 
the shape of the box which surrounds it. The enclosure for S.O.H. + S.0.0. 
represents a magnetic tape storage. The receipt transactions are identified 
by their design as being documents. Quality adjustments are obtained from 
Punched cards-a fact indicated by the sawed-off upper left-hand corner. 

€ctangular boxes usually signify operations of one kind or another while 
ovals are used to show that a decision must be made.* It will be noted that a 


*A variety of flow-chart symbols are utilized. Several major computer companies 
have advanced their own systems. Perhaps standardization would be helpful but then, 
SO would Esperanto. 
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juncture of yes or no occurs within an oval. Sometimes the decision is of a 
different nature. For example, one transmission would be A > B while the 
other would be A < B. Long cascades of decisions of this type can be made. 
Figure 9-10 illustrates such a cascade system. 


RECEIPT TRANSACTION SUMMARY STOCK CARD 
Item number Item number 

Item name Item name 

Vendor account number Stock on hand (S.0.H.) 
Quantity received Stock on order (S.0.0.) 
Price Reorder point : 
Discount Order quantity 

Quality report 

Date 


Receipt transactions Summary stock cards 


è Match by item number 
Quantity 
received 


Yields 


Adjusted 
quantity 
received 


Yields 


Corrected 
dollar 
value 


Match receip 


FIG. 9-8 Detailed flow diagram of a receipt transaction. 


1 transaction 


One other point with respect to Fig. 9-9 is worthy of notice. This is the 
loop-iteration arrangement which permits the system to remedy its own errors 
and also to stop when the last input item has been processed. If an error is 
made, the checking routine is designed to spot it. The decision junction 
operates to send the error back for recalculation. Itis again checked. The 
cycle, will continue until the error is corrected. Once it is accepted, the 
processing will continue. j 1 

Similarly, upon completion of the last receipt transaction the system 
will send the receipt documents to be filed, and will then stop. Thus, in 
Fig. 9-9 we see loops within loops. All such transmission structures and 
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configurations operate in both manual and computer systems. Of course, 
many of the decision junctures and loops operate inside the cerebrum of the 
operator. But other complex flow networks which do exist externally can 
be traced by systematic flow-charting. The computer must have the most 
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transaction Add to S.0.H. 
(on) Check 
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correct ? 


Yes Yes 


No Is this the Post new SOH. 
last receipt? 


FIG. 9-9 Detailed computer flow diagram of receipt transactions. 


precise instructions so that all eventualities can be handled. The ovsiness 
computer is very literal which explains its reliability as well as the need for 


patient systems preparation for all programs. 
Operations and transmission times within the computer are well-regulated. 
Underlying good programming is sound structure. This in turn provides for 
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the sequencing of operations which can produce a result in minimum time. 
However, even a computer system has human operators intervening whose 
actions introduce variability with respect to the time that the output is 


LET 


l. Is 452? 


2. Is 4<8? 
3. Is 4»$8? 
4. ls 4«$8? 


FIG. 9-10 A cascade of decision boxes. 


obtained. In manual systems the problem is intensified. Generalizing this, 
our problem can be stated: if an input, x, that varies with time is delayed 
by an amount of time, 6,,, how will the output, y, vary with time? This 
question is amplified by Fig. 9-11 where 
the delay, 8,,, is represented as a dis- 
Input Delay Output tribution of times. Further, it is assumed 
x) y(/) that some degree of control can be 
.exercised over the delay distribution. 
The control is vested in a regulator. 
Now, what can we say about the sequence 
of output events, y(t), given a sequence 
FIG. 9-11 A simple regulator. of events x(t)? Let us first consider a 
constant input, x. If the delay is also 
a constant value, 6, then y(t) = x(t — 8). Since x is constant and greater 
than zero for all 10, we have; 


Regulator 


y= 0; tx; ye t>s 
Obviously, if x varies with time but remains constant, our output would be: 
y(t) = 0, t< 8; y(t) = x(t — ô), t6 


As soon as à is no longer a constant but a probability distribution, the issue 
becomes more involved. Some mathematical conclusions can be drawn and 
some logical deductions are possible. A number of fields contribute sub- 
stantially to the body of analytic knowledge which exists to deal with such 
problems. Foremost are the electronic control systems field, queuing theory 
and cybernetics. The last is a study of control systems under a wider 
range of possible conditions than are ordinarily included by the first two. 
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Our simulation procedures are by far the most flexible but they lack the 
ability to provide the generalizations that are so vital to understanding and 
progress. Consequently, let us first state a few general rules which should 
help us to interpret the simulation results: 

(1) A constant input is one with zero variance. As we increase the 
variability of transmission delay, we increase the variance of the output. 
That is, it fluctuates more than the input. Such fluctuation takes the form of 
cumulative load pulses spaced large intervals apart. idet 

(2) In an interlinked system where each processing station transmits with 
delay, the total system's delay variance increases as we proceed through the 
System. Consequently, from (1), we expect that the pulsing effect will become 
more accented for processing stations that are further along the line. 

(3) With constant delay, the original input variance will remain unchanged 
at the output. 

(4) By regulating delay, it is possible to reduce the variance of the output 
as compared to the input. For example, consider the following input 
Sequence and delay rule: 


Input sequence: 274.6. 8167472 - 4:6 
Delay rule: y(t) = x(t) + 1x(t — 3) 
The output sequence would then be: 


Output sequence: LORA BOS AS SSMUS OR 


(5) To reduce the variance of the output distribution an efficient regulator 
must possess sufficient variability to be able to cope with the variety of the 
input.* Onlyin this way can the regulator achieve the objective of a smoothed 
Output. We desire a smoothed output so that a constant work load can be 
Obtained. Onthe other hand, if we are concerned with the age of information 
when it finally reaches the decision-making stages, we may accept variability 
in the output. Increased levels of variability in the output produce greater 
idle-time costs. j 

(6) If a work-pool arrangement is available then processing time can be 
shifted to those locations where the load is heavy and removed from those 
locations where idle time exists. In this way, processing delay can be 
maintained at an almost constant level. It will be remembered from Q 
that the output of a fluctuating input load with constant delay in transmission 
Will reflect no reduction in variability. But in this case, efficient regulation 
can substantially reduce idle-time and simultaneously decrease the age of 
information reaching decision-points. s uo 

Let us now take an example and simulate the results for an interlinked 
System of flow. Our example will be relatively simple but the approach 
indicated will be applicable to a wide variety of situations. Of course, our 
Interest now is precisely how the flows through a network affect the results 
Produced by an inventory model. Our example is simple but at least somewhat 


* As Ashby states, “Only variety can destroy variety," W. R. Ashby, An Introduction 
to Cybernetics (New York: John Wiley & Sons, Inc., 1956), p. 207. 
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realistic. We include in our system the use of a Q-model with fixed reorder 
point. We have a central warehouse and one branch warehouse. The data- 
processing center communicates with the central warehouse by means of a 
telemetering link. The example includes both materials and data flows. 
Because of space limitations we will not attempt to compare structural variants 
of the system, but it is suggested that the reader try a few different arrange- 
ments. One can assume that delays at each processing point can be changed 
by reallocation of a fixed budget. The use of a work-pool arrangement can 
be tested-recognizing the fact that only a centralized data-processing organiza- 
tion could avail itself to the fullest of the benefits of such an arrangement. 

Figure 9-12 illustrates the system we will simulate. To avoid having to 
present an excessive number of numerical tables, we will use the direct routing; 
B-E, instead of the alternative routing (dotted line) B-C-D-E. The simula- 
tion of this latter routine is suggested as an exercise in the problem section 
of this chapter. Most of the information which is required for the Simula- 
tion is presented as part of Fig. 9-12. 

Our first step is to write down the input-output flow behavior in a form 
suitable for Monte Carlo procedures. It must be remembered that outputs 
from one element become the input to the next in line. Our example is 
limited to a single item. 


DEMAND INPUT Monte CARLO NUMBERS 
(UNITS PER HOUR) ASSIGNMENT AND ASSIGNED DEMAND 

0 000-049 962 | 6 | 950 | 6 | 086 | 1 | 077 1 

1 050-198 035 | O | 773 | 4 | 679 | 4| 075 | 1 

2 199-422 221 | 2 | 119 | 1 | 621 | 3 | 220 | 2 

3 423-646 637 | 3 | 706 | 4 | 458 | 3 | 208 | 2 

4 647-814 550 | 3 | 927 | 6 | O11 | O | 478 | 3 

5 815-915 819 | 5 | 788 | 4 | 292 | 2| 767 | 4 

6 916-965 063 | 1 | 799 | 4 | 198 | 1 | 264 | 2 

7 966-987 923 | 6 | 646 | 3 | 142] 1 | 329 | 2 

8 988-995 960 | 6 | 442 | 3 | 774| 4 | 514 | 3 

9 996-999 929 | 6 | 822 | 5 | 365 | 2 | 451 | 3 


The table above is a compact representation of a 40-hour sample. Thus, 
the demand in the first hour was for six units; in the sixth hour for five units; 
in the twelfth hour (second column, second row), for four units, etc. 

Next, we assign Monte Carlo numbers to the consecutive delays, 4—B and 


B-E. 


DELAY (HR) A-B ASSIGNMENT DeLaY (HR) B-E ASSIGNMENT 
7 | 000-049 13 000-039 
8 050-499 14 040-169 
9 500-999 15 170-379 
16 380-644 
17 645-879 
18 880-984 


19 985-999 
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FIG. 9-12 Flow diagram for data and materials flow simulation. 
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first hour there is a demand for six units. The six units are dispatched by the 
branch warehouse if there is sufficient S.O.H. The issue transaction is then 
forwarded from the branch warehouse to the data-processing center. 


TABLE 9-1 
DeLay A-B Detay B-E 
DEMAND |— — —— ———— TIME eee s «|. EE 
Hour ATA M.C. No. | Hours ATB | M.C. No. | Hours | ATE 

1 6 127 8 9 521 16 25 
2 0 623 9 11 180 15 26 
3 2 155 8 11 180 15 26 
4 3 710 9 13 604 16 29 
5 3 427 8 13 604 16 29 
6 5 594 9 15 792 17 32 
7 1 125 8 15 792 17 32 
8 6 002 a 15 792 17 32 
9 6 593 9 18 834 17 35 
10 6 592 9 19 052 14 33 
11 6 006 7 18 834 17 35 
12 4 118 8 20 968 18 38 
13 1 591 9 22 386 16 38 
14 4 812 9 23 349 15 38 
15 6 614 9 24 088 14 38 
16 4 177 8 24 088 14 38 
17 4 456 8 25 977 18 43 
18 3 501 9 27 750 17 44 
19 3 997 9 28 318 15 43 
20 5 169 8 28 318 15 43 
21 1 107 8 29 424 16 45 
22 4 702 9 31 836 17 48 
23 3 607 9 32 594 16 48 
24 3 496 8 32 594 16 48 
25 0 823 9 34 140 14 48 
26 2 474 8 34 140 14 48 
27 1 992 9 36 126 14 50 
28 1 209 8 36 126 14 50 
29 4 353 8 37 331 15 52 
30 2 833 9 39 899 18 57 
31 1 129 8 39 899 18 57 
32 1 002 7 39 899 18 57 
33 2 872 9 42 960 18 60 
34 2 768 9 43 285 15 58 
35 3 942 9 44 050 14 58 
36 4 454 8 44 050 14 58 
37 2 353 8 45 377 15 60 
2 315 8 46 130 14 60 

"4 3 499 8 47 560 16 63 
40 3 935 9 49 035 13 62 
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There is a transmission delay from A to B of 8 hours. Internal delay in the 
data-processing center; i.e., from B to E is 16 hours. Therefore, the pro- 
cessing is completed at time 1 + 8 + 16 = 25 hours. At hour 9 there is a 
demand for six units and again at hour 11, an additional six units are de- 
manded. The issue transaction for these two, separate demands arrive at B 
at exactly the same hour-hour 18. Therefore, a single Monte Carlo number. 
is used for hour 18 at B to determine the delay in transmission form B to £E. 
This is then à characteristic which we are assuming for our data-processing 
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FIG. 9-13 Simulation of the cumulative load experienced by each processing 
department for the flow pictured in Fig. 9-12. 


unit. Each hour has its own delay. Other possibilities might be tried. For 
example, each transaction could be assigned its own Monte Carlo numbers 
in which case the two arrivals at B might have different arrival times at £. 
Another variant would be to make delays a function of the load on the 
Processing unit. Thus, if one-transaction arrived at B at a particular hour, 
it could be quickly transmitted whereas, two, three, and more transactions 
Would have progressively longer transmission times. With our simulation 
technique a large number of possible conditions can be explored. The 
assumption is made, of course, that controls exist which will permit each of 
the systems that are tried to be implemented. There is no advantage in 
simulating a system which is physically unrealizable. Without the ability to 
regulate the real system in accordance with the characteristics embodied in 
the simulation model, the matter becomes purely academic. We can now 
Summarize our results, and they are of two kinds. First, the load character- 
istics as they are transmitted through the system. Second, the effect of these 
transmissions on the inventory levels. 

Figure 9-13 presents the load characteristics as they arrive at A, B, and £. 
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We see that the curves are separated by varying amounts of time. These 
horizontal spans between points represent the expected delay plus and minus 
the particular delay variation which was observed. Thus, the total set of 
such horizontal lines between any two stations can be used to produce the 
simulation sample of the delay distribution. As we had previously predicted 
the curves become more jagged as we move from the earlier to the later steps 
in the network. Curve £ has many plateaus each of which signify idle-time. 
Any plateau represents a period of time during which the load is zero. Then 
a plateau will terminate with a large load being suddenly applied. After this, 
another period of zero load ensues. If the processing rate is not fast enough, 
we know that a waiting line will develop. In that case, the data will age even 
if the processor is not idle. Thus, we see gradual deterioration of the output 
as we include more and more of the system. From this and simulations of 
other variants it is possible to obtain improved outputs. 

Now, how do these results affect the inventory level? The table below 
shows what happens to the S.O.H. for two different lead times. From Fig. 
9-12 we can see that the expected lead time is two days. 


ARRIVALS S.O.H. S.O.H. 
Hours ATE (L.T. = 4 Days) (L.T. 2 2 Days) 
0-24 0 76 16 
25 6 70 70 
26 6 62 62 
29 12 50 50 
32 6 44 44 
33 12 32 32 
35 12 32 32 
38 19 13 13 
43 12 1 1 
44 3 =2 =2 
45 1 -3 222 
48 12 —15 210 
50 2 —17 208 
52 4 —21 204 
57 4 —25 200 
58 9 —34 191 
60 6 —40 185 
61 0 185 185 
62 3 182 182 
63 3 179 179 


Although the Q-model was designed to protect us against stock-outages 
in about 95 out of 100 lead time periods we observe that our simulation results 
would not bring joy to the inventory manager. On the contrary, he would 
ruefully observe that even when the lead time period would be exactly as 
expected, that à stock-outage results. With a lead time of four days (the 
probability of four days or more is about .05) the system is seriously mal- 
functioning.. One order (indicated by the rectangles above) was required. 
(Stock-outs are shown as negative quantities and an oval indicates deliveries.) 
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What factor accounts for the poor showing? The answer is clear enough. 
The inventory rules were improperly designed. They did not take the delay 
into account. Whatever inventory model is used, it is necessary to incor- 
porate delays required for data-processing and decision-making. Thus, the 
correct model would have been: : 


Reorder point = Zj,5.., + K(oL.r. +0) 


The quantity x, is unchanged, and reserve stock is larger by the amount 


? VLT. + 5 = VLT. 
Korr eae I ) 
v L.T. 

The total delay we remember increases with each additional step. Conse- 
quently, it should now be evident that the processing organization can play an 
important and determining role in the inventory cost system. This is one 
more example of why we have been stressing systemic costs. An additional 
factor exists. It is the variance of the total delay period itself, Just like 
lead time when it varies, we have a distribution of total delay periods. And 
just like lead time, when we choose a value L.Tmax, We may now choose a 
value, Smax: 


Let us calculate the new operating values for the model-and at the same 
time determine how much the delay is costing us. We have: 


Expected delay (4-B) = 8.45 hr Delay variance (4-B) = .345 hr 
Expected delay (B-E) = 15.90 hr Delay variance (B- E) — 1.870 hr 


Expected delay (A-E) = 24.35 hr Delay variance (A-E) = 2.215 hr 


M 


L.Tinax = 2 days = 16 hours 
max = 25 hours 


Total = 4| hours 


Demand (in L.Tmax + Smax) = 123 units 


e (in L.Tmax + mex) = 123 x 11 units 
Reorder point = 123 + (2)! = 145 units 


The reserve stock has increased from 14 units (without transmission delays) to 
22. This increase of eight units represents a cost of: 


4(.12)(8) = $3.84 per year 


A small change, but it does represent $3840 to our 1000-item company. 
Further, it increases with price. and it can be much larger if the system 
compounds many delay variances. In that case, Òmas must really be adjusted 
upward to take account of the long periods of delay. Furthermore. if 
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processing division E is actually idle when no load is applied-which means it 

has the capacity to handle and quickly dispatch the work load pulses as they 

arrive, then the costs of idle time of the processing divisions will be significant. 
To conclude this section, let us see how our new reorder rule fares: 


ARRIVALS S.0.H. S SOH: 
Hours ATE (L.T. = 2 Days) (L.T. = 4 Days) 
0-24 0 159 159 
23 6 153 153 
26 2 151 151 
29 6 145 145 
32 12 133 133 
33 6 127 127 
35 12 115 115 
38 19 96 96 
43 12 84 84 
44 3 81 81 
45 1 80 305 
48 12 68 293 
50 2 66 291 
52 4 62 287 
57 4 58 283 
58 9, 49 274 
60 6 43 268 
61 0 268 | 268 
62 3 265 265 [ 
63 3 262 262 


No shortages have occurred which presumably was our objective. The 
system is now protected from outages resulting from processing delays. It is 
certainly clear that data-processing design interacts with the performance of 
the inventory model and must be considered when selecting inventory rules. 
It is also clear that some portion of study funds should be allocated to design 
operating procedures. The inventory system as a practical entity cannot 
survive on a diet of pure inventory theory alone. 


78. REGULATED INVENTORY SYSTEMS 


A well-designed regulator will adjust and balance the flows between the 
components of a system. It will be totally goal-oriented in doing this. In 
other words, it is implicit that we must know what we are regulating and 
toward what end we are regulating. Ideally we would ask that the regulator 
minimize cost or maximize gain. But the problem of unifying all of the ele- 
ments and setting down the rules whereby the probability of cue the 
goals is maximized is usually inordinately difficult. A mS POE AT: 
not satisfactorily cope with the higher levels of system per Ea dus a 
inherent in the macroscopic view of an organization. Conseq y. 
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concept of total self-regulation has been evolved to meet the requirements 
imposed by complex systems with precisely defined goals. These more recent 
developments in control theory are based upon goal orientation and the 
difference between the state that exists and the state that is desired. The 
measured difference is the error. Decision rules are designed as functions of 
the error. The system's goal can therefore be stated as the optimization of 
some particular function of the error term. Error regulation is the core 
concept of missile systems, automatic pilots, and a variety of “true” automata. 
Given an error regulated system, further differentiation can be made as to the 
type of system and its level of sophistication. Definitions at this point 
become somewhat arbitrary, particularly when we start talking about servo- 
mechanisms and “true” automata. 

Many systems possess characteristics which give them the appearance of 
being automatic while in fact they are only mechanized. Such systems appear 
to be automatic in the sense that a vending machine which issues an item 
when it is properly addressed appears to be automatic. Machines of this 
type can be very complex, dispensing many different kinds of items and 
accepting many different denominations of money for which they can make 
the correct change. However, our notions of automatic behavior have 
advanced far beyond this point and the vending machine is relegated to the 
ranks of mechanized equipment. The inventory models and systems which 
have been dealt with up to this point possess varying degrees of mechaniza- 
tion. These models have been designed to accept input signals (such as 
demand and lead time). In fact, they have been pre-designed with the ex- 
pectation that certain kinds of signals will be fed into the system. (Compare 
this with the coin changer.) If the expectation is false; e.g., lead time is five 
times as great as expected, then the system lacks any capacity for adjusting 
itself to the new conditions. It is not designed to produce satisfactory outputs 
under any conditions that might occur. It lacks adaptive behavior. f 

The type of system which we are now introducing possesses adaptive 
behavior and fits our present-day conception of an automatic system. 
References have been made to it previously in the text but because of its 
predominant systems orientation its exposition was postponed until Part 2. 

Because it is a meta-model with less practical significance and more 
conceptual importance, we did not wish to include this model with our other 
inventory models. Furthermore, it represents a synthesis of many elements- 
not the least of which is the notion of a regulator. Lastly, this system captures 
the essence of the relationship between the decision system and the operating 
system. Therefore, we feel that the greatest utility is derived by having 
Postponed this discussion until the present time. 4 

Many factors differentiate this, inventory model from all of those which 
were previously discussed. We will mention a few of these differences. 
First, the basic servo-control model originated in the electrical engineering 
and electronics field. No other inventory model can claim this parentage. 
The primary application of the model remains in the originating field where it 
underlies the design of self-guiding automata and adaptive control systems. 
Second, the inventory adaptation of the control model is less important faits 
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operational characteristics than for its conceptual contributions.* Third, 
this is the only model discussed which can be totally self-regulating. 

Refer to Fig. 8-3 and note that the executive and the inventory study are 
located within the control box. Our servo-model has an automatic control 
device located within that box. Therefore, our new system will be entirely 
self-contained and automatic. But the differences do not stop there. A 
fourth difference is the fact that the servo-system measures the discrepancy 
between the input and the output and adjusts its own rule box so as to produce 
a desired pattern of behavior. It does not compare the output to some in- 
ternally stored criterion. Instead, itis dynamically responsive to a wide range 
of inputs and utilizes the feedback principle to produce the required modifica- 
tion of the outputs. Herein lies the major element of these control systems. 
Rules exist for monitoring the error signal and for transforming this measure 
of discrepancy. An efficient feedback channel is required to convey informa- 
tion about the output to the error sensor; thence to the control unit for 
transformation of the error signal and ultimately back into the system to 
modify the output. The modified output is then again fed back and compared 
with the input. A new error term is measured and is used to further modify 
the output. The process continues indefinitely-that is, until the control unit 
achieves its inherent objectives. The system then waits for any disturbance, 
such as a change in the input, to restimulate its control function. 

The key to the system's performance obviously lies in the rules by which 
the control unit functions. So unlike our previous models which are static 
in spite of the fact that they have error-sensing and feedback, the servo-system 
is dynamic. The rules not only express the system's objectives but they 
incorporate that which has occurred with that which is desired. Figure 9-14 
depicts a regulated inventory feedback control system. The symbols we will 
be using are explained in Fig. 9-14. It will be noticed that the input is shown 
as demand and the output can either be production or the quantity ordered. 
It is apparent that the difference between the input and the output represents 
the increase or decrease in inventory level which occurs at time ¢. Thus, the 
error term measures the rate of change of the inventory level. It then follows 
that the sum of the error terms over time is equal to the inventory shortage or 
the back-order level at time t. Let us take advantage of the clarity which 
can be obtained from the simulation of an example. r 

We will assume that there is constant demand for two units per day. On 
the third day of the week the demand unexpectedly doubles. Our control 


rule will be: 
Pues = (e) = (ss n) -3Pht5BD 


* The creator of this ingenious model is Herbert Simon. His original work, "On 
the Application of Servomechanism. Theory in the Study of Production Control, 
appeared in Econometrica, 20. 2 (April, 1952). pp. 247-268. It still remains one of the 
most fundamental and well-organized presentations available in spite of the intervening 
Credit for further developments of significance in this area should be given to 
oward and Robert Fromke. Sec R. Howard, Notes on Operations Research, 
Mass.: The Technology Press, 1959), Chap. 5. Fromke's work, 
found in his unpublished dissertation, Columbia University. 


years. 
Ronald H 
1959 (Cambridge. 
circa 1955, can be 
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That is, the control unit produces a signal* equal to one-half of the quantity 
ordered and received in stock during period t plus one-half of the units 
demanded during the interval. Our system is initially in equilibrium, which 


Input Output 


Control |. / 16). [Order or | 7 
produce 


Demand 


rules 


FIG. 9-14 Schematic of the regulated inventory feedback control system. 

input signal at time t — demand in period t 

output signal at time t — units produced in period t 

error measured at time t 

(D: — Py) 

— modified error signal at time t 

= Fe) 

implies that we produce or order two units per day. (The initial values of the 
demand and production can have any size including zero. Many times, for 
analytical convenience, the system is considered to begin at zero but this 
simplification is not required for our simulation.) The table which follows 


gives the steps of the simulation. 


t D: P, E le fE) = Pia 
1 2 2 0 0 2 

2 2 2 0 0 2. 

3 4 2 ! S 

4 2 3 -1 -.5 2.5 

5 2 2.5 —.5 —.25 2.25 

6 2 2.25 —.25 —.125 2.125 

7 2 2.125 —.125 —.0625 2.0625 


We could have continued for values of £ > 7. But the pattern has been 
established and further iteration will produce: 

(1) continued reduction of the inventory shortage, and 

(2) gradual return of the production rate to the initial conditions. 

Figure 9-15 charts the system we have just simulated. When the demand 
rose to four units, a back-order would result unless reserve stock is carried. 
The question we wish to ask is, can we be certain that the system will produce 
enough output stock to cover the pulse of demand which was experienced ? 
The answer is yes, and we can demonstrate this as follows. Two units in 
excess of expected demand were required. (Units can of course represent 
hundreds, thousands, etc., of units.) The output generates a power series of 


and electro-mechanical devices are 
dance with the control 
York: Reinhold 


* A great variety of mechanical, electrical, 
available to measure error and then transform it in accor 
rule, f(e,), For example, see W. G. Holzbock, Automatic Control (New 
Publishing Corp., 1958). 
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additional stock produced. Thus, in period 3, one unit was produced above 

the normal level. In period 4, one-half unit; in period 5, one-fourth unit, 

etc. Thus, 

it dimos nm ta 1 
Output=1+5+ 4+ 5+... =S (3) =—— =2 

We see that eventually the output cancels the discrepancy. The only trouble 

is that it takes forever. In these control systems one of the primary interests 
centers around the question of how 
long it takes the system to recover 
—if it recovers. A better systems 
design-all other things being equal— 
is one in which recovery is rapid. 

; But recovery may not result. If 
our system is satisfactory, then the 
sum of the error terms will be zero. 
It should be remembered that each 
error term is the inventory short- 
age or surplus which is created for 
that period oftime. Since we are 
measuring the error as D, — P, 
which is [demand (f) — production 
(t)], a positive error represents an 
inventory shortage while a negative 
error represents an inventory sur- 
plus. Then as we did for the out- 
put series, 


UNITS DEMANDED 


INPUT: 


UNITS PRODUCED 


OUTPUT: 


Inventory shortage = 


> nzo /]\n 

Eu? 2s eS (5) =0 

EE n=0 

zę 1 

>S p. M 

25 0 5 so our system at infinity has elim- 

aem UAS SS S inated the inventory shortage. 

ie Different input forms can occur. 

Our first example dealt with a 


FIG. 9-15 Regulated inventory feedback sys- demand pulse. The input increased 
tem with control rule: f(e) = (łe: + P?) and for one period and then meed 


pA to its initial value. Many other 
by the disturbance of the status quo. We could 
i i he demand, initially at 
a step increase. This would mean that t bi 
m E to 4 and then stay at this higher level;a trend increase or 
decrease could occur. Thus, the system begins at ame un Mecum 
: : i haps, 1.5, 1.25, 1.125, etc. e 
t experiences 3, 4, 5, 6, etc., or per ; Y 

aycu sd we will mention, although there can be many others, is the 
Bator type of change. Similar to a sinusoidal wave form, the sequence 


might be 2, 4, 6, 4, 2, 4, 6, etc. 


forms could be taken 
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Our system will respond differently to different input forms. Thus, the 
response and recovery of a system is now being considered in terms of basic 
input changes and not just random fluctuation. We will run a simulation, 
using our present decision rule but the form of the demand disturbance will 
be a trend of increasing demand. Let us see how our system fares under these 
conditions. 


t D: P, E ie SE) = Pia 
1 2 2 0 0 2 

2 2 2 0 0 2 

3 4 2 2 1 3 

4 6 3 3 1.5 s 4.5 

5 8 4.5 3.5 1.75 6.25 

6 10 6.25 3.75 1.875 8.125 

7 12 8.125 3.875 1.9375 10.0625 


Not very well! The output continues to diverge from the input. The sum 
of the errors increases and does not go to zero as we would like. Figure 
9-16 represents the graphic portrayal of these results. If a trend (or ramp) 
input can occur, the system decision rule we have formulated is decidedly 
unsatisfactory. 

We have now observed some majar weaknesses in this particular form of 
decision rule. The fact that error-sensing and feedback were used did not 
prevent catastrophic results. Let us now translate this discussion into more 
specific inventory language. Consider the following model. 


Pray = M — Eff] + & = Xo + & 


where M is the maximum stock level as previously defined for the P-model; 

E[I] is the expected inventory level, (S.O.H. + S.O.O.), at each reorder 

date; —so, M—E[I] equals the expected order quantity, Xo- When this 

control model receives a pulse input, a continuous, undamped oscillation is 

e up in the system. Figure 9-17 illustrates the result derived in the table 
elow. 
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From any point of view, this is not a happy result. We will therefore move 
on to a more sophisticated kind of regulator. Itis still a regulator and not a 
self-regulator. (The latter is discussed in Section 79.) 


t t 
P= M- EU] 4 X e= t 2,5 
[J 0 
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f this equation will show that it embodies all of the char- 
acteristics of a P-model, where the reorder cycle is one unit of time and E[/] 
incorporates both S.O.H. and S.O.O. The fact that control is now exercised 
f an integrated error is clearly a major design difference. 


Demand 
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FIG. 9-16 Regulated inventory feedback system with control rule: f(é) 
— [4e + Pj] and increasing input trend. 
We already know how the P-model behaves when a pulse of demand 
occurs above the level of the expected demand. The reserve stock has been 


provided to pr 


otect against inventory shortages caused in this manner. 
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The reserve stock is brought back to its original level by increasing the next 
order that is placed. This was observed in our simulation of the P-model in 
the previous chapter. We will now want to investigate the behavior of the 
P-model when the input signal generated by our demand generator is no 
longer derived from a stationary distribution. In other words, what can we 
say about P-model performance when the mean of the demand distribution 
increases or decreases by some fixed amount?» This is the input form which 


UNITS PRODUCED 


OUTPUT. 


A 


INVENTORY 
= SHORTAGE 


= N UW 


FIG. 9-17 Regulated inventory feedback system with control rule: f(e) 
= Xo + & and pulse input. 


we called a step function. How does the P-model fare when the expected 
demand grows overtime? We called this a trend input function. We know 
that our first model, not based on the summation error term, performed 
unsatisfactorily with the trend input form. The reader can ascertain for 
himself that it would have also been unsatisfactory with the step input form. 
But rather than run one simulation after another to find out how the P-model 
fares, we can use a mathematical method which transforms our difference 
equation and makes it quite simple to investigate the effects or different input 
forms on the behavior of the P-model. Our objective is to follow the in- 
ventory level over time. As in all systems analysis we must know what our 
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objectives are before we can get any benefits. The method we apply is 
known to control engineers as the z-transform. (Henceforth, for reasons 
explained in the next footnote, we will call this a z-transform.) It is specifically 
designed to resolve problems in a sample-data system. Our system is a 
sample-data system for the following reason. Only at discrete intervals is 
information about the stock level available. It is as though a relay closed 
once every so many time periods. When the relay is closed, information is 
transmitted about the stock level. When the relay is open there is no flow of 
information. Thus, although withdrawals may be made frequently no 
information is available about the exact stock level except at reported 
intervals. 

The underlying basis for the z-transform is quite simple. When we 
write D, we mean that D takes on different values at each time period, t. 
If the progression of D, values is erratic, there will be no convenient form of 
representation. However, if the input distribution is postulated as a pulse 
occurring only once we can write: D, = D + A, for a single, specific value 
of t and D, — D for all other values of t. If the input disturbance is a step, 
we can write: D, = D, t < rand D, = D--A,tz 7. Itisclear that when 
t > 7 the input jumps to D + A: when we consider the trend form for the 
input we have: 


De D) | Dee ARD SUD FAA D, = Dict mA 


Lastly, although many cases could be considered, we have the seasonal varia- 
tion or sinusoidal input form. Here, for example: 


Dye DIU T sin 07) EN 


DIA (1 + sin qx) = D + 07D = 1.7075 


D; D (1 + simo) = D + D = 25 


and so forth. : 
Each input form follows a regular pattern which can be represented in the 
form of a power series. Thus: 
Pulse: 
BOITA 01010 ions 
F(z) = (s? + Ox? + Ox? + --- 
Step: 
F(t) = 4, A, A, A, ... 
F(x) = (1)x° + (Ix? + (Dz + 


This has the well-known convergence 


1 
FQ) = rere 
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Trend: 
F(t) = 0, A, 2A, 3A, 4A, ... 
F(z) = (0)x° + (Dg + Q8 t... 
x[(O)x-* + (02? + (Dz + QE + ---1 


It will be noted that the series within the brackets on the right-hand side is 
the derivative of the step-input series. Therefore, we take the derivative 


gla - lav 


and F(z) =% la 2 | ix [a ES 


Exponential: 


i 


FAS lye "he hee: 
F(z) = (Dx? + (e7 92 + (e) n. 


We can write the closed form directly: 


1 e 
FG) me ae 
By using the method above it is possible to obtain z-transforms for all 
of the situations that we will encounter. An abbreviated table of x-trans- 
forms is given below. We will use it directly for all of the developments 
which follow. One of the advantages of these transforms lies in their easy 
transferability from a table to 2n equation. 


SHORT TABLE OF z- TRANSFORMS* 
ORIGINAL FUNCTION &-TRANSFORM 


P, (function of t) P(x) 
Pı+ı (one period delay — P(3)/x 
P,., (k periods of delay)  P(3/x^* 


ZB (summation) PDIU — 3) 
Unit impulse, ¢ = 0 1 
Unit step, a constant 1/0 — x) 


Trend, increases with f zl — 2)? 


* We have been using the generating function 
ne 
2 yz FD 
n=0 
and calling it the z-transform. The z-transform would be obtained by 
me 
AQ = F(z) 


The resulting z-transforms, familiar to electrical engineers, are slightly different from 
those shown in the table. 
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. We will now transform the equation for the P-model regulator; the output 
will be considered as being measured from the x, level as a base. 


Then — = S(2) 


where S, = the inventory shortage at t. 


P(3) D RR) 
SM (2) Si —=) 


With respect to the last equation, we can simplify. Thus: 
P(x) = zD) and S% = DR) 


These are our basic equations. We will now apply several different input 
forms in order to observe the model's behavior. 

(1) Impulse: Demand distribution remains unchanged and pulse repre- 
sents a deviation from the expected value. 


D(x) = 1 Pg-2z SOE 


We have P(z)/z = 1. Therefore, P, = 1. The impulse occurs when ¢ = 0; 
the output increases just enough to compensate in the following period. 
Also: S(z) = 1. Therefore, Sy = 1. At the time of the demand an in- 
ventory shortage occurs. For all subsequent periods the inventory shortage 
returns to zero. This is precisely the behavior we want and expect from the 
P-model. The pulse bites into reserve stock which is replenished in the 
following period. (See Fig. 9-18.) 

(2) Step: The demand distribution shifts to a new expected value at time t. 


And 


a A ME s al 
DON em BOQ) pate SUNS mm 
We have P(z)/zx = 1/(1 — z) which is the unit step. Therefore, P,., = 1. 
This means that one period after the demand change occurs the cutput rises to 
one and stays there. Also, S, = 1. The inventory shortage which occurs 
when the demand is made is never rectified. (See Fig. 9-18.) This is ob- 
viously not a situation to be desired. It clearly points out the need for 
updating the inventory model parameters in some regular fashion. We must 
bear in mind that although we are talking about an inventory shortage, this 
shortage is applied to the reserve stock level. Thus, when a shift in demand 
occurs it will not be as easily recognized as if a real shortage developed. 
The effect may be hidden, expressed only in a higher percentage of stock- 
outages. Thus, the cost of updating is offset by the increased cest of outages. 
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For highly stable demand generators, the need for frequent review is obviously | 
less important. This problem becomes even more compelling for the next 
two input forms. 

(3) Trend: The demand distribution shifts to increasingly higher or 
lower levels. 


z ze Fe 
D(x) = (zs P(Q- =m S(z) = TER 


We have P(z)/x = z/(1 — z)? which is the linear trend. Thus, one period 
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FIG. 9-18 P-model regulator. 


after demand goes to one, the production goes to one. At the second period 
It goes to two, etc., that is, P, = 0, P, = 1, Pa = 2, Ps = 3,--- ugs 
Meanwhile, the inventory shortage is also following the trend line, beginning 
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att — 0. The reserve stock will be completely eaten up, plunging the system 
into back-orders and lost customers. (See Fig. 9-18.) 

(4) Delay: We have been patiently waiting to discuss the problems 
occasioned by delay but before we could get to it the basic material had to be 
developed. We will assume that the demand distribution is stationary. 
There is no step or trend shifting. However, a demand which takes place at 
time t is delayed in processing. The period of delay isk. Thus, our model 
now becomes: 


t-k t-k 
Aac d Bac 2 ha 
The transforms will be found in the table we have given. 


PR) D(x) P(X) 


z sa E) Sea) 


We reduce this: 


T DG 


And for S, we have: 


Pri S 
Thus: zi = a or P(g) = z+ Sz) 
We combine the two P(x) equations: 
D(x)x*** 
k+l E 
x S(z) a TS x kis Pon 
^ D(z) 
or SQ) = Toa A 


We are mainly interested in the effect of the input impulse because we have 
already seen that updating is essential to maintain proper cost balance in the 
inventory system. What happens then with different amounts of delay 
when D(z) = 1? First, let us take k = 0 which is no delay. This should 


yield our original impulse system and it does of course. . That is, 
-RRQ 
PO =T zt 
e DA 
and SQ-i-zcz 


We obtain the two equations: 
2 


PR) = {ogee 


Now, let us set k equal to one. 


1 
and SQ) =z FÉ 
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These transforms are not in our table, but they can be quickly obtained by 
using Yong division to obtain a power series thus: 
a~ L TRUE RAE delere 
l-z +z |l +0+0+0+0+0+0+0+0 
LERH 


as Lim ee JE) 
Hr cipue 
—$2+0+0 
= 2+ xt—2 
— =F F840 
eas Cepek eet 
Wet +040 


RAEL ke 
Let us write out this power series and then interpret it: 
SG) = (Dz? + (D? + (0: + (Ds? + (— Dg + (0x5 + (Dee... 


What it tells us is that the inventory shortage oscillates. At ¢ = 0, it is one. 
Att = Litisone. Atz —2,itiszero. At? = 3,it is minus one. Mean- 
while, the output series is the same as the above multiplied by ?. 


PQ) = Ox? + (0)? + (Iz? + (022 + Oz? + (SD a(S) ELE 


For convenience, we tabulate these results. 


t P, S, 
0 0 1 
1 0 1 
2 1 0 
‘3 1 —1 
4 0 =] 
5 =1 0 
6 zl 1 
T 0 1 
8 1 0 


Figure 9-19 illustrates the endless oscillation which the system experiences. 

What is the cost of this behavior? It can be very high indeed. Errors 
do not cancel out as far as inventory costs are concerned, and so we have 
Outage costs as well as excess carrying costs to contend with. This is then a 
very great weakness of the P-model. Itis extremely vulnerable to transmission 
and processing delays. That is why we will now go on to discuss a servo- 
control model which we shall call a super-P-model. 


79. SELF-REGULATED INVENTORY SYSTEMS 


The two weaknesses of the P-model are its lack of responsiveness to shifts and 
new trends in demand and second, its inability to suffer delays without 
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producing large oscillations. Of course, once these facts are recognized the 
P-model can be an efficient inventory model. Delays must be controlled and 
whatever delays exist must be designed so as to avoid causing oscillation. 


OUTPUT 


INVENTORY SHORTAGE 


OVERSTOCK 


FIG. 9-19 P-model regulator with impulse input and one additional period for 
processing delay. 


The reason that the P-model can't do a better job is the fact that M, the 
maximum level is invariant. It is in fact totally unresponsive to whatever is 
happening. That is why the P-model has been called static. However, the 
self-regulating principle eliminates this condition. Compare the two equa- 


tions below: 


BacM-El X8 q) 


t t t 
Pui =M- E+ Dat Dde 


The first is, of course, our P-model. The second is the model we have named 
super-P. It will be seen that the second model has a double summation 
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term. Itis the sum of the inventory shortage over time. Let us consider 
the dimensions of this measure. We have 


& = units per day short 


> & = units short 
t 


then da 
tt 


So, this additional factor introduces a means of assessing outage penalties- 
not just for units short, but for units short for how long. (It will be 
remembered that we discussed such an outage penalty at a previous point:) 
Similarly, we not only have units in excess of the chosen level but we have 
excess units carried for some period of time. It is this time-unit measure 
which acts to modify the reference level, M. In fact, in the second model, 
the M level is M', where 


unit-days short 


Thus, when the number of shortage days increases, the M' level rises with it. 
When the number of excess carrying days goes up, the M’ level falls. What 
this really means, of course, is that the reserve stock has been made variable 
and a function of the time-units summation. 

Now, we will make one additional change. We rewrite our self-regulator 
equation: 


t ae! 
Pir =X +t+ADdDat+BO>& 
o 0 0 


This gives us an additional element of control with respect to the self-regulat- 
ing characteristic of M. The M-level can be interpreted as follows: 


t t t t t 
M'-M*AXa-BEXXa-Ea-cMe(-DXacB£in 
o o 0 0 o 


It will be noted that by choosing 4 = 1, B = 0, we get M' = M which is 
the regulator P-model. Therefore, as.would be expected the regulator 
P-model is just a special case of the self-regulating super-P-model. 1 
Of particular importance is:the case where A = B = |. Let us obtain 
the z-transform of the self-regulating model* in order to explain this case: .. 


t 
AD RR E 
o 0 0 
t t t t 
AS Dit BD AD PBS PI 
0 0 0 0 0 0 


Then: P(x) _ AD(z) y BD(z)  AP(Q BP(3) 
CURE (Urrey bec uper 


Pray 


[] 


* As before, the output is measured from the x, level as a base. 
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and "OE Tf via-»9[4. v] 


ro critt no [tte 


Whence: 


= zl4( — x) + B] 
160 = DO {a = x)? + Ax(I — 2%) + xj 


= imn (AHAB) Aa 
DG la + B-2)z + (1 — A)z? + ji 


"When the coefficients are chosen equal to one the transform is reduced as 
follows: 
P(2) = D(QOx — 27) 
and it will be found that: 
S(x) = DQ — 2) 
The respective power series with impulse input are: 
P, = (0)2° + (2)z* + (— Dg? + (0)z° + O)x* +... 
and S, = (2? + (—1)z? + (087 + (08 + O)x* + ... 


So the inventory shortage becomes one unit immediately. In the period 
which follows an excess of one unit will be carried and thereafter the inventory 
returns to the desired level. Output jumps to two units in excess of normal 
output in the period following the withdrawal. It is then reduced to below 
normal output-by one unit-in the following period. Thereafter it returns 
to normal. This pattern of response is known as critical damping. It is the 
fastest response that the system can make without overdamping. On the 
face of it, one would usually prefer critical damping, but an analysis of the 
costs involved is required to be certain of this. Let us simulate a number of 
the different responses which this system will provide when A and B take on 


different values. 


Case 1: Divergent Oscillation (See Fig. 9-20) 
Input = Impulse 


A=2, B=1 


t t t 
Prr=%+2 Dat 224 


a 


sec. 79 | self-regulated inventory systems 313 


t D. P, Er Se $54 254 Xo Pro 
o 9 0 ô 
1 2 2 0 0 0 0 2 2 
2 4 2 2 2 2 4 2 8 
3 2 8 -6 —4 -2 =) 2 —8* 
4 2 —8 10 6 4 12 2 18 
5 2 18 —16 —10 —6 —20 2 —24* 
6 2 —24 26 16 10 32 2 44 
7 2 44 —42 —26 —16 —52 2 — 66* 
8 2 — 66 68 42 26 84 2 112 


Ae JZ 
, + B 
A 
4 Z 
A 
w | g 
FA 
= "tm 
S PA 
2! A 
= Z 1 
E A 3 
[m cya A LW 
Z 7 = 2 
-3 Z = 
FA S 
-4 g 2 
-5 pA > 
2 Z E 
2 g e+ YY 
z Z Gag 
Z UA VA 
- B 3 YY 
A A 
s Z 4 ZG 
FIG. 9-20 Divergent oscillation FIG. 9-21 Undamped oscillation 
with impulse input. with impulse input. 


* To order a negative amount would be equivalent to dumping some of the stock on 
hand. For this to be feasible-let alone reasonable-there must be enough stock on hand. 
To obtain a reasonable simulation we would substitute zero for negative outputs. 


However, it is our desire to show the underlying response pattern so we have not used 
zero. 


Et 
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Case 2: Undamped Oscillation (See Fig. 9-21.) 


Input = Impulse 
A=1, B=2 
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FIG. 9-23 Critical damping 


FIG. 9-22 Overdamping with 
with impulse input. 


impulse input. 


Case 3: Overdamping (See Fig. 9-22.) 
Input = Impulse 
A=}, B=0 


Ps iX**0-2. 
0 0 0 
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Case 4: Critical damping (See Fig. 9-23.) 
Input — Impulse 


A=1, B=1 


t t t 
Pur=%+ Dat 22a 


t D, P, & 25 224 Xo Prt 
g oo 

1 2 2 9 0 0 2 2 

2 4 2 2 2 2 2 6 

3 2 6 -4 22. 0 2 0 

4 2 0 2 0 0 2 2 

5 2 2 0 0 0 2 2 


The case of divergent oscillation is most certainly an inventory manager's 
nightmare, Perhaps by comparison the undamped oscillation seems to be 
not so bad. But this is pure illusion unless the amplitude is very small. 
The amplitude will be related to the variance of the demand distribution or of 
the forecast error distribution. If this is large, then oscillations can be 
catastrophic. Both overdamping and critical damping seem to be permissible. 
The overdamping case, however, never quite makes up for the impulse 
demand. Over a long period of time the inventory shortage is reduced 
almost to zero. However, critical damping restores the stock level to its 
original value and rather quickly. That is why, on the face of it, we prefer 
critical damping to the other alternatives. 

Now let us see how well the coefficients for critical damping serve us when 
an additional period of delay occurs. The general expression for k periods 
of delay i.e, P,, ,, is. 


5 t (A + B) - Az ] 
Po = Dot hka EE EG 
l-z ] 
d z7) = 
Bi sq = 29 | aE RE aere 
When k = 2.and the input is of the impulse type, we find: 


to (A + B) = Ax 
PQ) = PQ [ + (A + By — Ag? — 2x + z] 


1-% 
iat estos el 


We can see that 4 — B — 1 will not reduce the denominators of these ex- 
Pressions and consequently a variety of oscillatory behaviors can occur. 
There is, in fact, nothing that we can do that is reasonable to prevent some loss 
from occurring. 

This is why we have emphasized the importance of control over delays. 
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Without a systems study which includes data-processing and .data-trans- 
mission as an integral part of the investigation, the anticipated behavior of 
the “improved” inventory system may surprise some and cause consternation 
for others. 


80. FORECASTING AND UPDATING CONTROLS 


Even a super-model will not provide the ideal kind of inventory system. 
The ordinary P- and Q-models are more vulnerable than the self-regulating 
type and so delays in the system must be carefully controlled and their 
existence must be justified by a balancing of costs. But how can we possibly 
protect the system against the variety of input forms which can arise? 

The answer is that adequate forecasting and updating procedures go a 
long way toward eliminating the weaknesses and liabilities of these inventory 
models. Let us consider forecasting first. 

The problem may be stated this way. Given an unknown demand 
generator, what can we find out about it? Usually we cannot open it up and 
study the way it works. If we have a contractual demand, we know exactly 
how the generator works. If the problem is one of maintaining the right 
number of spare parts for a machine, the demand generator would be known 
when a policy of preventive maintenance is followed, but less so if remedial 
maintenance is practiced. When the demand originates in the market place 
very little can be said about the construction of the demand generator that is 
„really useful. How do we manage to forecast then? Generally, we bypass 
the structural problem. Instead, we attempt to observe the relationship 
between input and output. The brand name is an input. Advertising and 
promotional dollars, competitive behaviors, the state of the economy are 
inputstoo. Figure 9-24 presents a schematic picture of the demand generator 
illustrating a few of the inputs to which it is usually responsive. 

No matter how long we study a system only a small pari of the total 
number of inputs can be isolated and studied. Fortunately, most systems 
are relatively unresponsive to the majority of inputs. This reduces the size 
of the problem which must be studied, but even if only a few inputs are 
found to play a major role, the problem is complicated by factors such 
as the existence of thresholds which when surpassed lead to extremal re- 
sponses. Flatresponse systemscan interact when certain combinations of the 
inputs occur. The system may be dynamic moving from one state of stability 
into another and never returning to its previous condition. "The transitions 
could occur, for example, when one of the inputs takes on an extreme value, 
thereby permanently altering the demand system. 

As we have noted, some demand systems do not appear to be particularly 
sensitive to inputs over most of the range of values which these inputs can 
take. They seem to be almost independent of the great variety of inputs to 
which they are exposed. When we consider that feedback networks are 
operating in the system, this fact does not seem at all surprising. A single 
pulse of promotional input can spark repurchase behavior and, in addition, 
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the consumer can become a source of self-generating input. He will bring 
friends and acquaintances into the demand generator long after the original, 
single input pulse. The existence of many such internal generators, which 
continue to operate with or without further external stimulation can result in 
a stable output that is relatively insensitive to external inputs. Systems of this 
type possess all of the characteristics of an inertial system. On the other 
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FIG. 9-24 The demand generator system. 


hand, some systems are quite responsive to small changes in the inputs, but if 
enough inputs are present the effects may tend to cancel each other and the 
system can be considered to be stable. We will categorize this general class 
of distributions as being of a stable type. We will seldom know how the 
stability is achieved but we must know if it exists. And we must also know 
When it stops existing. For this purpose, the Shewhart criterion* as it is 
applied in statistical quality control practice can serve as an adequate defini- 
tion of stability. Since this is a well-known criterion, available from many 
Sources, yet far too subtle to be properly treated in a summary fashion we 
pal not develop it here. At the same time, as we will demonstrate, the 
Se inition is arbitrary since other forms of stability exist. The problem is a 
Semantic one, but the knowledge of this fact is not particularly helpful. In 
Some ultimate sense we might define stability as “ possessing some pattern of. 
regular behavior." The Shewhart criterion is then one kind of stability. 


A et A. Shewhart, Sratisrical. Method ‘from the Viewpoint of Quality Control 
ashington, D.C.: The Department of Agriculture, 1939). 
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NO HISTORICAL INFORMATION IS AVAILABLE 


If a sufficient history of past demand is not available then demand fore- 
casts must be made on the basis of market potential studies, general surveys, 
and whatever parallel experiences can be obtained. These factors are then 
mixed together with select experiences, insights, and intuitions. The brew 
which results has been known to be quite accurate. Unfortunately, as many 
negative results can be reported. Essentially this is a special problem. It is 
of great importance in the style goods industry where orders must be placed 
long before any demand can be experienced. We have discussed inventory 
models (see Section 9, the Christmas Tree Problem), which are designed 
specifically to treat such cases once the predicted distribution is accepted. 
In this situation, an understanding of the structure of the demand generator 
is of the greatest importance since the relationship of output to input cannot 


be observed. 


STATIONARY DISTRIBUTIONS 


We now presume that an historical record of past demand is available. 
Analysis of the data can provide: 

(1) The frequency distribution for demand, lead time, part failures, and 
other factors as they are required for a particular problem. : 

(2) The expected values and the variances of these distributions. Some- 
times only the first moment (the mean) can be obtained but in most cases, the 
second moment is also computed. Higher order moments have been 
previously discussed in the sections devoted to distribution-free analysis. 

(3) The sequential or time-ordered character of the input. 

If the analysis indicates stability in the Shewhart sense, and stationarity* 
as well, then the forecast consists of an unchanging mean and variance. 
These in turn lead to a fixed reorder point, fixed reserve stock, and fixed 
M-level. In the sections devoted to regulators it became amply clear that 
changes of the step and trend types could not be adequately handled by our 
ordinary inventory models. These decision rules do not fulfill the objectives 
of the inventory study under any conditions except stationarity. If, on the 
other hand, the changes in the input can be anticipated, then dynamic in- 
ventory models can be used which optimize over some given planning 
horizon. 

If the demand distribution which is generated is stationary, then it is 
possible to provide “good” forecasts. Naturally, that does not mean error- 
free forecasts. On the contrary, the distribution of errors will closely 
approximate the demand distribution. Thus, let the expected ‘demand be Z 
and the observed variance be o.. If the control chart indicates stability of 
these parameters-then the forecast, F(z) = Z. Also, if records are kept of 
the actual demand minus the expected demand, then the distribution of these 


* By stationarity we mean that all of the parameters and the distribution itself are 
time-invariant. For a detailed discussion, see William Feller, An Introduction to 
Probability Theory and Its Applications, vol. 1 (New York: John Wiley and Sons, Inc., 


1950), pp. 328-329. 
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differences should have zero mean, € = 0, ando, = o>. Further, if the mean 
demand is improperly estimated, then the error mean can be used to correct 
this forecast. But no such change should be made until the stability criterion 
is violated. This approach does not require the conscious utilization of the 
error distribution. Analysis of the data with control monitoring is sufficient 
to detect a basic change in the form of the input. Pulses are the normal 
expectation and in general they will be accepted by the control monitor. If 
a step or trend input occurs either in the mean or the variance it will be ob- 
served at an early stage and suitable alterations can be made in the decision 
rules. If such changes were to go unnoticed the system-wide penalties could 
be significant. 


NONSTATIONARY DISTRIBUTIONS 


The fact that a distribution is not stationary does not mean that it is not 
stable. It is possible to derive control charts with trend lines. In this case, 
the shift in the mean follows a consistent pattern and the anticipated demands 
are predictable in the full sense of statistical quality control. Allowance 
must be made in the design of the inventory decision rules to accept such 
variants of stable distributions and to optimize the inventory performance 
over the planninghorizon. Asthemean or variance changes, in an anticipated 
fashion, the reorder points, the M-levels and the reserve stock requirements 
should bealtered. Deviations are now measured from the new mean or trend 
line. The reserve stock must be modified as the variance of the demand 
distribution changes along with the mean. If the shape of the distribution 
and therefore the variance is unchanging, then the reserve stock remains the 
same. There is no reason, for that matter, why the mean could not remain 
fixed while the variance experiences a step or trend change. In this latter 
case, since the reserve stock is modified-the reorder point or the M-level will 
be affected as well. A nonstationary but stable distribution requires, if 
anything, more attention than the stationary case. The fact that change is 
taking place increases the probability that a threshold will be passed or that an 
interaction at some level will occur. 


NONSTABLE DISTRIBUTIONS 


The real challenge in forecasting arises when an apparent lack of stability 
in the Shewhart sense is experienced. As we have noted previously in this 
section, stability can exist but in a form which does not lend itself to control 
chart procedures. _ For this case, a number of variants exist. 

(1) The historical forecast presupposes a time of year stability. Thus, 
what happened in month j, a year ago, is considered the best estimate of what 
will happen in month j + 12. i 

(2) The historical forecast is a special case of the base series modification 
ofan economic time series. Namely, the mean is considered to be unchanged. 
If, however, a shift in demand (step input) is detected, then the base series is 
applied to this new estimate. Thus, the base series of 59, 36, 40 would be 
59/45 — 1.31, 36/45 — .80, and 40/45 — .88, where the mean of the demands 
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is45. Then, if a step is anticipated to a mean level of 50, the expected series 
would be (50 x 1.31 — 66.5), (50 x .80 — 40), and (50 x .88 — 44). 

(3) A variety of techniques exist* for the general modification of a time 
series. In particular, it is frequently desired to remove the contributions of 
older values and give greater credence to the more recent events. For ex- 
ample, a four month moving average is calculated: 


Zi + Za d Z3 dz, 
E 4 


and is continuously updated as follows: 


Z2 +23 + Z4 + Ze 
4 


Another approach which is particularly well suited for computer applications 
is the use of exponential smoothing. With this method, only the old ex- 
pected value is retained. We then have: 


Zj41 = az; + (l — a@)z, 


where Z; is the expected demand in the jth period, z; is the actual demand that 
was experienced in the jth period and « is the smoothing constant. Usually 
this constant is kept very small (about .10) in order to decrease responsiveness 
to random fluctuations. 

(4) Correlational techniques are utilized when the demand series appears 
to be related to another time series which it lags. Thus, if a particular 
economic index (such as housing starts or cost of living, etc.) appears to lead 
the demand for our products, a lag-correlation analysis will improve the 
ability to forecast demand. Sometimes several different times series must be 
united in a multiple correlation. In particular, when the inputs to the de- 
mand generator which we control can be related to the demands generated, 
both correlational techniques and functional analysis will provide a basis for 
forecasting. They also grant an element of control over the course of future 
events. 

Some form of stability must exist for any of the methods above to work. 
The stability of sequence or time-ordering may exist and yet not meet the 
Shewhart criterion. Consequently, it is of the utmost importance to discern 
the nature of any stable pattern which the demand generator seems to follow. 
Based on what we learn, the correct inventory model can be chosen. With- 
out such knowledge, the development of inventory decision rules becomes 
an exercise in decision-making under uncertainty. So again we see that only 
the systemic point of view makes sense when an inventory study is under- 
taken. Each of the parts are interlinked with each other and a decision in one 
area produces an effect on all the others. 

Information theory provides us with one means for determining whether 


* An intensive treatment of the implications of various methods is given in R. G. 
Brown, Statistical Forecasting for Inventory Control (New York: McGraw-Hill Book Co., 


Inc., 1959). 
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or not a regular pattern exists in the demand generated over a period of time. 
The formulas of information theory provide two different measures which are 
useful in this regard. 

(1) Hiis a measure of the information content of a demand series. Stated 
in another way, it is the amount of variety which is an inherent characteristic 
of the demand generator. It also reflects the precision with which we ob- 
serve and record demand. Everything else being equal, a system which 
lumps demand into the closest dozen has a lower H measure than one which 
treats each unit as an individual. As the variance of the demand distribution 
increases, the H value increases. No matter how large or small the demand 
range, the maximum entropy, H(maximum), occurs when all possible 
demands falling within that range are equally likely. 

(2) R is a relative measure of the degree of ordering for any particular 
demand range. R = 0, when the system has no underlying pattern. R=1, 
when the system is totally ordered and therefore totally predictable. 

The formulas* are direct: 


H 
H(z) = — È Pi log p; 
H (measured) 
and RG) ST an 


where j is the number of classes into which the demand range is divided; 
H(z) is the average measure of the variety of demand, z; R(z) is the relative 
measure of complexity of the demand distribution; and p; is the probability 
that the jth demand state will occur. If the R measure is large it indicates 
that only a few of the total possible number of demand states predominate. ` 
On the other hand, if R is low, then the implication exists that effective 
forecasting will be difficult. 

We now observe digram or one-step transitional probabilities. Thus, we 
find the set of probabilities, p,, which is the probability that the ith demand 
state is followed by the jth demand state. The steady state of the set of 


transition probabilities is obtained when we set uj = uj, from 
ú = È Pita (for all j) 
> pu = 1.00 
and Su = 1.00 


It is then a simple matter to obtain the one-stage dependency measures of 
both Hand R. The H measures are derived for each demand state j. Thus 


Hz =j)= -È Pu log Pa 
Then HG) = 2uHG = J) 
E 


À * One of the major contributors to the theory of information is C. Shannon os 
original work in this field was reported in Shannon and Weaver, The Mathematical 
Theory of Communications (Urbana, Ill.: The University of Illinois Press, 1949). 
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where H(z)' is the measure of the average variety considering the one-step 
transition. The value of H (maximum) remains unchanged and we therefore 
obtain A(z)' which is the redundancy based on the one-step dependency. 
If R(z) > R(z), then we know that an element of Sequence stability is present. 
Other kinds of dependencies can be tested as well (two and more steps and 
various combinations) In this way, if stability of any kind exists it can be 
detected and forecasts can then be improved by incorporating whatever 
knowledge has been gained. 

Another method for determining sequence patterns is by means of auto- 
correlation. The equation which is normally used is: 


RG) = T 2(t)2(t — 1) dt 


where T equals the number of observations made, z(t) is the difference 
between the expected demand and the actual demand at time t, z(t — 7) is 
the difference between the expected demand and the actual demand at time 
(t — 7). This auto-correlation function produces a series of numbers, one 
for each value of 7 that is used. Thus, when 7 — 0, we are Squaring (z — z). 
Dividing by T produces the variance of the demand distribution. If a real 
basis exists for the historical forecast, the same result would be obtained when 
7 — 12. That is, with a twelve month lag, the demand series is identical. 
Then we would have an auto-correlation coefficient of one. The auto- 


correlation coefficient is simply the auto-correlation function divided by the 
variance, or 


RG) 
R(0) 
Using this approach, stability in demand se 


and appropriate action can be taken to assu 
inventory system. 


quences can also be discovered 
re the proper functioning of the 


MULTIPLE DISTRIBUTIONS 


When various distributions such as demand and lead time co-exist, it is 
desirable to ascertain the degree of dependency that exists between them. 
For this purpose information theory can be used again. Assume that {z} is 


the demand distribution with i states and {y} is the lead time distribution with 
j states. Then, 


H(z, y) = uo) > pli j) log p(i, j) 


where p(i, j) is the joint probability of occurrence of thi 
jth state of y. H(z, y) is the joint variet 
events. If dependencies exist, then: 


e ith state of z and the 
y of these two different kinds of 


H (yz) = =a > PG, j) log pi) 
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where p(j|i) is the conditional probability that j will occur if an i has already 
occurred. This is the conditional variety of y given z. 
It can be shown that: 


H(z, y) = H(z) + H(ylz) 
H(z) is as previously defined. When z and y are independent, then: 
H(z, y) = H(z) + H(y) 


This case is equivalent to H(maximum) and so we can write for R: 
se 


RQ, y) 2 1— UE where H(y|z) < H(y) 
This measure describes the degree of dependency of the elements in our joint 
distribution. The value it takes will influence the method we use to make 
predictions of demand in the lead time. Of course, it applies as v ell to 
joint distributions other than demand and lead time. 

First of all, let us note that if dependencies exist, a joint distribution must 
be used for simulations. We cannot independently generate the: separate 
distributions since they are in fact linked. 

If independence does not exist then it would appear to be necessary to 
make forecasts conditional on the length of the lead time interval-and then to 
forecast the lead time interval. The procedure would be cumbersome and 
can be avoided by means of the forecast-error distribution. We obtain a 
measure} F(z)(L.T./F.P.), where F.P. is the period for which the demand is 
forecast. F.P. can be quarterly, semiannually, etc., depending upon the 
practices of the company and the characteristics of the demand. Let us call 
the actual demand in the jth lead time period, z*. Then we can compare for 

S many periods as we have data: 


L.T7 is the actual lead time experienced for the jth period. When a sufficient 
number of e values have been obtained we can construct the distribution {£} 
with mean é and variancec?. For the Q-model the reorder point will then be: 


F(z)F(L.T.) 
EP; 
where F(L.T.) is the forecasted lead time. 


For the P-model the error must be estimated for the lead time plus the 
Teview period. The M-level would then be: 


[F(L.T.) + R.P.] [58] + ErP aL T + Kotne eum 


+ ëL, + Koer. 


F.P. 


T For a more detailed discussion of tne implications of this general approach, see 
John Fox, An Analysis of Inventory Management (New York: Management Services, 
Remington Rand, UNIVAC, Division of Sperry Rand Corporation, 1957) 
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The effect of the dependencies will be to cause larger values of & and c, than 
should otherwise occur. If the distributions are independent of each other 
then simulation can be easily achieved and in addition the variance of the 
error distribution can be modified in accordance with changes in the time 
period that is to be described; i.e., 


a+b 
(£22) og = o; +b 
But above all, it must be remembered that if constant changes occur in the 
forecast, then dynamic models are indicated and the usual inventory models 
will not provide an optimal inventory system. 


UPDATING 


We have shown that delays can be very costly. Transmission and data- 
processing delays present a false picture of the stock on hand. The result 
can produce weird behavior and abnormally high costs. Similarly delays 
in detecting changes in the input forms and adapting to these can cripple the 
inventory system. Updating is the procedure for recognizing changes and 
incorporating these changes in the decision rules. Not only must demand 
and lead time be updated, but ordering costs, carrying costs, prices paid for 
stock, discounts available, forecasting errors, and service levels are also 
subject to change. 

The optimal interval for updating is in itself a question of balancing 
marginal costs. The total cost of updating decreases as the interval for up- 
dating increases. What is the counter-balancing cost? It is the entire set 
of systemic costs associated with delays. We have tried to define a number 
of these as we proceeded. Of course, there are others, but one must com- 
promise by studying only those which seem to be most relevant. In any case, 
it is likely that the delay costs go up exponentially. If an updating perio: 
has been chosen, it is possible to impute a cost for the delay. Thus, 


T.C, = à,t* + DT 


where T.C; — total cost for the period T, 


ôr = the cost per total time period for delay, 
k — constant, 


U — the cost per updating cycle, 
t = the number of time periods in an updating cycle. 


Taking the derivative and setting the resulting expression equal to zero. 


un = 6,72 — UT _ 0 


t? 
1Kk+1) 
Whence, h= (52) 
Ti 


We see that if k is larger than one, the optimal updatin 
small. Further, if a computer is used, then U will be 


g cycle will be quite 
relatively small and 
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again a short cycle is indicated. If t is chosen by intuition, then the imputed 
cost of delay will be: 


òr = PEE 


At the least this information can be given to the inventory manager. 

Even as simple a parameter as price can significantly disturb the per- 
formance of the system if it is inaccurately estimated. Carrying costs of 
both normal usage and reserve stocks will reflect the accounting system that 
is being used; e.g., FIFO, LIFO, etc. Although the ordering cost savings 
are relatively insensitive to poor estimates the reserve stock costs and the 
forecast error costs are not so unresponsive. The total sum of delay costs 
must therefore be balanced against the updating costs. 

In order to derive the updating costs it is again necessary to embark 
upon the patient exploration of detail. We will list here the steps which are 
required to prepare the appropriate flow diagram for one possible updating 
routine where primes represent updated estimates: 


(1) Information which is in memory, or filed: 
(a) Expected annual demand = E [z]. 
(b) Reorder Point = P. 
(c) Expected forecasting error = E[e]. 
(d) Variance of forecasting error = o2. 
(e) Expected lead time = E[L.T.]. 
(f) Variance of lead time = OE 
(g) Average price paid per unit for all units, in stock — c. 
(Calculated on a first-in-first-out basis, FIFO.) 
(h) Cost per order = C,. 
(i) Annual carrying cost rate = Ge 
(j) Specified service factor — a. 
(k) All information supporting the above parameters. 


(2 


M 


Updating routine, Sd 

(a) Executive fiat: Change C,, C., if instructed (C, C). ý 

(b) Using first-in-first-out (FIFO), subtract units issued at price paid. 
Add units received at price paid. Compute new č’. 

(c) Input — Quantity issued in the month — Q.I. 

(d) Compute new E[z]' by whatever forecasting method is used. 

(e) Compute new x, = (2E[z] C;/c C)! ?. 


Updating routine; reorder point: 

(a) Input — lead times experienced. 

(b) Modify E[L.T.] and orm, (E[L.T.]^, oj, 4.) 

(c) Compute new reasonable maximum lead time — L.T'max That 
is, new E[L.T.]' + Korr, where K, is the protection level specified 
for L.T. bya. (L.Tmax is expressed as a fraction of a year.) 

(d) Obtain expected demand in the period L.Tmax» e.g, new 
Ez] S PED 


6 


— 
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(e) Compare last period's forecast E[z] against Q.I. and use error to 
obtain new E[e] and ca, (E[e]’, o;) 


(f) If new E [s] is large, go back to step 2(c) and investigate forecast- 
ing method. If new E[e]’ is reasonable, move to next step. 
(g) Obtain the variance of the error distribution in the period L:T max- 
This is, Seton 
e; [L Tias] = 04 VLT hax 
(h) Compute new reorder point, where K is the protection level 
specified for reserve stock. 


P' = E[z] -L Thar + K'oo', VETE 
(i) Compare new reserve stock with old reserve stock. Thus, 
(Kao: VL Tmax — Koo, V LT) = 9 


If q = 0, go to next item to be updated. If g > 0, order an 
amount q with next order-then go to next item. If q < 0 de- 
crease next order by that amount-then go to next item. 


Figure 9-25 presents these steps in flow form. Still further detail is required 
before the actual routine can be used. For example, consider the further 
specification of ¢ updated to č’. This involves the following computation: 


Ae. 
2 Dini 


where n equals the total number of items in stock and c; equals the price of 
the jth item. To accomplish this updating we have: 


jen jek jazm 
DOn È CG + i €; non 


= j=n+1 
n—ktm-n 23 


zt 


č = €; 


im—k 


+ 


where k = the number of units issued, and (m — n) 
received. Set k = 0, which gives us the updated 


=o, 
Er 


= the number of units 


RIS 


8l. CONCLUSION 


We have tried to show that an inventory study is not merely a matter of 
finding a model which expresses a particular management policy. Certainly, 
the study is not completed until the operational characteristics of the system 
have been determined and taken into account. It has been our intention to 
emphasize repeatedly that the choice of decisions rules is dependent upon the 
multitude of systemic factors which operate, whether or not we acknowledge 
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their existence. In particular, the data-processing system must be considered 
in great detail. Each decision model implies.a fixed and variable load com- 
ponent. These routines connected with stock issues, stock receipts, changes 


Executive judgement 


Receipts in month eine) 
Issues in month, QI Ei mS 


Lead times in month 


Subtract g 
from next order 


FIG. 9-25 Up-dating routine for Q model. 


and exchanges, back-orders, expedited requisitions, quality adjustments, 
Vendor records, accounts receivable and payable, etc., are hardly inspira- 
tional. But they add up to an imposing mass of detail with which only 
Systematic analysis can begin to cope. 
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PROBLEMS 


1. The demand for paper towels in an hotel is approximately 2000 rolls 
per day. The towels are issued from the stockroom in lots of 10. The 
hotel is weighing the advantages of perpetual inventory control as compared 
to periodic reordering on a fixed cycle. It is determined that each issue 
transaction would cost $.02 under the perpetual inventory system and $.005 
under the fixed cycle system. Further the variable order cost component 
for reordering the towels from the vendor is $1.50 for the perpetual inven- 
tory system and $1.75 for the fixed order cycle system. The cost per roll 
is $.08. Management estimates C. at .24 per year Also, outages are not 
allowed to exceed one time per year. Delivery takes two days and the vendor 
has never deviated from this interval. 

(a) Assume a constant daily demand. Which system should be chosen? 
(b) If the demand is horizontally distributed with upper and lower bounds of 
1500 and 2500, which system should be chosen? 


2. The towels discussed in the example above constitute 1 of the hotel's 
inventory data-processing load. One man whose salary is $8000 per year 
handles this load. Is there a more efficient ordering policy that can be 


followed? (Give your answers for both the constant demand and the 
horizontal distribution.) 


3. We will change the conditions stated in 2. Only 1 of the employee's 
salary of $8000 is allocated to the processing of towels inventories. What 
should be done for both types of distributions? 


4. Derive the k = 10, Erlang service distribution and then convert the 
cumulative distribution to the appropriate density function. Comment on 
the relationship of the shape you have derived to the various data-processing 
steps which are likely to be encountered in practice. 


5. Determine the response of the regulator P-model to a sinusoidal input by 
means of simulation. 


6. Simulate the alternative flow pattern in Fig. 9-12 (ie, A+ B+C—+D 
— E— CW — A). What is the effect of transmission through the addi- 
tional linkages? What steps might be taken to improve regulation? 


7. Using the delay formulas: 


P(z) = D(z)g**!|(4 + z*+1 — 3) 


and S(z) = D(z)( + z**! — z) 
determine the effect of a tw o-period delay; ie..k = 2. Comment on your 
results. 


8. Show that: 


R=1— HODE 7 _ HE) 
H(y) H(z) 


Discuss the use of this relationship. 
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9. We obtain the following two years of demand data: 
1 2 39455 
w 11.3. 5. 5638517285 23102 ede ees 
2:71 3:050 68 8157..5,. 14150 4 EO 


(a) Derive the auto-correlation coefficient for 7 — 1, 2, and 3. 
(b) Compare the result above when 7 — 1 with the use of information 
theory and digram transitions. 


«ie ies, 
LM nor A 
MEHR Ape 
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SECTION 25 
The various inequalities we have derived take the form 
P(|y — Z| = k6) < gtk, 0) 

x : 0)i 
where @ designates any of the multiples of k which we used and m QE 
some function of k and 6. From this expression we can derive 
inequalities 

F(z — k0) < g(k, 0) 
and F(Z + k8) > 1 — g(k, 0) 
~ We would like to use these inequalities together with the fact that 


C,—c 
EO) S 


is the minimizing expression for 
EF, = ex + C, | © -= DSO) dy 


; du invento: 
as à way to achieve a distribution-free analysis of this kind of inventory 
problem. 1 k ; t this 
Unfortunately, there are at least three difficulties which oet d 
approach. First, if we proceed thus we have no expression Un x WE NOU] 
Cost itself. If we did succeed in finding the minimizing value for 
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be unable to determine what the actual expected cost for the determined x 
would be. Second, on which side of the mean should we look for the mini- 
mum? The second derivative of E.F; is cf(x) and this is always greater 
than or equal to zero for all x. This means that the minimum of E.F, can 
occur anywhere so we have no way of knowing on which side of the mean it 
* occurs (since we have no expression for E.F,) The third problem is 
more than a difficulty-itisfatal. This is that there is no logical basis for this 
procedure. The procedure we followed in Sections 23 and 24 was to 
write a maximum possible value for the expected cost. We then minimized 
this maximum value over all order quantities. This constitutes a perfectly 
reasonable utilization of the general minimax approach. But the approach 
we are now considering has no such logical justification. The distinction is 
important enough to justify an illustration of the difference. For simplicity 
let us suppose that we have to consider not all possible probability distribu- 
tions but only a set of one-parameter distributions. In other words, for 
each value of the parameter, q, there is a specific distribution. This distribu- 
tion is uniquely and completely characterized by the value of g. The 
Poisson distribution is an example of such a class of one-parameter distribu- 
tions. We will assume that an inventory problem must be resolved and that 
we know that the demand distribution will be one of this class of distributions 
but we don't know which one. In other words, we are simplifying the general 
problem by limiting the possible distributions to one type. Under these 
circumstances our expected cost equation takes the form: E.F, — g(x, q). 
This equation simply states that the expected cost is a function of the order 
Size, x, and the actual parameter of the demand distribution, g. Our 
previous procedure, then, was to reason as follows: 
The maximum possible expected cost is determined by 


0E.F, 
êg 9 


This gives a specific value of q, Say qo. Then g(x, q.) is the maximum 
possible expected cost and this is minimized over x by 


glx, Jo) — 
OX UE 9 


This gives a minimizing value of x, say x,. The minimax solution is, then, 


E.F; = q(%o, qo). Now, we might consider the reverse, or maximin, ap- 
proach: 


First, minimize E.F, with respect to x by 
E.F, 
gm c 


and obtain the minimizing value of x, say x}. 
regard to q by 


Then maximize &(x,, q) with 


9qQa.4) _ 
Med 0 
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and obtain the maximizing value of q, say qı. Then E.F, = g(x, q1) is the 
maximin solution. We could also consider the conditions under which 


863,41) = (Xo Jo) 


However, neither of these is the procedure we are now considering. This 
would go as follows: 
First, minimize E.F, with respect to x by 


0E.F, 
ôx 


and obtain the minimizing value of x, say xı. Let g'(x, q) be the derivative 
of g(x, q) with respect to x. Now maximize g'(x;, q) with respect to q by 


=0 


0g Gn.) o 
oq P 
giving the maximizing value of q, say qa- This solution, whatever it might be 
called, would be E.F; = g(x, qa). Clearly, this suggested procedure cannot 
be justified. What we actually get is the minimizing value of x and the value 
of q which maximizes the rate of change of E.F, for that value of x. 

We must, therefore, use a different approach. Let us assume that the 
amount to be ordered, x, will be greater than the mean of the demand 
distribution. If we are going to use one of our inequalities we can write 
X = Z + k0, where k is to be determined. With this expression for x we can 
write the expected cost equation as 


E.F, = c(Z + k6) + C, J (y — Z — k0)f(y) dy 


kð 


= c(Z + KO) + «| | fod - € ko [ fo) o] 


z+ko ž+ko 
Let us consider the first integral in this expression: 


b Sc 1)8 B2) £(k3) 


[w= | woe | xor | xod 
**ke 36k 2+(k+100 E+(K+2)0 
$1) 2+(k +290 
SE ++) | foa -cc&k-2) | f04 
2*k0 $18 


L3 


ste na] | w- f soa 


$*k8 $18 


++ a+ pa] | w- | wae 


3 (k*1) ž+(k+2)0 


<( +k) [ Ody... 


2+ko 
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LJ = LJ * 
+o [fo f sous f sora toe 
z+ ko $c 1) $*(k2) 
But from our inequality we have that 
PKy — Z) z (k + 6] < Pl|y — z| = (k + 6] < g(k + i; 0) 


therefore, 
E] 


J Yf) dy < (Z + kð) Í f(y) dy +0 Y g(k + i; 0) 
DEKO 24 kb i= 
Returning to our expression for E.F,, we can write 


E.F, € e(Z + k) + C,0 > g(k + i; 0) 
1=0 


The worst possible case would be when the equality holds. 
We would now like to sum the infinite series on *he right-hand side of this 
equation. Given a specific inequality we can use some such device as the 


Euler-Maclaurin formula for this purpose.t For example, if we use the 
Tchebycheff inequality we have: 


G=s 
A vite 1 
s +69) = Go 
The Euler-Maclaurin formula gives the sum of the resulting series as 
z 1 1 1 1 l 1 


ees Tkt t 68 ~ 308+ Ae 


toa sufficient degree of accuracy for any ordinary purpose. Other inequalities 
can be similarly treated. 

If we assume that the optimal order size is less than the average demand 
we can write x = Z — k and proceed as before. We will consider here only 
the case where weare using the Tchebycheffinequality. For this case we find that 


é+ks ét+ks 
E.F; = E.Fe sko + «| | ow- e-k | f) Z 


-ks i-ks 
Itis this extra term which gives us trouble in establish 
in this case. We can immediately derive: 


2*ks atks a+ks 
«| Jo - | fo e| < 2ksC, | fly) dy 


ing good approximations 


-ks $-ks é-ks 
Unfortunately, our inequality gives only a lower bound here: 
i*ks 
1 
[ f/04 21-3 
-ks 


* We have not given any justification for these various steps. Since infinite series 
are involved we must observe suitable precautions. We will be satisfied here to note 
simply that the steps taken are all correct if the demand distribution has a finite upper 
limit, which, of course, is true of all practical demand distributions. 

t See Edmund Whittaker and G. Robinson, The Calculus of 


Observations (London: 
Blackie and Son, Ltd., 1958), Chap. 7. 
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We need an upper bound. There is an obvious gross upper limit of one. 
Using this we can write 
1 1 1 
E.F, € c(Z — ks) + 2ksCu + cus ($ + ze + ga) 
If we assume a symmetrical unimodal distribution in this case we can 
develop the following inequality 


2 1 1 1 
EF, < (t - ks) + ks + 2 6,5 |E a + gal 


SECTION 39 
The expression for the convolutions of our demand distribution is 
(+) vz ie - Ai) 
p d —— Mr ex a dy. 
f oe Vx tzsV2m P 2(x + t'z)s? 
Using this expression in the total cost equation we can minimize with respect 
to r, assuming a fixed x. This gives 
( rvz LEE ae C 
sVxa E — G 
Note that multiplication by s; has already been taken into account so the 
right-hand side of this expression can be looked up directly as the ordinate of 
the normal distribution in standard form. 


This is a particularly unpleasant equation to work wit 
derivative of the T.C. equation with respect to x gives 


h. Taking the 


ee ee Mon (i - (245) 
1042 SAP ect (emm sVx + 0% 
We can start with the value of x obtained, from the optimal lot-size equation 
and solve for r by means of our first equation. Then we can use this value of 
rand find the value of x which satisfies our second equation. Continuing in 
this fashion we can converge quite rapidly on the two values which simul- 
taneously fulfill both equations. : š 
We start with x = 294.4. We calculate 


A n 
sin) = f(.0671r) = -009094 


r = 41.0 
For this value of r we find x = 284. For this value of x we now findr zi 0 
This is close enough to the original value to be considered the solutio 
within practical limits of accuracy. 


SECTION 44 


yı is defined as m,/s°. We have that 


Hai = iMa and s = vis 
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Therefore, 
= Mas _ im, _ lom, 
LOE Ga Eis 


Y2 is defined as m,/s* — 3. We have that 
Bas = dm, + 3i(i— l)s and sı =sVi 
Therefore, 


Hat 3 _ ims + 3i(i — Ds* | 
st i 


m, + 3(i — Ds 
RI i 


(AS 


_ m, — 35% 
Fete 
but m, = (y2 + 3)s* so 
Ya 
DERE ist 
In particular, when y; = 0 then y4,, = 0 for all i. 


SECTION 46 


Since s; = svt + t', we have the equation: 


52C, tzcC, ——, 52K 
T.C. = NUES A a 
The necessary derivatives are 
4T.C. ; 104K 
a SO eres ; 
dT.C. _ —52C, + zcC, E KkscC, be 52K So 
dt [R 2 AAE CTT 


d “i ] /104K\2/3 ; 
Solving the first of these for t gives t = x (5) — t'. 
Substituting this ex 

k gives 


(sk y" / f, 
E) zcC, 
Putting this in our expression for z gives 


"ES "e: 
e ZcC, 


ne jj 104K 
—ON (t x D)seC, 


and, finally, 
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pression for t in the second equation and solving for 


11860 
59144 
81205 
61429 
17765 


45644 
50136 
99784 
16943 
10747 


70292 
60721 
49624 
47484 
99203 


20975 
35392 
83376 
12995 
00204 


87237 
76855 
94213 
45441 
35307 


31581 
49978 
93587 
52195 
06921 


18093 
08454 
60448 
37210 
79270 


86591 
02903 
83426 
05286 
96804 


96106 
38648 
34941 
08817 
97752 


18211 
75089 
31861 
42448 
32157 


83699 
59468 
99699 
14043 
15013 


12600 
33122 
94169 
89916 
08985 


50394 
96057 
28510 
05095 
37786 


13043 
56097 
87524 
03581 
00579 


87879 
50702 
52971 
74220 
26526 


04359 
81699 
55960 
29459 
35675 


31258 
36674 
69344 
57797 
48805 


18978 
20935 
07848 
77103 
92834 


89348 
02147 
55384 
82579 
77124 


61713 
20673 
62559 
70881 
15877 


TABLE OF RANDOM NUMBERS 


38631 


37984 - 


84260 
49095 
77707 


01951 
31794 
03652 
55159 
44999 


61044 
86031 
27311 
92335 
81142 


55921 
87613 
36897 
37618 
70630 


01629 
78555 
85974 
84157 
80335 


45538 
84904 
23149 
23032 
81645 


78156 
46255 
44260 
34660 
59480 


25479 
76297 
59327 
47284 
26886 


76127 
03894 
70709 
19505 
79579 


73962 
37438 
30925 
33687 
87120 


90045 69696 
77892 89766 
19693 36701 
84746 22018 
54317 48862 


72166 52682 
86423 58037 
80824 33407 
62184 86208 
36785 65035 


65591 09774 
83148 34970 
61586 28576 
55299 27161 
44271 36433 


48572 
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glossary 


A(t) = probability that an interval between arrivals is greater than f. 
(£7. — carrying cost per unit of time. 

C; = overstock cost per unit. 

C, = F. = cost per order. 


Cir = G, = fixed cost of an order. 


Gi = salvage value per unit. 

(Ci = total cost of an understock of one unit. 

(c — per unit cost of the item. 

d — discount. 

D(w;) — actual demand in the jth interval of length w. 

D, = input signal at time /. 

E.O.C. = expected opportunity cost. 

EE; = expected payoff. 

E = fixed cost of the study. 

Fij = payoff resulting from the ith strategy and j units of demand, 


e.g., F32 is the payoff resulting-from the third strategy and a 
demand for 2 units. 


F(x) = cumulative probability distribution Otdemagd. 
F(w;) = forecasted demand in the jth interval of length w. 
EP = forecast period. 

g; = the number of subgroups in class j. 

H = measure of information content (ertropy). 

I = total average dollar inventory. 


ID = the cost of idle facilities. 
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glossary 
K, 

K, 

K 


Mo 

m, 

m, 
M.C.N. 
P-model 
P, 


Tac C) 
Q-model ' 
R 

R(t) 

R(r)/ RO) 
ln 


R.P. 


opportunity cost of an understock of one unit. 
opportunity cost of an overstock of one unit. 


the number of standard deviations which are needed to produce 
a given confidence level. 


lead time. 


the expected number of transactions which are waiting to be 
processed. 


the expected number of transactions which are waiting and 
being processed. 


mode of the distribution. 

moment of order r around x. 

moment of order r around the mean. 

monte carlo numbers. 

fixed order period inventory model. 

output signal at time /. 

probability of being in state i. 

reorder point. 

probability of whatever is written in the parentheses. 
perpetual inventory system. 

relative measure of degree of ordering (redundancy). 
autocorrelation function. 

autocorrelation coefficient. 

per cent of total dollar demand of the nth item. 
review period. 

reserve stock for the order period. 

standard deviation of a sample. 

roots of the ruin equation. 

stock on hand. 

stock on order. 


probability that service time is greater than £. 


> 


ôr 


glossary 


expected interval between arrivals. 

expected servicing time. 

total dollar demand. 

time between orders. 

total cost. 

optimal total cost. 

total orders. 

total average inventory. 

total cost of the ith item. 

the cost per updating cycle. 

the probability of ruin. 

the variable cost per order. 

cost of estimating demand characteristics per estimate. 
cost of estimating cost factors per estimate. 

the average number of units per issue transaction. 


the expected waiting time of a transaction before it begins to 
be processed. 


the expected total time that a transaction spends in the system, 
waiting and being processed. 


amount to order. 

optimal amount to order. 

demand per unit of time. 

expected demand per unit of time. 
dollar demand for the nth item. 
service level = 1 — F(x). 

variance of demand usage distribution. 
measure of skewness. 

measure of kurtosis. 

delay. 


the cost per total time period for delay. 


glossary 
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error term which corresponds to the jth interval of length w. 
error measured at time r. 

the company's available capital as a multiple of study cost. 
available capital. 

Lagrangian multiplier. 

absolute moment of order r around x. 

absolute moment of order r around the mean. 

moment of order r. 

mean of the distribution. 


present worth of $1.00 obtained at the end of each year for n 
years. 


variance of the distribution. 

expected percent savings. 

study costs. 

savings per year. 

transform variable for the generating function. 

absolute value of (y — x) 

is greater than 

is less than 

equal to or greater than 

equal to or less than. 

function of demand. 

probability distribution of demand convoluted ; times. 
operator of addition, where i is the dummy of summation. 
operator of integration, where lower limit is a, and upper limit 


is b. 


derivative of y with respect to x. 


partial derivative of y with respect to x. 
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